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EDITOR'S PREFACE

THE present Yearbook is the final report of the Joint Commis-,
sion of the Mathematical Association of America and the Na-
tional 'Council of Teachers of Mathematics on "The Place of
Mathematics in Secondary Schools." As editor of the series of
Yearbooks I wish to express my personal appreciation both to
the Mathematical Association of America and t..) the National
Council of Teachers of Mathematics for the generous in
which they have cooperated to make this Yearbook possible.

W. D. REEVE
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PREFACE

THE Joint Coinmission of the Mathematical Association of
America and the National Council of Teachers of Mathematics,
on the Place of Mathematics in the Secondary Schools, was or-
ganized in 435 to take over the work of separate committees of
the two organizations that had been appointed some months
earlier to sttlay the problems of secondary mathematics. During
the first twol?awrs .of its existence the Commission was able to
hold conferences only*1 connection with meetings of the spon4
soring societies, and not much progress was made toward the
preparation of a report.1 In January, 1937, the General Educa-
tion Board generously made a grant to the Commission of
$5000, an amount subsequently increased to $65oo, and this
subsidy made it possible for the Commission to hold meetings
and carry on its work more effectively.

The Commission had been left free to choose its own approach
to the general problem of mathematics in secondary education.
It -became apparent ve5y soon, however, that the Commission
would not be able to consider all phases of such a broad vib-

v ject nor treat exhaustively the topics it selected for discussion.
Among the primary difficulties in preparing the Report was
that of achieving a proper balance between general principles
involved and specific proposals concerning methods of develop-
ing thee principles. The Commission believed that 'there are
three groups of persons especially interested in such a report:
(t) students of education, (2) administrators, (3) classroom
teachers of mathematics. Obviously these three groups will view

1A meeting of the original committee of the Mat, ematical Association in
December, 1934, was made possible by funds furnished by the Commission on
the Secondary School Curriculum of the Progressive Education Association, of
which Dr. V. T. Thayer was chairman.

is
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the Report from somewhat different standpoints. Thus the
student of education and the administrator maybe interested
chiefly in different phases of the broader aspects of the problem,
while the teacher may be seeking answers to specific questions
of instruction. It was in regard to possible interests of the
teacher that restrictions in the scope of the Report had espe-
cially to be made. The Commission could not prepare a general
handbook, and it did not seem advisable to discUss methods of
instruction.

Within the Report itself the Commission has constantly .

sought to make it clear that the members recognize that there is
no one perfect pattern of instructiQn lit mathematics. Con-
tinual experimentation is necessary if mathematical teaching is
to meet the demands of changing school conditions, and it
would be unwise to attempt to mold mathematics into a single
shape, or to make any plan too rigid. Good programs depart:
ing considerably from those that are set forth in this Report are
being successfully carried on. However, the Commission does .
believe that the programs suggested are sound and,''moreover,
sufficiently flexible to meet a wide variety of needs if they are
intelligently,interpreted and followed

If -there is marked difference of opinion among teachers con-
cerning the most satisfactory curricula for normal pupils, there
is still more disagreement concerning programs for slow ,mpils,
and, to a less degree, concerning those for superior pupils. Al-
though it is believed IN many that only a start has been made
toward the imestigatiou of the e pioblems, the C r -.1ission felt
that it could not e' ade questions that are so ressing at the
present time. It is hoped that the discussion of general princi;
pies and the specific suggestions that arc given will aid those
schools and those teachers who nave not already found a satis
factory solution to the problem.

The Report is not burdened with extensive references, as is
so often the case in educational discussions. Views expressed are
those held by the aiembers of this Commission, based on their

I
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own experience, their reading and study, and their discussions
with other persons. It seemed that little would be gained by
trying to trace ideas to doubtful sources or by the citation of
writers who are known to concur with the statements in the Re-
port. When other writers are quoted, they are titually quoted
nut because they are regarded as unimpeachable authorities
behind whom the Commission can take shelter, but because they

ve given forceful or felicitous expression to views that the
Commissiot. endorses. On the other hand, the two basic pro-
grams for Ina hematics instruction that are set forth in Chap-
ters V and VI have elements that are std familiar it seemed un-
necessary to support them by references. In, some chapters it
seemed desirable, however, to give :lion bibliographies, and it
is hoped that the references included will prove sufficient for
the reader who desires a further discussion than that given in the
Report.

Several of the chapters were published in 1938 in preliminary
form in two pamphlets in order to receive criticisms and sug-
gestions, Many letters were received from individuals as well
as more or less extensive comments from committees and groups
that had discussed the preliminary Report. All of this materi4
was very valuable in tilt preparation of the final Report, It is \
not possible to record here the names of all the many persons
who, by giving aid and counsel, have demonstrated their interest
in the work of the Commission, but the Commission desires to
express its sincere appreciation to all of them. The obligation
of the Comnission to the following persons is especially great:
Professor R. Douglass of the Univ'rsity of North Caro-
lina, who met with the Commission during one of its sessions;
Professor F. R. Breslich of the -University of Chicago and Pro-
fevr Virgil S. Mallory of Montclair State Teachers College,
101,3' in addition to f urnishing'criticisms of the preliminary Re-
port read some of the revised chapters and responded genet-
onsly to questions that were asked them; Dr. C. A. Atherton pf
Hershey .funior College and Dr. R. flannelly of Phoenix
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Junior College, who helped in the revision of the chapter on the
Junior College. No responsibility should be placed upon these
persons by anyone who disagrees with the Report. Although it
gave careful consideration to advice and criticism, the Commis-
sion did not always follow the recommendations made, so that
the persons mentioned will themselves not concur with all that is
said in the parts of the Report they especially scrutinized; but
the Report was undoubtedly improved by their counsql and
their suggestions. Finally, the Commission wishes also to record
its great-indebtedness to the Generill Education Board for the
financial assistance it gav,e,
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"I had been to sellool most all the time and
could spell and read and write just a little,
and could say the muttiplication tablip to
six times seven is thirtyfive, and 1 don't
reckon 1 could ever get any further than that
if ruins to Jive Weyer. 1 don't take no stock in
mathematics anyway."

-HUCK FINN

4
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INTRODUCTION

" THE ROLE OF MATHEMATICS IN CIVILIZATION

"There was things which he stretched, but mainly he told
the truth."

-THE ADVENTURES OF HUCKLEBERRY FINN

.

As A background for discussitg the place of mathematics in any
-0system of education, it seems appropriate to give some attention

to the ways in which this subject has assisted in the development
of our civilization and the extent to which we now depend upon
it. So old are some of the uses of mathematics and so deeply are
they embedded iti our culture that they are in danger of being
taken for granted. an4 forgotten. On the other hand, at the
present time the subject i finding employment new ways
that may not be known to those who are not directly concerned
with mathematics, or even to,soine teachers of the subject. Ac-
.cordingly the theme that appears in the caption above is here
developed briefly.

I I ISTOR WM. PERSPECTIVE

Some of our oldest historical documents have to do, either
exclusively or incidentally, with mathematics. The beginnings
of the subject therefore belong definitely to pre-history. Though
present-day studies arc revealing the existence ofa much greater
knowledge of mathematics in antiquity than we had supposed,
we shall never be able to uncover the first steps in its develop.
ment any more than we can know in any satisfying way about
man's first efforts toward artistic expression. It was a realization
of the age-old character of mathematics and the social causes of
its origin that led Professor Hogben to give the picturesque
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sump
N

ary, "The history of mathematics is the mirror of civiliza-
tion."' During its centuries of growth the subject has received
contrutions from different peoples, has been a common heri-
tage for much of mankind, and throughodt the civilized world
is regarded as indispensable for further progress. The realiza-
tion that so much mathematics has come down to ups from past
years often leads to the belief that here at least is one science
which has completed its groWth. Such a view is, however, quite
erroneous, for the subject is one which today is growing so rap-
idly, as the great number of research papers published here and,
aftoacl'indicate, that the present has been described as the
Golden Age of Mathematics.

MATHEMATICS AN OUTGROWTH OF FUNDAMENTAL.
HUMAN NEEDS

However refined and abstract much of mathematics now is,
'one may be sure that its origin had to do with the t ommonplate
matters of food, clothing, and shelter. Questions inevitable for
all human beingssuch as how many? how much? how long?
could be answered only by counting and measuring.:These two
processes, under the relentless stimulus of hunger'', cold, and
desire, gave the basic impulse toward the creation of mathe-
matics, and today, in spite of its growth and ramifications, num-
ber and form 'remain among the fundamentals of the subject.

ARITHMETIC AM) GEOMETRY

Having received -instruction in numbers during early child-
hood, people take them for granted and so do not realize that
the development of the number system was an epic achievement.
One is more likely to wonder how it ever was possible to get
along with horses and buggies than to wonder how the Rckmans
managed with heir clumsy numerical notation. But upoil re-
flection one sees tiaat the ideas, the processes, and the applica-

roghen, Lancelot. Nathernaties for the Million, p. 32. W. W. Norton and Co.,

1937.
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dons of arithmetic, tte we have it'today, fonri a highly perfected,
per anent, and universal social heritage.

e material world which surrounds us reveals form as clearly
as it suggests number. Although natural objects present them-
selves in countless varieties, certain forms. have a tendency to
reappear, and this constant recurrence suggests basic concepts
and stinullates the creation, of an appropriate vocabulary. Cir-
cles, for example, are repOteedly forcing themselves upon us;
one sees them in the sun, the fall moon, the ripples on a pond,
and everywhere, albeit imperfectly, iii the trunks of trees and
the stems of Plants. For centuries the nighttime sky was regarded
as a hemisphere, with the stars fixed upon it, and the modern
astronomer, though he knows better, preserves the illusion and
still speaks of the "celestial sphere." Long before man had
constructed a circular arch he had seen one flash forth mysteri-
ously in the rainbow. Va4-ious Practical arts, forced upon man :in
the struggle to survive, and raised later to a higher plane-by his
desire to make livitig more comfortable and refined, prCpared
the way for geometq.

a

TI I E GREEK ACH1EVFM ENT

The much repeated story that geometry as a deductive science,
as distinct from a compilation of miscellaneous rules, was started
by Thales after he returned from a business trip to Egypt may
not be true. There call, however, he.no doubt that Thales and
Other Greeks devtloped ideas tliat were to' Prove revolutionary
by laying the foundation for some of the most significant aspects
of Western civilization. To them belongs the credit of initiat-
ing rational .science. Long before the time of the Greeks. as early
perhaps as the Stone Age, men possessed certain scraps of scien-
tific knowledge:of a practical kind, born heuristically-from their
experiences. Thus they understood stmuething about the use
of the lever as an aid in moving heavy objects. At a later period
we find quite remarkable 'technical knowledge in the civiliza-
tions of the Chaldeans and the Egyptians. But peoples even as
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advanced as these did not succeed in giving a reasoned explana-
tion of natural phenomena ancl technical processes; apparently
they hardly attempted to do so. On the other hand this was
precisely what the Greeks did, and with. them science as we
think of it had its beginnings. Much of the Greek success is. due
to the development given to mathematics.

OTHER BRANCHES OF CLASSICAL/ MATHEMATICS

Such conceNs as those of equality, congruence, similarity,
symmetry, ratio and proportion, woven su firmly into geometry
also contributed, under the slijit of problems of indirect
measurement, to the development of trigonometry, which had
been used by the Greeks mainly in connection with astronomy,
As <One contemplates the table of chords that Ptolemy gives in
his great work, which the Arabs renamed Almaiest as an act of
reverence, he realizes how essential all such work was )1 man
were ever to "control his environment.''

The problems that were being subjected to mathematital
analyAs were constantly. becoming more intricate, and revealed
the necessity for methods more general and techniques more
powerful and universal than the old ones. Out of thii need came
algebra, a, subject which has shown a disposition to crowd into
more and more places with benevolent willingness to take upon ,
itself a larger amount of the work of the world.

Appreciating this characteristic of algebra. Fermat and Des-
cat tes made a fusion of it and geometry, giving US the study we
know as analytic geometry. Here 'a strange thing happened in
Our outlook up, it things. Though to our sight the world looks
mmilicingly like a tlnee-dimensional affair, thc- new mathe-
matics enables us to deal with a world not so "cabin'd, cribb'd,
confined." Adventures into regions of mote than thiee dimed
sions have been successfully made. the explot ers bt inging back
valuable suggestions for dealing with the physical world, which
shows the folly of ever' uuuttitting ohrseltcs to a polii y %chic it
considers only things patently "pi actital."

ti
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Soon liter algebra and geometry were uniteld, the growing

desire to deal effectively with phenomena and problems which
had defie 1 analysis brought inn) the foreground questions about
rates of ctio,igt!. Although vrtain Greeks, notably Archimedes
and Iludox'us,,had employed some of the conceptions of the
calculus, it ieiiiaiued for the inventive and penetrating minds of
Newton anti Leibnitz to fix the foundations in a definite way.
The Qmathematician is justified in growing enthusiastic about
this subject, suave a talk? era for mankind began with its discov-
ery, and human culture will never cease to draw heavily upon
its striking methods -of?nalysis. When, along with his neighbors,
a mathematician observes publicizing of the fact that the world
constantly changes, he may be pardoned for some surprise, for
he is likely to. recall that two and a half centuries ago Newton
ias talking about fluxions and fluents.

THESERVICE VALUES OF tATIIENIATICS

Since much of our basic mathematics grew out of needs, its
higlr utility should occasion no. surprise. As the subject ex-.
pcmded it he( amt nfbre and more selfcontained. Mathemati-
cians lolig have regarded it as one of man's most appropriate
activities, and.they find satisfaction and interest in the'study
itself. This attitude has given an even greater incentive for
piessing its development than has the goad of need; 'neverthe-
less contacts with the physical world and applications to it have
been discovered as by-p.roducts, such results being constantly
taken up and cultivated by those engaged in various technical
pursuits. As there is no danger of our being deprived of the re-.
stilts of mathematic al inquit ies, people may not keep in mind
the many ways in which the subject ministers to us andmay
even. forget how primitive Our civiliration would be without it.
Most people. for example, do not know that quite.as much use
is made of diffetential equations as of wire in radio work. An
inspection of textbooks lining to do with numerous technical
fields, professions, and trades reveals their great depetidence

c
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upon mathematics, and, if made thoughtfully, can well be rec-
ommended for those who aspire to be competent appraisers
of our culture. (See Appendix I.)

THE NEWER USES

Since. the beginning of the century the science of physics has
been greatly changed. The new work not only has .employed
novel apparatus but has required more advanced mathematics.
In therase of the general theory of relativity, mathematics has
been used in a more searcl ng way than ever before, since purely
mathematical attributes ecame a guide in tiff quest for physir
cal laws. The greater in thematizing of physics was to be ex-
pected.:It was merely another step in an evolution long under
way. More significant is the fact that some studies, until re-
cently not mathematical at all, are rapidly becoming so. Per-
haps the most notable example is chemistry, which is no longer
almost solely a matter of test tubes and crucibles plus a little
arithmetic, but one of differential equations and integral signs.2
Mathematics is a means not only for giving precise and eco-
nomical statements for truths previously expressed less accu-
rately and gracefully but also for affording new methods of
discovery,2 in some instances excelling the resources of the labo-
ratory, just because it can bring one to grips with basic-considera,

2 So striking has been the change that one chemist has remarked: "Chemistry
..aNhas graduated hum the this% of the desutiptive sciences into the class of the exact

sciences, and has taken its plate by the side of physics and engineering as a branch
of mathematics." Daniels, Farrington. "Mathematics for Students of Chemistry."
The American Mathematical...lit-malty, Vol. XXXV, pp. 3 g, 1928.

3 An outstanding instance of 'what mathematics has done for chemistry with
benefit to the entire world has been described as follows:

"A-modest professor of mathematical physics at Vale University discovered the
phase rule and other thermodynamical laws of heterogeneous so..,tions, and today
these laws are the very cornerstone of petroleum refining and of other chemical
industries. It would not be inappropriate if the oil barons and motor magnates
telebrateit the hiithday of Villatd Gibbs as the most important anniversary in
their calendarfor the billions of gallons of gasoline which last sear actisated the
millions of automobile unts wet e distilled. not only out of the refinery stills,
but also out of the tuathemaiii al equations of the meditative professor." Gray,
George S. "Science and Profits." Harpers Magazine, April, 1936.
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tions. In psychology arid physiology, advances of new kinds are
made through the application of mathematics, while certain
types of geological studies can be made only bye means of 4nathe
matics, meteorology being quite saturated with it.

.Mathematical methods have appeared somewhat slowly in'the
social studies, as was.to be expected on account of the traditional
descriptive qualities of these subjects. The use of Mathematics
in economics will be considered briefly. Although in courses in
economics there is reference to "laws" and "principles," from
which it is asserted that conclusions are derived.. by deductive
processes, mathematics has often been avoided. At 'Intzstz.
"alive of supply" and a "curve of demand" may have been
drawn, and their intersection pointed to with a certain amount
of satisfaction. Fconomists acquainted with mathematical meth-
ods have frequently felt a little uncomfortable at- the inadequlic:
of the traditional procedures, a notable example being Marshall,
who even in the first edition of his great work, so often reprinted
and revised, made use of the calculus only in the a. endix out
of consideration probably for his readers. There was no lack
emphasis, however, in the view which he expressec that
'minks must be developed by mathematics if it is to arr ve at
clarity in its basic considerations.

It should be observed that it is just one hundred years since
the appearance of Cournot's famous Researches on the Mathe-
matical Principles of the Theory of Wealth. Cournot. was a
Mathematician who sought to aid scholars in other fields, and his
example has been followed by later mathemricians who have
attem% pted to show in some detail wherein may lie ways of prog-
ress in the socially important subject of economics.' -

4 bildiograuhv of mathematical economics from 1711 to 1897, by In-tug
Fisher, will he found in the translation by N. T. Bacon of Comnot'ework. The
Macmillan Co.. 1929. Important recent wolks on the subject by American mathe
maticians ate t.%ans, C. C., Mathrmattrat !oh-mho-lion to Fromonies. MiGiaw
MI Co.. 193o; Roos. Chalks F.. Ihnatoir Frobironirs. The Principa Press. 1931.
Reference tnav al;:o he made to the %corks of such economists as Ii. I.. Moore and
trent% %huh/. The increasing use of mathematics in minimills is also shown by
the establishing of the lotnnal Ecomimbietz.

'4'
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The mathematics that is of great use in developing concepts
and relationships in the field o: economics is not solely the
mathematics of statistical analysis, but mathematics of a more
fundamental and classic form. It is of course true that statistical
inethodsaie of growing importance in the study of economics
as elseWhere. From its very modest estate of a few years ago, the
theory of statistics has grown significantly and has been suc-
cessfully employed, for instance, in education and sociology.
Statistical competence can npw be reiarded as a necessary quali-
fication for many activities.

MATHEMATICS AS A MODE OF THINKING

It has already beeh suggested that though mathematics came
into being through quite el ental needs, it has advanced far
beyond that state. By the u e geometry had attained the per-
fection that the Greeks gave t it, mathematics had emerged as
an instance ofrigorous deductive thinking. Since then the word
has denoted something. over and above its theorems and its
results. To mathematize a subject does not mean (nerdy to in-
troduce into.it equationsind formulas, but rather to mold and
fuse it into a coherent wholeQwith its postulates and assumnt4s
clearly recognized, its definitions faultlessly drawn, and its co-
elusions scrupulously exact. Mathematical methods set up an
ideal, a norm, a pattern, which though not attainable in all the
activities necessary and proper to man, serve as a relentless spur
to improvement. Mathematics succeeds because it searches tire-
lessly for the principles that underlie a situation or the weak
point in a problem. It analyzes, i't dissects, and it relates; it tends
to eliminate what is irrelevant or superfluous in order to attain
an economy in thinking and expression.

THE SIGNIFICANCE OF ACCURATE THINKING

At a time when so much is heard of social needs, it is well to
emphasize those traits which distinguish men from other crea-
tures. Assuredly it is not the social instinct, feat; there art animals
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and insects., which have highly organized soda! lives; nor is it
even such qualities as devotion and sacrifice. But man alone has
the language sense and the high degree of reasoning power
which allow the progressive levelopment Of one generation after
another, by recording, analyting,;nd using past experience. A
squirrel, like man, must deal with the problem of the normal
granary, but it does not concern itself with questions of abstract
reasoning, which man cannot escape.

Man sets ideals for the things he does, and accordingly an
ideal must be set for thinking. If accuracy, cogency, should be
this ideal, then it is attained in mathematics. That is why mathe-
maticians are little troubled by the question .whether they' see
possible "utility" in this or that, but feel that they are engaged
in the most human of enterprises, accurate thinking, and are
not demanding immediate outcomes.

Can man by reasoning arrive at conclusions that represent his
highest conceptiOn of truth'? The answer is yes, and it is the con-
stant business of mathematics to show this. If one wishes an
example, he may recall the proof that n3 n is divisible by 6 for
all integral values of n. Is rational Thinking "profitable" as well
as possible? One need merely recall .W.hat' the modern world
owes to mechanics in order to obtain the answer.

The fact that in many situations, there arc variable and'im-
ponderable factors %..hich influence people, in addition to emo-
tional prejudic e, has led to the claim that we should be more
concerned with tational living titan with rational thinking. It
seems quite impossible to sepal ate rational living from rational
thinking-; pet haps the difference bet the two is one of de-
gree rather than one of fundamental qualities. In any given
situation we mav either act (m way or another or refuse to. act;
but in any case, we at e held t esponsible for our decision and we
must fac e the consequen«.s of it, whether we like to do so or not.
Surely prudence suggests that we seek to predic t 011 the bilAIS of
logical analysis w hat the «wsegnen«.s of a given mode of be-
hay ill be.
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MATHEMATICS AS RELATIONAL THINKING

Professor C. J. Keyser has thadel the following forceful stile-
ment in regard to relational thinking:

Each thing in the world has named or unnamed relations to every-
thing else. Relations are infinite in number and kind. To be is to.
be related. It is evident that the understanding of relations is a
major concern of all men and,. women. Are relations a concern of
mathematics? They are so much its concern that mathematics is
sometimes defined to be the science of relations.5

It is precisely in this fundamental problem of searching for rela-
tionships and giving accurate expre ,ion to them that mathe-
matics has been so successful. Though the thought of relation-
ship was present in parts of Euclid and iq early ..trigonometry,
the general quest was handicapped until appropriate symbolism
came into' existence, as it began to do with the appearance of
algebra. The letters of the alphabet, having been freed of the
task of representing special numbers through the development
of the Hindu-Arabic notation, became available for all numbers,
and mathematics began to reveal the great power of symbolic
thinking. With the development of calculus came an ent&ly
new category of relationships, namely those in which change is
involved. Equations in mathematics, from the simple formulas
for the area of a rectangle or a circle to the differential equation
for, a radio circuit or the integral equations which appear in
mathetnatical economics, are nothing more than expressions of
the ways in which one variable is related to others. Similarly, all
the tables we now have for elementary and higher functions are
merely tables shoiving very explicitly the way in which certain
quantities are connected. As mathematics grows it constantly
acquires and develops ways of dealing with relationships which
before had eluded it. Because a good deal of effort is needed to
understand these methods, there has been a tendency fyi- work-
ers in some sciences to neglect them and thereby throw upon

5 Keyser, C. J. Mole Philosophy and Other Essays, pp. 9495. E. P. Dutton and
Co., t927.
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mathematicians the responsibility hot only of elaborating the
methods but also of showing the applications.

INFLUENCE OF MATHEMATICS ON OUR
PHILOSOPHICAL OUTLOOK

The success that has attended the development of mathe-
matics and the benefits that haVe come through its wide \em-
ployment have had an important part in enlarging the general
intellectual background of the present day. Certain philoso-
phers, for example Kant, have drawn very heavily upon mathe-
matics; but it is hard to estimate how much influence such
highly refined theories of knowledge have had-outside the, small
circle that gives attention to metaphysical considerations, though
undoubtedly some influence has been exerted by those who read
Kant or by those who read those who themselves had read Kant.
The reality of mathematical influence, however, is far clearer

Aban such a debatable example indicates, for mathematics, hav-
ing been studied by the majority of well-educated people, has
acted directly upon them, so there is not the need of the inter-
position of the erudite philosopher.

Even people who have no occasion to "use" more than the
elements of mathematics and who have not followed its ad-
vances regard it as a kind of stabilizing influence in a world
quite uncertain about itself, and are heartened by the reflec-
tion that over an ever-wideni%area of activities man's mind can
work unerringly, without passion, prejudice, or selfishness. Of
course they do not take this as .ieaning that all our problems
may be brought within the cprupass of mathematical methods
or that extensive mathematical training is desirable for every
enterprise. The lifuitations of mathematics are to he conceded
quite as candidly as one admits those, for example, of Music,
of painting,.and of Aculpture. But just as these fine arts refresh
and give renewed spirit, so mathematks braces our mental back-
ground by revealing the fact that within some subjects it is

possible to achieve the l'.;ghest ideals of thinking. The realiza-
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tion th..t this is so is one of the things that should increasingly

condition life today.
Our literature, both that which is read and enjoyed over a

long period of years and that which is definitely ephemeral,
reveals the ideas just set forth. Few books have received as high
praise as Wordsworth gave to Euclid in the lines:

The one that held acquaintance with the stars,
And wedded soul to soul in purest bond
Of reason, undisturbed by space or time.

It is clear that Wordsworth recognized a very great human sig-.
nificance in geometry and saw a value in its theorems quite su-
perior to what is meant by utility. A social philosophy is set
forth in the lines above, one that regards men and women
as being ,ight together by their intellectual possessiotis.
\i tether uch a community of interests will ever be achieved to

significat extent is not the question, the important -thing
being that an ideal, drawn from Euclid, is set before us in lan-_
guage so felicitous that one turns back again and again to read
and reflect. Such ideals make our civilization seem better and
richer, especially when they are set forth in words that tend to
strengthen the ideals themselves.

Perhaps even more haunting is the line of Edna St. Vincent
Millay, "Euclid afone has looked on Beauty bare," and the last
part of her sonnet expresses a thankfulness for havers spent with
geometry that must stir all who read our language:

0 blinding hour, 0 holy, terrible day
When first the shaft into his vision shone
Of light anatomized. Euclid alone
Has looked on Beauty bare. Fortunate they ,
Who, though once only and then but far away
Have heard her massive sandal set on stone.e

Algebra, too, has left an imprint of its power and gracefulness
that remains fresh in mature years, as shown recently by the
novelist James Hilton when he linked music anc pure rnathe-

From The Harp-Wearer and Othrr Pmts. publiched by harper and Brothers.
Copyright 1920, 1921, 1922. 1923, by Edna St. Vincent Millay.
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matics together, asserting that, in the long-run, it is something 6
like the binomial theorem or a Bach fugue that counts,

Turning to the daily press we find the saute theme. Reporting
upoh the lIarvard Tercentenary, William L. Laurence wrote
for the New York Times of September 6, 1936:

The sessions this week'dealt with the achievements of man's mind
in the realws of.the abstractmathematics, astronomy, astrophysics,
and cosmogonyWith world leaders in these fiylds recounting their
latest adventures.

Beginning with the most absn e mathematics, calculating dimen-
sions of the universe, the conference proceeded to the more concrete
sciences dealing with the structure and constitution of man's cosmos.

Thus the conference went from the pure achievements of man's
intellect outward to the stars and galaxies. Thgeneral picture pro-
duced was that of man at his. best, elevated by the superiority of his
brain power.

It is not likely that Mr. Laurence would have written in this
fashion, or that his paper ;...ould have printed what he wrote, if
it were not realized that there are people who take inspiration
faint dwelling a little on man's intellectual achievements. Con-
fused as people are dyer current problems it is well to remind
them that there is indeed such a thing as "man at his best.''

We have come a long way in our thoughts, from man the
primitive creature, learning to count in order to cope better
with a hostile world; to the lines of Wordsworth that take one's
thoughts into space, as well as inward to our intellectual posses-
sions, to Miss Millay's conception of beauty and her deeply felt
qatitude to geometr, to Mr. I Iilton's lingering memory of the
grip of algebra, and Mr. Laurence's suggestive tines on man at
his hest. Surely any question of whether mathemati:.s influences
our philosophy is answered.
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LOOKING AT MODERN EDUCATION AND ITS
GENERAL AIMS

"Perhaps after censu?ing all the opinions that have been
put forward on this obscure subject, one ought to propose
some theory of one's own."

IIERODOTUS

OUR FAITH IN EDUCATION

Education in a Democracy. It is clearly the desire of the people
of the United States to give wide educational opportunities to
boys and girls.. From the founding of the Republic to the pres-
ent, men and women prominent in the national life have main-
tained that the successful democracy which we cherish as an
ideal must rest upon the proper and widespread education of its
people. It has been held not only that democracy might cease to
exist without education, but also that a democratic order, even
if apparently successfully achieved, must seek constantly to ex-
tend the advantages of education to those who db not as yet
enjoy them. Thus education is both a primary means to an end
and an end in itself never to he regarded as completely attained.

A Story of Rapid Growth. The growth of our school system
shows 110% vital and powerful the educational impulse has been,
for schoolhouses and school children are unquestioned realities.
With the increase of numbers in the schools there hay( arisen'
grave problems for teachers and administrators. Especially has
this been true in the secondary schools, the rapid growth of
which is shown by impressive figures frequently quoted.' The

I The number cv pupils has doubled esety ten years since tfigo. In ig36 more
than 5.000.oix) of the approximately lo,000.000 south aged fourteen to seventeen
were in high school. Douglass, Had R. Secondary Education for Youth in

14
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newcomers in the high. school have been from social and eco-
nomic groups whose members previously had seldom gone be-
yond the elementary school, if indeed that was completed. Vari-
ous reasons have been suggested to explain the influx. Perhaps
one reason is that a high school education was considered a
means to increased social prestige, while at the same time tech-
nological developments in industry made it more .liflicult for
boys and girls,e1 high school age to obtain .itiployment., Indus-
try nowrequires more technical knowledge or sufficient skill and
endurance to perform routine tasks rapidly fOr hours at a stretch.
Whatever the reasons may be, however, it remains that the high
school population has greatly increased, a fact indicating that
'the people as a whole have faith in education. ,

NEED OF A MORE COMPREHENSIVE yIEW OF
EDUCATION

In the past, the policy of .the school was simply that of de-
termining more or less arbitrarily what the boys and the girls
should do. Traditionially, schools have required certain subjects
for study and have provided other activities in which pupils
were expected to engage. But with changing pupil personnel,
traditional curricula proved unsuited to many newcomers, who
seemyd to derive little benefit from their study. The olsl.studies
were therefore modified, and new ones were provided with the
hope of meeting the changed conditions. But these measures
did not meet the situation fully, and it has come to he recog-
nized that the problems involved must be considered in a more
fundamental way.

Some of the efforts that have been made 0) solve the challeng-
ing problems will he hr icily desci.ibed.

For as long as two decades attention has been devoted to the
development of specific objectives for ea( h of the subject matter
fields. By making clear the way in who h portions of a subject

.1 melifd. 2A. att imatitol. 1.t.litti:.;ton, 1937: i(11
I wit litilletins (If Ow U. S. ()Itur cif
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can coral ihute to achieving the goal or purpose of the whole,
the ineffectiveness and aimlessness of much teaching has been
reduced. Educational psychologists on their part have sought
to improve instruction by indkating various "bonds" that are
to be mastered by drill or repetition. In order to have more
compltte appraisals of pupil progress, testing experts have con-
syucted various kinds of testsinventory tests, diagnostic tests,
and achievement tests---many of which have become standard-
ized and are widely used. .

A frank discussion of the educational situation must note that
the movements described have, along with their good effects,
added sonic confusion, for there are cases where they have been
arried to an extreme. Thus, if a list of objectives is developed

to a too great degree of rOinethent, an actual handicap can be
imposed uponigood teachers. When one affirms the existence of
this fault, he is not denying that there arc still many teachers
whose work suffers badly from incoherence and the lack of
definite objectives. On the other hand, tests have sometimes
beeii applied sithout proper regard fmr class-:size, classroom
methods, and time allotment S. Furthermore, in their use con-
sideration has not atways been given to the backgrounds of the
pupils. It is probable that. a too highly mechanistic procedure
is partly.responsible for the emergence of the philosophy of the
child- centered school and other pi °trounced forms of progres-
sive eduation.

Eleventh Yearbook of the National Council of Teachers
of Mathematics includes a brief survey of the principal attempts
at ( urriculum revision made during the past few decades. Such
studies show that there has been airs% er-increasing expansion of
the scope of secondary education, in the interest of both enrich-
ment and greater flexibility. They also show that there has been
a ti end away from authoritarian prescriptions. arid that this
tendenc,- to 1 emove fixed requirements has led to a marked
reduction of emphasis on definitely for =hued "subject matter
«nu tirti." S0111C C(111C1101'S 110W propose extensive participation
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in. curriculum making on the part of classroom teachers and
pupils. The curriculum is then viewed as "imaging" from day
to day, in accordance N.vith ever new plaps of "reconstruction,"
"adaptation," "integration," and the like, But it is not clear
how such a program can provide for continuity or coherence, or,
perhaps, even avoid some degree of educational chaos!

The recognition that something more is needed than im-
provement of instruction through better utilization of pupil
psychology; construction of tests for achievement, and analysis
of objectives for specificsubjects has led to the proposal of what
are considered to be more fundamental approaches to educa-
tional problems. It is argued that the sclu have been employ-
ing quite inadequate or e i roneos guiding ideals and principles,
though the acknowledged benefits whiclihave accrued from the
schools as organiml gie. evidence to the 'contrary. However,
the efforts to find new and sufficient principles or approaches
}nye led to so inanv proposals that the situation has been made
more bewildering to many teachers instead of being convinc-
'ingly The question ai ises as to how the individual
teacher or adminisnator is to choose among such a varied col-
lection of theories and proposals.

Clearly theme is seal for a comp chensive point of view that
will look at educition as a Whole. Only in the light of an in-
clusive orientation it he possible to appraise adequately the
possible contribution of any subject matter field. It is necessary
to elaborate dependable ia of appraisal, of selection, of
organization, of pi otress, and so (1n.

THE 1)1' \I. .1,111 C.1 Of-

()nly too often the fat t is ovei looked that eve' v st fit activity
of importance has both an inipei solial and a pcisonal aspect.

2A long list of diffeznt alkot.ited at the ineceld time has heen
gt% en by Bruner. Ifyi het t li. et Tento I we I 1,1 (it ppwr)chet C fart( Ilium
and Course of Stli,iV Cemttriir Vhinentzt.lpheti. 1 cachets Collev.e. Cniumhia
University, ricithittl I 11qm%. In 'tork of Bottler has been used by
!cotton, Tabu K. and Notion, tint .A.. boonfatt,,n, of Curriculum Building
Ginn and Co.. 1931). See (-spec t.clit Ch.1111-r 111.
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The first has to do with the accumulated or developing experi-
ence of the race and is relatively independent of personal opin-
ions or backgrounds. The second has to do with the reaction
of the individuhl pupil or school to this reservoir of information
or training. And so, the work of the school has both a static
ana a dynamic character. On the one hand, the school transmits
important cultural,possessions of the race, without which our
institutionscould not go on. The maintenance of this heritage
gives continuity and distinction to out national life. On the
other hand, each generation necessarily re examines this heritage
and adapts it to its own uses in the light of new and changing
experiences. Therefore it is inevitable that in many areas of
human experience there will be factors that gradually become
obsolete while others suddenly assume, a crucial importance.
The drama of human evolution is thus a continuous struggle
between. the old and the new. This fact is inevitably reflected
in the problems of the curriculum.

Throughout the whole history of education there have been
countless attempts to define its functions, to clarify the meaning
of the educational process, and to set up programs or regulations
for the guidance of pupilS and teachers. By this. time we should
realize that there can be no finality about such definitions or
prescriptions. Each epoch 1611 insist on interpreting in' its own
way the educational needs of the rising generation, in accord-
ance with new demands and altered perspectives. Since human
evolution is an unending process, it follows that education in-
volves the necessity of constant. readjustment.

There are, however, weights. stabilizing factors that prevent
a complete break with the past. There are, in fact, permanent
backgrounds, perspectives. and values so universal and all-.

embracing that they might be expected to he held continuously
in s iew. They are connected with certain permanent physical,
mental, social, and spiritual types of human needs, and with ele-
ments of our world-wide environment that change only imper-
ceptibly, if at all. It is the function of the school to stress, first
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'of all, adaptations to perManent features of existence, without
neglecting adjustmentt demanded by each successive age. If
there is nothing of lasting significance in the programs of our
schools, then all is writ in water mid we are indiklging in a:futile
game of self-deception at the expense .of the youth of the race.
There is wisdom in clinging to a firm belief in enduring back-
grounds, and even the revolutionary developments of the recent
past, while profoundly affecting human Nve'l fare, serve only to
strengthen this conviction.

ENDURING EDUCATIONAL: CONCERNS

. Among the human needs that will never lose their importance
are those of food, clothing, and shelter. A knowledge of facts and
activities centering around these fundamental human require-
ments should Ix a concern of the schools. Security, reduction
of anxiety, of disease, and of useless drudgery depend to an ever -
increasing extent on the study and control of nature and its re-,
sources. Hence science, with its countless ramifications, will
permanently engage the attention of the school. For similar rea-
sons, the study (4 man's social institutions cannot safely be neg-
lected. Again, the practical arts, in conjunction with science,
leading by slow degrees to advanced forms of technology, were
among man's chief tools in his slow ascent from savagery to the
power age i which we now live. Hence, training which aims to
develop creative ability in the fields which have to do with the
transformation Of raw materials into useful and artistic objects,
is a vast though still neglected domain in the schools. And in
the evolution of science and technology, mathematics has con-
stantly furnished essential and invaluable aid. For that reason
alone the szudy of mathematics must be regarded as a permanent
ingredient of eet y sclio\d curriculum. The fine arts,
including tnti.ic and Inc) mine, have ptovidd elements of re-
lease from ill udgeiv and soul cs of appteciation that are among
humanity's noblest ti easui es. To fin nish «Y.,tinuous contacts
with these .neat and endln ing plodut is of human genius would

A
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seem to be a sacred obligation of the school. Situated, at a still
higher level there is a reservoir of spiritual values and visions
pertaining to a noblerInd finer lif6, to ideals of heroism and
self-sacrificing endeavor. To be sure, such values 'may not be
suitable for incorporation in textbooks and courses of study.
But it is not too much to expect that the school shall, by its
spirit and in its daily \actil.'ities, keep iti mind the infinitely
subtle and permanent problem of.personality growth.

This brief sketch of the school's permanent interests could
easily be extended or be made more explicit; Enough fias.been
said, however, to suggest the major airriftir objectives of the
school. But aims or objectives are not cold abstractions to be
realized merely by a series of methodically planned,activities.
They are; rather, the school's confession of faith and an indica-
tion of the manner in which it interprets its stewaMlhip.
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. CHAPTER II

GENERAL OBJECTIVES FOR SECONDARY
EDUCATION

"1 pray thee overname them; and as thou namest them I
will describe them; and according to my description, level
at my affelion."

-POKTIA IN '1 HE MERC1IAN I. OF VENICE

IN THE preceding chapter the thesis was developed that the
school should give adequate attention to the broad areas of ex-
perience that have been shown to be of almost universal occur-
rence and importance. Unless he is brought into contact with
tItem, the pupil will be unable to interpret, to appreciate, and
to participate helpfully in important domains of modern life.
In the present chapter a somewhat detailed discussion will be
given of certain broad and general objectives that should guide
the instruction and the training which secondary schools pro-
vide for pupils.

A Classification of Objectives. It is evident that educational
objectives in the last analysis will center around three perma-
nent factors, namely, the physical universe, society, and the
child. They are invariant frames of reference of the educational
process. To disregard or overstress any one of them unbalances
the emphasis on desirable purposes of education. Accordingly,
objectives may be regarded as having either a factual and im-
personal aspect or a personal, psychological hearing. Thus,
when we study a given domain in a purely scientific way, irre-
spective lerrner's personal reactions, we arc mainly
interested in facts, skills, organized know..tedge, accurate c(in-
cepts, and the like. If, on the other hand, we scrutinize the way

21



22 Fifteenth Yearbook
in which the pupil behaves in a given situation, or his modes of
reaction, we are led to such categories as habits of work or study,
attitudes, interests, insight, modes of thinking, types of appre-
ciation, creativeness, and the like.

A clear recognition of these two essentially different yet com-
plementary types,. of objectives is one of the achievements of
recent educational theory. It is generally conceded that in the
past the chief 'emphasis was on impersonal or factual objectives.
Perhaps there are extremists now leaning too far in their psy-
chological or child-centered point of view. But educational ad-.

vancement demands that due weight be given to both types of
objectives.

This chapter will deal with objectives mostly of the, second
type. The discussion will be limited to those objectives to the
achievement of which the study of mathematics can make a sub-
stantial contribution. No attempt has been made to list them in
order of importance. All are significant. It is not implied that
mathematics is the only study that can contribute to the attain-
ment of these objectives, but its contributions are outstanding.

ABILITY TO THINK CLEARLY

Educational leaders have pointed out that facility with skills
and acquaintance with facts do not constitute a' sufficient goal
for schools to set in their instruction of youth. One often hears
the complaint that boys and girls are given only miscellaneous
information and are drilled in routine performance when they
should be "trained to think." The goal implied by the last
words is very broad, and not all of the related activities are espe-
cially pertinent to the genera! place of mathematics in educa-
tion. An attempt will he made to indicate some activities that
will serve to illustrate behaviors associated with clear thinking.

Gathering and Organizing Data. Many serious problems in-
volve the gathering and organizing of c'ata, or should involve it
if a satisfactory solution is to be obtained. In a way, this is
merely a trite saving, immediately acceded to; but nevertheless
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the process is not always carried out in a forthright cay. Data
may be obscure or difficult to obtain, while in other instances
personal predilections and interests invite biased selection.
School experiences should impress upon pupils the fact that in
many social and scientific situations an essential step in 'good
thinking consists in obtaitling the facts and organizing them.
Pupils should be led to rea).ize that organization of quantitative
data precedes the mathemalical treatment essential for adequate
understanding of the scientific princi Aes involved. While the
mathematical curricula of our second ry schools have not given
adequate attention to these matters,.the .Commission bOeves
that in the future definite provision must be made for training
of this kind,

Representing Data. In urging- support for a proposition one
has the problem of plopetly presenting the underl)ing data.
Although in the ordinary .occupations of either adolescent or
adult life one does not often deliberately emphyy scientific pro-
cedures, one should he familiar with such procedures in order to
follow discussions and appraise intelligently issues that may he
vital, or at least inteiesting. t.t hitn. Among the most promising
ways(21,' acquiring such ability is that of engaging during school
years in activities demanding not only the collection but also the
careful plesentation of data. such expel knees the pupil
should acquire the realiiation dot the proper representation of
data is often an inaluable aid to c lear thinking about many
problems.

DraterilL; ( -11(111.4071.C. Da'ia troll selected and propel ly pre-
sented, provide a basis for (hawing conclusions. The difficulty
of this pieces ',lies with the situation. langing flow cases iti
which the c onc lusion is simple and obvious to those in which
penetration of thought or a sequenc c of c onseutiv steps of rea-
sonini i5 imulved. Fuithei mole. the mnfuletu e that may he
awn lied, to con( lesions vat ics firm' a tfloduratc probability to a
high degree of (et taint.

For problems fields of man's at xis ities, a ( lear and



24 Fifteenth Yearbook
permanent solution may be unattainable, although the answer
to any particular problem may with the passage of time become
clearer and more certain as pertinent information accumulates
or more profound analysis is employed. Since one of the pur-
poses of thinking is to gain conclusions, it is desirable for you..
people to have school experience with subjects in which the
ideals of permanence and high precision are realized. This ap-
plies even for those persons whose main interest is in problems
in which conclusions must involve doubt. The contrast that one
is thus led to see may engender an attitude'of wholesome cau-
tion. This experience may indeed leave a particularly vivid im-
pression when opportunities are presented to study problems
where a numerical measure of probability is assigned to a con-
clusion necessarily based on data somewhat contradictory or
otherwise inadequate.

Establishing and Judging Claims of Proof. The effort to
establish or judge the validity of many propositions leads to
questions about the nature of proof. Any formal discussion of

,epistemology can hardly find place in secondary instruction, but
there should be conscious experience with both inductive and
deductive reasoning. The character and requisites of these two
procedures should be so clearly grasped that appropriate be-
havior on the part of the pupil is brought about in the direction
both of understanding and of making applications. In solving
problems the pupil should develop the habit of asking whether
he is starting from general premises and is seeking consequences,
or, by examining particular instances, is aiming at universal
conclusions. lie should seek to discover and remove ambiguity
in the use of terms. lie should undetstand the relation between
asstunptions and conclusions, and he should grow in the ability
to judge the validity of reasoning which purports to establish
proof. Proper attention must be given to generalizing these be-
ha% lois and understandings. We may then hope that pupils will
apply them to situations arising in many different fields of
thought.
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ABILITY TO USE INFORMATION, CONCEPTS,
AND GENERAL PRINCIPLES

One of the chief aims of the schools has always been to impart
information which can be employed in one way or another by
the boy or the girl both in youth and later in adult life. Certain
factual knowledge is part of the essential equipment of even a
moderately educated person. But it is not enough, for. equally
important is the ability to think in terms of broad concepts and
to apply general principles. Since in the secondary school a
higher degree of maturity on the part of the pupil may be as-
sumed, this school begiiis to differentiate itself markedly from
the elementary school in the development of such capacities.
Ilei e arises one of the difficulties of the secondary school, be-
cause the varying abilities, predilections, and environments of
pupils will greatly influence what the school may accomplish for
them. The problem is complex, but its solution must neverthe-
less remain one of the chief goals of education.

ABILITY TO USE FUNDAMENTAL SKILLS

To be even moderately literate there are certain skills that
each individual must have at his command. He must first of all
be able to read, write, and carry on certain arithmetical work.
The elementary school concerns itself with such matters, but as
society grows increasingly comi)lex, technical, and scientific, the
range of skills that either are necessary or are highly desirable
is continually broadening. This would seem unquestionably
true in the fields of language training and mathematical skills.
Thus one of the essential functions of the secrclary school is to
foster the retention and further developmeht of basic skills.'

I The fact that some:subjects, notably mathematics, are necessary in order suc
cessfully to <arty on other subjects, has led some educators to describe them as
"tool subjects." This has been unfortunate, for by singling out one quality of a
subject and using it as a general designation one tends tcS forget other qualities
that are also important, particularly for certain indtsiduals. When we consider
the development of eisiliration we see that a tendency to grow away from mere
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DESIRABLE ATTITUDES

Discussion of attitudes has come into prominence in late years
in educational literature. This ha; involved the explicit inclu-
sion in the program of the schools of certain objectives, which,
while difficult to obtain, are increasingly being regarded as
among the most importaht educational goals. Although the
term "attitude" is relatively new as a specific designation, schools
have always had ideals and purposes which could have appropri-
ately been classified under such a name. Whereas formerly these
aims were regarded as by-products, to be realized automatically,
the significant feature today is the attempt to analyze what is
meant by,these attitudes and to develop instructional ptycedure.
that will achieve what is desired.

The classification of attitudes becomes complex when carried
out in great detail. One finds himself involved in an intricate
mesh of ideas that 'are overlapping as well as words that are am-
biguous. In the pi cent connection it is not necessary to attempt
an exhaustive study, so the discussion will be limited to a few
outstanding aims of education that hill within the wide category
of attitudes.

Respect for Knowledge. The fund of knowledge now avail-
able is so extensive and varied that any one individual can
become acquainted with only a minute port:on of it. At the
same time modern problems are so complex that most people

tool considerations is one of its chief characteristics. On ner hand one witnesses
the desire to transform what was originally a mete tool so that it will ):eld,satis
factions other than utility. Consequently it is quite unjustified to call studies
'tool subjects" just btcause they base great tool %Aires. The physicist needs
mathematics. but he gains a great deal if he sees an the mathematics that he uses
as a powerful implement some of the things the mathematician secs, quite as the
person who is forced to use foreign language finds new satisfaction if tie can
des elop a little of the spitit of the real language student. Something is sure to be
lost when ants thing is stewed as a tool which has in fact been met cly one form in
%%hi( h human thought and aspitations hase des eloped and ideals found har
monious and complete e\pression. Such a distortion, usually arising from the
(hsire for haste and the wish to muse doectly tow aid some objecthe. is likely
to lead to defeat in the' end.
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must 1 ay largely upon the efforts of experts tii clarify them and
to indicate possible solutions. This means that the schools Must
seek to inculcate a strong lulu abiding respect for knowledge in
order that the accumulated wisdom of the race may be preserved
and effectively used. 'Persons who have developed this attitude
exhibit behaviors such as the following. They strive to make
their own knowledge aboin probltms with which they are con-
cerned as complete and as accurate as possil . They seek to
settle questions on the basis of evidence rather than by personal
opinion or caprice. They recognize that the judgMent or opin-
ion of those who have devoted long sto aly to certain questions is,
in general, more dependable than that of others. If they cannot
personally attain such standards, they ar, willing to accept the
recommendations of -experts as a basis for guidance in the most
desirable courses of action. Schools can help pupils develop this
attitude in various ways. They can assist them to distinguish be-

yeen what is worth-while knowledge and what is not and can
(14

a_

give them criteria of judgment concerning the relative merits of
various types of authority. They can impress upon t;rein the
importance of ascertaining- who are the authorities in vatiou
fields and the importance of turning- to them for guidance. In
these and Other ways, the schools can foster an attitude 1.-vhieh
will make pupils eager to increase their own knowledge and
sympathetic with efforts to preserve and extend the knowledge
of the race. Interest in a NIII)I( t ( an I csult h orn study of it as
well as"thotivate it.

Respect for Good Irorknianchip. Society needs good work-
men, and one cannot meet this demand unless ne has come to
realize what good workmanship is. To some this realization
comes naturally, while in others it may be a trait hard to estab-
lish. Much of the work of the modern world involves precision
and minute attention to details, such qualities becoming more
pronounced as civilization grows more complex. Those at every
level of society should be helped to 'attain an attitude of respect
for good workmanship, and be made to realize that it is effective

,,,t.

I.
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and thorough work that gives one a claim to an adequate return.
for labor.

.The abilityto do work well and an appreciation'of the mean-
ing of excellence are not sufficient. There must be a mental and
moral fortitude to stick to a task, even when other activities
seem more inviting. Men and women engaged in professions
which on.the whole are congenial to them spend many hours at
what is wearisome and devoid of much inspiration, because an
interest and absorption in what is being done often m-akes
them oblivious of any distasteful elements. It is even a delusion
of young people to believe that their "chosen occupation" will
be full of thrills and devoid of all the elements of drudgery
which they find in other work they are asked to do. In broad
perspective, indeed, all work is likely to involve elements of
drudgery. Many fail to accomplish r ieritorious work within
their possibilities solely because they do not have the quality
commonly described as "stick-to-it-iveness." The majority must
%yolk for other people, and any reasonable scheme of social or-

,
ganization should encourage the development of efficient and
dependable workers. Many students of our social structure can-
not imagine an organization, eve', though it be far more equit-
able and charitable than that which we now have, which will
result in making people feel constantly like sit .ging .at their
work. -Voluntary acceptance of discipline is needed in a democ-
rat y, and it is a duty of the schools to develop it as a product of
the life of the school as a whole.

Res pect for Understanding. Related to the idea of doing
x%'ork in a creditable manner is the ideal of realizing the differ-
elite between mastery and superficial understanding. A large
pant of the progress'of the race has been due to men who have
wen in apparently familiar situations more than was evident to
others. What is implied by realhi understanding even a com-
patatisely simple thing may be quite an involved problem.
often it includes far more than one is at first inclined to believe,
for it is possible for a per son to belies e he understands when
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in fact he does not understand at. all. Modern life demands
understanding as well as excellence in work or craftsmanship.
Education therefore has the obligation of bringing pupils into
experiences where they may,at least he awakened to the distinc-
tion between thorough understanding and routine performance.

Social-mindedness. Here it will merely be noted that it is uni-
versally conceded' that schools should provide opportunities for
boys ancrgirls to secure a wide range of social knowledge, and at
the same time strive to awak'en a sense of social responsibility
which will remain a dominating influence throughout their
lives. Unless this is clone there is danger that individuals, edu-
cated within the schools that society' has createkancr sapports,
will use their knowledge and capacities purely selfishly or in
definitely harmful ways. Thus, no matter how thorough the
training that schools may give for the purpose of making people
think clearly, they may be making the clever person more adroit
in achieving ends either individually selfish or beneficial solely
to a small class or group. Fear of such danger has led some
educators to the position of subordinating the individual inter.
ests of the pupil to a purely social end. When such a position is
carried too far, a persgnification of society may result that is
almost devoid of meaning, for the implication is likely to creep
in that the views of society may he ascertained as svell as those of
an individual. The imperative need for a large amount of well-
mganized instruction and training having definite social impli-
cation is generally recowiiied. The Commission believes, how-
ever, that some of the desirable qualities of so( i.dmindedness
may be effectively aroused and stimulated b a jet% of stndlics
IchiCh in the past ha% e not been assm iated with this tpe of
emphasis.

Open.mindedne.,,. The school has dune little u; remove the
deep and widespi cad trait of hying- biased by (Mt.'s intUl CStti. Iii
antral fat t indk i(111,11,1 an MI 1 tfin t 1111111.111'4 M Cr a wide
tainw of act i% ities. in 111.111v hid! it IN ly)NNI hie lot them to
hold a (feta( lied and m ichlific Attitude. as die\ watch hon,tly
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for. the answer that the data indicate. The schools must there-
fore aim to develop persons capable of unbiased and logical
thinking and at the same time to mold character that will lessen
the danger of unsocial employment of the power 'thus stimulated
and strengthened.

INTERESTS AND APPRECIATIONS

Pupils in secondary schools frequently have interests ,and ap-
preciations which the school should help them develop. But in
addition to encouraging such personal interests: the school
should seek to arouse new ones. There are at least two impor-
tant reasons fcr this educati.ional obligation. In the first place,
the successful pursuit oJ'any chosen activity usually requires
competence in fields Whose relation to his major interest the
pupil has not previously perceived. Definitely related subjects
should be revealed as vital to his success. He should acquire the
realization that itiis as difficult to isolate one activity from all
others as it is for a person to live uninfluenced by the welfare or
doings of other people. In the second place, interests actually
outside the range of one's main endeavor may have a large in-
fluence on the satisfaction found in life. Although it is to be
hoped that one will find some enjoyment, or at least content-
ment, in the part of the daily work of the world that he carries
on, one is in a sense unfortunate if, in an age so rich as the
present, he does not have some active intetests and apprecia-
tions. Even those whose (cork is of an interesting and satisfying
chat ac ter often have absorbing avocations in which they may
achieve some distinction. It is still more important when work
is monotonous and lacks characteristics that arc inspirational
to liae something to which to turn for intellectual and emo-
tional stimulus. We cannot depend upon private enterprise to
bullish adequate opportunities for wholesome entertainment.
Thus there is an increasing provision for recreational facilities
at public expense, the public sc hauls ohm aiding in such pro-
grams tin ough their buildings, equipment, and personnel. The
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fostering of interests and appreciations in pupili while in school,
which is being stressed here, has a somewhat different purpose,
for it aims to make people, ill some ways, at least, more self-
contained, more resourceful,./dnd less dependent upon private
or public mass entertainment facilities as the sole means of re-
laxation and enjoyment.

At first sight it ,might seem that the fostering of purely
personal interests/and appreciations is giving education an in-
dividualistic b.
importance
the come
everyt1
for s
in

s at a time when educators are stressing the
sotial attitudes. It would seem to run counter to

ion that everything a boy or girl does in school and
ng studied must have clear and unmistakable value

clay. On the contrary, however, the cultivation of personal
erects need not be anti-social. The individual who finds in-

crest in his cultural heritage and is well acquainted with it, is
very likely to see the present more clearly than one who believes
that the problems of today can be detached f

from the past. The
Commission believes ,that social attitudes are likely to manifest
themselves in people who have an interest in such domains as
literature, art, music, science, and mathematics. These have
been among the truly humanizing activities in which man has
engaged. They reach his finer rather than his grosser nature,
and through their influence a nobler and more kindly society
can be built.

In a democratic society it is imperative that there should he
widespread appreciation and knowledge of subjects other than
those that hate .0 do with or social matters, or are req-
uisite for professional or yo- ational .competency. Theme should
he strong bonds between groups working at diverse occupations,
for in no other way can we be certain of retaining our cultural
heritagvto say nothing- of increasing it. There is no doubt that
art, literatto c, and science will flourish in a state where all pos-
sess sufficient knowledge of these things to LI\ e an appreciation
and a liking for them; hut theme may well be doubt whether the
IlecCSSarV public support will be 0- ell if the schools try to train
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only specialists acid pay no attention to thoroughgoing general
instruction. Through their high school studies, boys and girls
of ability can be made to feel that they are partakers of the sig-
nificant achievements and experiences of the race, their common
heritage bringing them together and mitigating the disjunctive
influences of varied avocations and special interests.

One should distinguish between thosetypes of detailed
knowledge which may disappear quite quickly after the study
of the subject has ceased and the general appreciation which re-
mains. A pupil who studies chemistry for only a year soon for-
gets the,formulas and most of the facts he has learned; within
a short time he could' not pass an examination and he would be
useless in a laboratory unless he devoted some time to review.
But chemistry will not be throughout his life a mystery, a mere
none, or at most a vague dictionary definition. Having been an
active participant in chemical study, and having himself per-
formed chemical experiments, he knows in an intelligent way
why chemistry is of great importance to human welfare, and he
is familiar with the basic theories of the constitution of matter
and with methorls of investigation by which chemistry reveals
many of the secrets of nature. To him the chemists of the world
are not like workers in a land he has never visited and of which
he has no conception whatever. He might truthfully say in after
years that he has never used in any vocational way the chemistry
he studied, just as he may say he has never used the pictures on
the walls of his home in any such sense. But if he says with calm
and deliberate seriousness that the study of chemistry meant
nothing to him. he is merely making a highly damaging admis-
sion at is not in fact criticizing chemistry. A similar statement
an be made concerning the study of any other great field of

learning. For example, a pupil should derive from the study of
tt igonometry an appreciation of the importance of the subject
in physics, engineering. surveying, and astronomy that will re-
main after his own ability to solve problems has gone. The
great potential values of the residuals that remain after, detailed
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knowledge is forgotten has been well stated by Professor
Snedden:

The purpose Of the teaching given us in these fields was surely
never designed to make astronomers, African explorers, writers of
poetry, or painters of pictures out of us. But we are cultured persons
ttl the extent that we haveyith appreciations precipitated from such
lOng range contacts as wwere able to make in these great human
enterprises.2

Studies which give a general cultural background can also
create interests to be carried on later as leisure-time activities.
Although much is heard about the necessity of educating for
profitable use of leisure, the aims are often too low or too cir-
cumscribed, as Professor Briggs has observed:

Unfortunately, the prevailing conception, even among educators,
of leisure' time activities, is that they are primarily hiking, games of
various kinds, creative work that is more or less artistic, and im-
proved association with one's fellows.3

In short, the aims are often such as can be attained effectively
without any considerable school experience, and hence are not
ministered to by any supposed "educating for leisure."

OTI I ER OBJECTIVES

Other (ildct t ix es are frequently mentioned, of which health is
a prominent one. There can be no question of its importance,
and it is pastel ()vet here solely because the subject with which
this repot t deals is not especially concei net' with it. One re
mark. however. will he made. Z herc is an increasim; amount of
knowledge on the part of the public as to sanitation and hygiene.
and people gAin ft»in inncerning medicine or health
throus.;11 agencies other than the schools, as is proved by the
rapidity with which they have become vitamin conscious. Titus
in the matter Of health instruction, the responsibility of the

2 StIrdliem S !.1,,t!t l''r p -,2') 1 he Macmillan
11)2q.

3 1.111:z1zs. fl 1 he l'hilocr)ph% ref Sr( on.1 it% F,lncatinn Trarlieri Cc(
i,3. ici")
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school varies greatly from child to child, and in the case of
dren from some homes might even be completely dismissed.

Much has been said concerning citizenship and worthy home
membership as objectives. Such broad terms must be analyzed
before they have meaning. Citizenship should certainly mean
more than an alertness to crirrent problems, an awareness of
civic responsibility, tnd a willingness .to aid in worthy enter-
prises. It should embrace cultural interests and appreciations,
and should imply a high degree of competence in the actual
work in which one is engaged. One may recall profitably that
Benjamin Franklin, often described as the world's greatest citi-
zen, was an eminent philosopher and scientist as well as a faith-
ful servant of the people. No small amount of the influence
which he was able to exert, and the confidence he could inspire,
came from the esteem in which he was held because of his bril-
liant accomplishments in a number of fields.

Worthy home membership should likewise imply knowledge,
abilities, and appreciations quite as well as the long cherished
domestic virtues, if the word "worthy" is to mean rauch. For
instance, elementary mathematical knowledge can be regarded
as essential in the home, and mathematics more advanced can,
on occasion, be desirable. The objectives previously discussed
can all, in fact, contribute to worthy home membership as well
as to citizenship, if these latter objectives are raised to a desirably
high level.
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CHAPTER III

THE PLACE OF MATHEMATICS IN EDUCATION

"I shall on with my story of praise, and then show you
the heart of my message."

-VIOLA IN TWELFTH NIGHT

THE influence that mathematics has long had in our civilization
and .its growing importance indicate in a general way the place
it should occupy in education. Since the function of the schools
is to equip boys and girls not only to be effective members of
our society but also to be appreciative of our culture, schools
must especially provide contacts with a study which has done so
Much toward both "controlling our environment" and forming
our intellectual background. Though such a general statement
is easy to make, difficulties arise when its consequences are
sought it. such specific things as curricula. For illustration one
needs merely to call 'attention to the divergent views now ex-
pressed. On the one hand there are those who urge that only a
small amount of mathematics be universally required, and who
say that we should expect only pupils with special inclinations
to go further. On the other hand we have the thesis of Hogben,
not a teacher of mathematics but a social biologist, that there
are urgent social and individual reasons for a large number of
persons to become proficient over a wider range of mathematics
than they have covered in the past.

One point should be disposed of at the beginning. There are
many persons occupying important places in society who to all
appearances have negligible mathematical appreciations yet
live rich cultural lives. In Fame Cases their study of mathematics
evokes unplmsant memories, tempered only by recollection of

35
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the joy that accompanied ultimatrelease. What does the Com-
mission make of this? In many cases dislike for mathematics
may have been created either by the .

neffectiveness or the per-
sonality of a teacher or by the unsuita 'lity of the material that
a competent teacher had been required o present. This, how-
ever, cannot be offered as a. universal ex lunation. If mathe-
matics is to be given the prominence in e 'cation which this
Commission believes should be given it, ev .ry effort should
naturally be made to reduce the number of tho e who carry on
the subject in secondary years with a feeling of un sappiness and
with a belief that no substantial benefit is being o wined. Bet-
ter courses of study and better teachers can do muc 1 to bring
this about. It can be said here, however, that the Conn tission is
prepared to accept the possibility of conditioned antis} tthy in
some individuals, and would not force mathematics bcyot cl the
elements of arithmetic either upon a pupil whose rebellious
distaste toward the subject seems firmly entrend 'td or Upon
one whose genius or legitithate absorptions lea% e leisure
for mathematical development.

As to the complaint that there are too many cases wher,.! mathe-
matics has been unsuccessfully studied, the following needs also
to be said. Similar criticism. is made of the teach;ag of other
subjects, so the complaint is only a part'of the popular criticism
cf current efforts at educating. We "teach" English, and there is
still much bad grammar and an apparently increased reading of
cheap and vulgar writing. We dwell upon the social studies,
and their lessons are left within the classroom by many who
succumb to the lure of economic panact. as. We instruct in
health, but the rules are disobeyed not inf.;!quently by the
teachers themselves as well as by the physicians who devise them.
These are discouraging facts about human nature, but they are
not reasons for lowering our educational standards. The Com-
mission believes strongly that editcators should not resign them-
selves to the doctrine of "minimum'educat ion" as the norm. It
believes that ,ve should by all means requite as ideals and stand-
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ards something definitely superior to the small amounts of this
or that subject which some people "get along with." Constant
reasonableness should be used in meeting the difficult special
situations that grow out of mass education; but the schools
should certainly be unremitting in their efforts to raise the gen-
eral standard of American culture. We should never be content
with a "high standard of living" only in the material sense.

There is a positive answer to the question as Ivell 'as the some-
what negative answer just set forth. The Cotrimission believes
that under proper teaching. supported by discriminating and
sympathetic guiciance, a fairly large proportion of boys and girls
can realize that man has lived so long, accomplished so much,
and learned so many things, that they catmot reasonably isolate
themselves from traditions which strongly condition ate present.
The conviction will come to them that they can hope to deal
effectively with the future only by .paving attention to the past.
In view, theiefore, of the increasing importance of mathematics
to civilization, because of the techniques it has perfected as well
as its methods of reasoning, the Commission believes that ample
opportunity and enecniragement should be give!, to all indi-
viduals to continue their mathematical training as far as their
powers allow and as other conditions permit. Such instruction
should be in definitely organised mathematics courses, for inci-
dental learning of mathematical fragments in connection with
other studies c annot give either the general understanding or
the appreciation of the subject that is here advocated.

The manner in which mathematics as a school su:)ject con-
tributes to the objectik es discussed in Chapter II will now be
discussed.

M I III NI S I I'M' 1S I R.1INING IN CI.F.AR
IIINKING

It is unfortumne that foi a long time it was maintained that
mathematics furnished a general ti.tining- of the "reasoning
faculties.- as if a certain pcmer might theieby be developed to
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function in all situations. The problem of "transfer," however,
need not he gone into here more than to note that it is now -

generally' accepted that transfer is possible.. It is to be observed,
moreover, that nothing was said regarding the training of a gen-
eral "reasoning faculty" when in Chapter II the ability to think
clearly was discussed.

What was said about gathering and organizing 'data, 'pre-
senting data, and drawing conclusions shows at once how impor-
tant mathematics may be in giving instructive experience in
these procedures. If, as was stated before, mathematical teaching
in the past has not paid sufficient attention to the first point,
gathering and organizing data, this was partly due to the fact
that scholars in other fields were not always cooperative. They
shut themselves away from mathematical methods. But this as
now c hanged, and the development and the wide use Of statisti-
cal ni !thods have greatly increased the area in which signikant
quantitative work is' possible. A certain knowledgtp:oi basic
mathematics is required in these areas. A fair competence in
algebra is needed if one is to understand concepts and pro-
cedures beyond the most elementary ones. In' a way algebra may
be a "tool" for statistical work but a tool in a very fundamental
sense, since it is woven closely into the texture of the subject
and into the thinking which is involved. That something far
more than routine skill is required becomes apparent when the
subject is carried into the range of probabilities, a field into
which it inevitably moves as soon as measures of reliability are
introduced.

The truth of what has just been said is being constantly dem-
onstrated by individuals attempting to do statistical work with-
out adequate preparation. The difficulties which so frequently
take them to a mathematician for a;d usually center around the
meaning of things. Actual use of formulas may have caused no
trouble, but Neither the ideas from winch the formulas were
derived nor their implications are understood. The person in
distress has usually obtained a number of whose accuracy he is
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sure, but whose meaning quite confounds him. Such a situation
is evidence not of lack of numerical adroitness but of compre-
hension. The person may be bewildered solely because he does
not have at his command the-only language which will allow. one
to '"think through" the subject he is trying to handle. Such un-
happy situations as this will be corrected only when mathe-
maics is rightly viewed as essential to clear thinking in certain
domains, and all talk of it as only a "tool subject" has ceased.

Portions of mathematics can be made especially effective in
developing habits and traits discussed under the heading "Estab-
lishing and Judging Claims of Proof." Geometry has always
been regarded as presenting unusually impressive instances of
.deductive reasoning. In a formal coursin the subject a pupil
almost daily has an assignment involving "proofs," and in no
other study is this likelyito be the case. The nature of the mate-
rial with ,which the proofs deal is indeed quite different from
the "life situations" which he will encounter later as an adult
and a citizen. It is altogether probable that, in the past, mathe-

.
anatics teachers did not do all they should to make the experi-
ences of the geometry class as broadly significant as th\ty may
well he.

Geometry has been treated solely as geometry and not as a
subject, which in addition to being a splendid example of deduc-
tive reasoning, important and interesting in itself, can also serve
the purpose of creating a critical attitude of mind toward deduc-
tion and thinking in general. It is essential to have the theorems
of the text understood and the problems worked, and to place
the main emphasis of the study upon geometry itself: but it is
important also ;or mathematics teachers to make geometry yield
all the educational benefits it can. Teachers who have experi-
mented have found that, without lessening seriously the amount
of geometry taught, the course can he made the means of estab-
lishing a general critical attitude t)r, the part of pupils, an atti-
tude that they recognize and value. Especially at the high school
level, principles of deductive thinking can be most effectively
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taught in.connection with a well-organized, substantial subject
such as geometry, which, being logical itself and free froth per-
sonal prejudice, can serve as a yardstick: It is clear that littlAan
be accomplished merely by announcing principles and criteria
of good thinking and calling attention to the danger of their.
violation by illustrations of good and bad thinking taken from
"life situations." In a miscellany of such illustrations there
would be neither coherence, growth, nor any body of knowledge
significant in itself. Furthermore, abstract principles of reason-.
ing are not designed to arouse response, particularly in young
people. On the other hand it is not strange, whenOne pauses to
reflect about it, that geometry, with its origin in 'mensuration
constantly kept before tts'by its very name, with its employment
of figures and its superb logical structure, often has been a favor-
ite study and has even stirred those gifted with literary expres-
sion, though not pursuers of mathematics, to affectionate praise
of its satisfying truth and its serene beauty.

Ur recently there has been little inductive thinking in ele-
.

men. y mathematics. Comprehensive books on algebra have
frequently contained a chapter with the austere title "mathe-
matical induction," probably poorly understood and productive
of little result unless the pupil went considerably beyond alge-
bra. Mathematicians have disagreed with the statement of Hux-
ley that mathematics knows nothing of observation, of experi-
mentation, or of induction. Though definitely untrue, if one
is thinking of the way in which the subject has develwai, the
criticism has been valid when applied to methods employed in
its teaching. There is now, however, a definite trend toward
leading pupils into new topics through their own experiences.
Especially is such procedure possible'in geometry, and the ap-
pearance of informal geometry, including intuitive and experi-
mental procedures, in the seventh and eighth gradesis ^ distirict
and significant step in this direction. The possibilities arc cer-
tainly numerous. and it is to he hoped that mathematics will
emerge finally the vehicle through which may be obtained

.c .
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impressi'e experiences in inductive as well as deductive rea-
soning.

MATHEMATICAL INFORMATION, CONCEPTS,
, AND PRINCIPLES

A large body of mathematical knowledge is of unquestioned
utility and involves no intricate techniques. For example,
theoreins of geometry are merely facts about figures, of either a
descriptive or a metric character. Necessary for certain trades or
technical occupations, they may be universally desirable. Un-
doubtedly a very large number of Americans can find the area
of a rectangle. To find the area of a circle, however, would lead
many to ask aid,'although some would be quick to claim, "I
could solve such a problem once." However, just as one need
not inventory the mathematical requirements of trades and tech-
nologies, he need not enumerate all instances in which mathe-
matical information may profitably be used, in order that the
place the subject deserves in our school curricula, on the score
%ofinformation alone, may be recognized.

On a somewhat different level, insofar as they affect mental
activities of educated persons, come the concepts and principles
with which one has contact in mathematical instrw bon. When
well impressed upon the mind, they are mere pet manent pos-
sessions than facts or even skills, which are likely to be impaired
through disuse. In a society which draws so heavily upon mathe-
matics, as does our own, mathematical principles and concepts
should affect the manner in which the individual thinks awl
should color the appraisals lie makes. The signed numbers of
algebra, the similarity, the congruence, and the parallels of
geometry, the rates of Change of elemental y calculus should be
so taught that they leave lasting impressions. The ambition
to make mathematical instruction more broadly significant
through emphasis on concepts his led to stressing the function
concept as a unifying element. Inasintu li as it deals with rela-
tionships, it is quite true that few concepts have greater '.niver-
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sality or importance. A society, all members of which while in
school have been given persistent and effective contact with this
concept, should view p oblems and situations more intelligently
than a society which has only a certain number of mathematical
specialists. But the great:importance of the function idea should
not lead to an over-emphasis upon its significance, nor, should it
.lead to slighting mathematics which does not come under its
scope, for very important and very interesting parts of the sub-
ject are unrelated to it.

MATHEMATICAL SKILLS
r

An effort has been made to describe the fundamental ways in
which mathematics is embedded in thinking and to discuss its
concepts in such a way that they will not be confused with skills.
But a precise dividing line cannot be drawn. Mathematical
technique is a very real thing. Its extensiveness and the diffi-
culty of mastering it will always be a source of discouragement
to so.trp, pupils and a perplexity to some teachers. Unless one
has facility with its processes, however, mathematics cannot be
used effectively. Its techniques must he so well acquired that,
in a sense, they take care of themselves, leaving all of one's
powers available for other purposes, especially the higher ones
of analyzing and directing. If the handFng of fractions or the
solution of simple equations taxes the pupil's ability, there is
little chance that he will deal satisfactorily with situations in
which these processes enter. If ihere is, on the other hand, such
command of the processes that there is true fluency in their use,
there is likelihood that mathematics may be justly appraised and
effectively osed.

The character of the techniques of mathematics is in part re-
sponsible for the fact that it is Ile( essal y to study the subject for
some time belnre it pays extensive returns. A pupil may attend
one ( lass in first aid, feat ti how to apply a tourniquet, and later
sas. e a life. But it is hard to conceive Of much benefit from one
lesson in algehta or geometry. The deep.seated desire for quick
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returns, however, will always arise in. connection with mathe-
matical study as in other situations, and should be honestly
faced. Of course every effort should be made to make mathe-
tnatics pay returns as promptly as possible; even the very pru-
dent investor with his eye chiefly on the future is pleased with
early dividends, for they support his faith in large ultimate
profit. The recent efforts to make mathematics, especially alge-
bra, yield more of interest-in ys early stages are both laudable
and notable. They make the study resemble an insurance policy
with a good surrender Value in early years.

Though techniques should be regarded as means and not as
ends, those of mathematics have certain virtues on account of
the broad educational processes involved. Some teachers, un-
settled by attacks upon mathematics, have sought to turn these
attacks aside by fleeing from. techniques as though they were
evil, or have pretended tha.t they could he learned, to the extent
necessary, without conscious or serious effort. The actual edu-
cational value of the techniques, which makes such a retreat
unnecessary, will be touched upon later.

It is not difficult to draw up a list of situations in which one
can profitably use algebra, and such a list assists in a realization
of its importance. One is confronted, however, with the ques-
tion whether the mathematics that could be used actually will
be used even when the person is competent. Certainly not al-
ways by any one person; even the accomplished mathematician
may not employ his knowledge in all situations where he could
use mathematics. It is to be expected that in actual life mathe-
matics will be used according to the individual's taste and the
extent to which he is actual)} stimulated by some problem.
Neither mathematics nor any other subject can make the horse
drink. The mathematics tem Ittr is as powerless to make a pupil
use mathematics its is the readier of health to make him fol-
low U.S well-established laws. But education, whisk must not
shirk the responsibility of developing capuities, at the same
time must enable persons to !cable the thatiing of intelli-
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gent living in a scientific age and urge them not to slump into a
state of mental indolence, after having been potentially brought
to a rather high level of understanding.

Comparatively few pupils during the secondary years know
what their later activities and studies will be. In the absence-of
required courses or suitable advice, many erroneously assume
that they will need no extensive work in secondary mathematics.
On entering college they often find doors closed to desired fields
of study because of the lack of adequate mathematical prepara-
tion. For example, they are unable to take work of substantial
character in the physical sciences, or in those parts of the social
and biological sciences that employ statistical methods. To be
sure, special courses are sometimes offered for poorly prepared
students, but such weak or emasculated studies are poor substi-
tutes for standard courses that employ mathematics where it is
naturally needed. 'To postpone until college years basic prepara-
tory studies that experience has convincingly shown can profit-
ably be pursued in the secondary school, gravely handicaps the
pupil in his later effort to make a program of real collegiate
studies. The doctrine of "postponement," like the doctrine of
"incidental learning," however allot ing to the shortsighted per-
son and however validqn ceitain subjects, is indefensible in
the case of mathematics. The subjec t is so extensive and so
difficult, requiring systematic: and protracted study, as to he un-
suitable for the genet al application of ei.her of these doctrines.

Administrators should feel deep concern over the large num-
ber of pupils who find themselves without aljquate preparation
for the activities, professions, or additional qudics which they
later wish to undertake but which presuppose mbstantial foun-
dations. In their solution of this problem lies the test of their
educational statesmanship. A strong and coirective influence
should be exerted upon those boys and girls who are capable of
doing fair work with secondary mathematics but who, although
they -have no serious dislike for the subject, and insufficient
knowledge to form a sound opinion, think it unnecesary and
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yield to what is easiest or most glamorous at the moment. It is
for the good of society that each year there should go forth from
the secondary schools a large number of young people with
marked proficiency in the technical skills of mathematics, to-
gether with a fundamental understanding of sonic of its con-
cepts. Thf. steady flow of such a group into our democracy is
a major responsibility of school adminiStrators.

MATHEMATICS AND DESIRABLE ATTITUDES

It is often asserted that as a people we have high regard for
the specialist, the claim seeming to indicate a respect for knowl-
edge and competence. Howevcr prevalent such a regard may be,
it is not a discriminating one. Our people arc, in fact, fre-
quen.,ly and badly victimised by pseudo-specialists and pseudo-
experts, simply because they are unable to recognite important
fundamentals. In the limit(' a's, as in the past, revolu-
tionary programs of an ectwomic and so( ial nature will be urged
upon our country. Aft( the partisan and political character of
a proposal has been scrutini/cd, there will still remain the ques-
tion 'whether the Proposal is based on a bloat} knowledge of
facts and an intelligent analysis of their iclationship, or on little
more th:in svislatil thinking.'

Now no subject ex( els mathematic s and those scienc es that
(ha heavily upon it for ability to set up high standards of
knovIctlge, of analsis, and of to hilicitics for art i% ing at accu-
rate con( Insions. Since mathematics and kindled N( icncrs 1111(1CF-

t,lk(' to «msti ut t .systematic bodies of do( trine, they stimulate
thinking, analysis, dk«)'el v, and )mwth. \\*lien OW pupil is
studite..; them, he finds himself tumble to .1,1.1m e 'newly by
using- Ills memo] y of his Hum y of spec( h. Ile uses hooks whose
first chapters miot riiidri.iino(1 ill ottii to d\ to the

Only hv ("1111"(11(.11(1111,4 (."( h st() h" the 1)1"`-',"'"ic (level()1)"
Ment n1 thew sc jun( u, (.tit he htt:11h. att.tm thu mulct st.itt(hitu; of
the thine: Chat ate lac illti studied. thin,, IlLit ale pet marten! and
signila ant. Flc,in this t k ith j(lc.il kritlkk Itll4r, ht. gains
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experience that furnishes a background for accurate discrimina-
tions and distinctions. We are at present confronted by so Many
social problems for which it is impossible to "know the answer"
that it is especially important for society to acquire the steadying
and careful habit of procedure which may come through the
discipline of mathematical study. Good will and a warm heart
are not enough to furnish us with the protection of life insur-
ance; the formulas and the tables of the actuary are in some
ways more necessary. This Commission believes, in short, that
mathematics can be so taught that it will help reveal the mean-
ing of knowledge, as distinguished, on the one hat. from opin-
ion and conjectures, and, on the oche hand, from trivial and
commonplace facts.

It is probably true in certain respects that pupils are held to a
higher level of achievement in mathematics classes than else-
where by the nature of the subject itself, for here the standard
of accurate dernitions, of logical coherent statements in demon-
stration, and of precise results must necessarily be stressed. In a
broad sense, all this is merely claiming that mathematical meth-
ods furnish examples of good workmanship. The possibilities
of giving discipline of unix ersal significance :ire not lessened by
the fact that not all the situations in will( I1 it may he used have
the general characteristics of mathematic s. The question is one
of creating an ideal and of setting up standards of excellence,
not one of whether mathematics resendiles other subjects. First
the ideal must be glimpsed: then it must be so lived with that it
dill become a part of our lies. This practice can most likely be
accomplished through formal educational experience in which
the ideal is constantly emphasiied. This Commission believes
That some teacheis of mathematics (me been indifferent to their
full ()ppm tunny to hold tip to their pupils ideals of work-
manship. College sttldents. shulVitiV, et cleat ly that they have
been allow1 to "get b, in mathematical work as well as else-
whet will unblushingly hand in impels whose cii,-cless appear-
ance should gike shame to any student. Neat, well-ariangd
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work can have a sensory appeal, and should stimulate accuracy
and precision. All these qtialities, neatness, accuracy, and pre-
cision, are merely attributes of "taking pains,." a thing that is
essential to good work in any field. It is not to be expected that
mathematics will maintain the place its teachers desire, unless
teachers are willing to meet the insistence of administrators and
educators that their subject yield all possible contributions to
the varied goals of education.

Intimately related to good worktnanshil.) is the ideal of thor-
ougir understanding, and certainly here even tLe .techniques of
mathematics can be made to contribute wholesome lessons.
Something as nonessential as a change of letters will often
cause confusion for the beginner. Though t pupil may think he
understands the identity (a + b) = a2 b2, he is not
likely to argue tl., case if he did not see its application to 81 X
76 until it was pointed out to him. A pupil's progress in mathe-
matics depends largely upon his grasp of the full implication of
both the concepts and the poWel ful techniques. When lie fails
to understand some point, his teacher frequently can trace the
difficulty h.tc k step by step to something the pupil believed lie
undtstood but wind' iii reality he grasped only inipcifectly.
he lesson to he learned from such an e\nelienc e is much
broader than the mathematics imolyed. Mom- pants of the sub-
ject can be so presented that mathematics trill help to build tip
in pupils the desit able habit of questioning the elm in: and the
fullness of .ill their knowledge. The &site to look into things a

little more deeply can he stimulated by fiequent illusnat ions in
inathematies of the pi untableness of sin h a seam h.

It might seep, at a fit st glance that mathematics Ims little to clo
with developing social-mindedness, whit!) was set down ill
Chapter 'II a one of the attitudes nun h iii El\ (ft al pmescnt. The
-social studies- ale curremk mged as the cute for maladies
which %VC t ins, tact whic h %1e c ,11111nt tiM i ihe except in

vogue alms. It is, howexer, to be d that mathe-
matics sprang lion) elementaiv human needs. hum pt ()Hems of
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feeding, clothing, and snelter; and today, although it embraces
a great deal more, it still has intimate connections with such pri-
mary questions. Thus, when properly taught, mathematics
surely should appear as one of the chief instruments of "social
progress."

Open-mindedness, the last attitude discussed in Chapter II,
is related to willingness to admit. one's self wrong, but it is an
attitude that should be catfully distinguished from mere men-
tal instability. In mathematics a person cannot long deceive
either himself or another, for arguments that arise must end by
the admission of one disputant that he had been wrong. This may
cause the discomfort that some pupils experience in the mathe-
matics classroom, where it is difficult to cover up a weakness.
Even if one's error is honestly come by at the expense of con-
siderable toil, it must be laid aside without prejudice or resent-
ment. Every pupil in geometry has had the experience of see-
ing what he believed was a valid proof of an "original" explode
under the questioning of his teacher. Even in studying his les -'
sons, he repeatedly finds it necessary to abandon a thought that
for a few moments held the prospect of being the key to working
a problem or proving a proposition. Such a situation may look
somewhat grim, but, though the discipline may be too unpleas-
ant for a few, an actual laboratory in openmindedness, where
one receives training in admitting an error endeared to him by
the t expended in seeking to establish it, may be inure val-
uable in fuming a social attitude than rhetorical exhortations.

MATIII.N1.1FIC1I. .11)PRGI.11.1()NS

.1.he sc pools inir.t teach mathematics beyond its elements not
only to equip those i.vho need it as a tool, but also to make people
apple( late kn a forthright and intelligent way how basic is its
plac e in our cult we. The artist who depicted the "tree of
l;noWledge" for the I lall of Science at Chicago placed mathe-
matics at the very roots, with other subjects growing and flower-
ing horn it. thus implanting in the minds of many people the
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idea of its important cultural value. But such a mode of in-
struction is not sufficient, nor is it sufficient for teachers of
mathematics, animated by enthusiasm and pride, to display
their trees of knowledge in their classrooms. The goal should
ever he to create such understandings and appreciations that
pnpils in their own right bccome competent appraisers of math-
ematics. The position of mathematics in the "tree of knowl-
edge" is a challenge to teachers of mathematics as well as an
assertion of the value of their subject, and, repeated in our
classrooms, it is a challenge to pupils, showing them not only
what they may need in order to succeed, but what they must
know if they are to comprehend certain essential elements of
the civilitation they are to share. The "tree of knowledge" is
suggestive of a library with the names of poets, cjr,amatists, essay-
ists, and novelists cut into its walls. Assuredly, the highest pur-
pose here is not to give merited honor to those who cannot
profit from it, nor to elevate ourselves a little by the act of honor-
Mir then. but rather to encourage those who see the names to
learn why these names met it the honor showu them, and to
share in a teelibg approptiateness.

In the past mathematics has. enjoyed such an appreciation,
shown by the honors paid it in our literature and philosophy,
and it still filids honor in contemporary literature. The fact that
there ate people who study mathematics and then assert that
their time w is wasted does not affect the matter at all. The cul-
tm al tastes. appreciations, and accomplishments of the critic
should be appraised before weight is given his opinion, though
naturally in practice charity frequently intervenes. The Com-
mission has stated at the beginning of this chapter that only the
hare elements of mathematics need be required of a pupil thor-
oughly rebellious against the subject or of a pupil with a strong
talent. wishing- to devote his time to other subjects. TheCom-
mission believes. however. that appreciation of mathematics
should he even more extensive than it now is, and i soongly
loges upon administrators the wisdom od Unpin tance of using

4
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as a general guide the ideas so Nell expressed by Professor Sned-
den in the lines quoted in Chapter II.'

There is evidence of some interest in mathematics among
adults for reasons other than narrow utility; for example, news-
papers and maga/hies from time to time carry mathematical
problems. Although these problems sometimes have the nature
of a puzzle, they reveal an inclination toward mathematical
thinking. One would hardly care to venture the prediction that
mathematics << i11 ever be a serious leisure-time activity for
adults to any extensive degree, but we have no 'knowledge of
what the actual possibilities are. Encouraging success has at-
tended some notable efforts to popularize the subject, and a
thorough consideration of the problem of adult education may
well show that the mathematics taught in the secondary school
is necessary fot desirable work in later years.

REMARKS

The Commission believes that what has been said indicates
that math. itics should have a prominent place in secondary
education. I here should be ample provision for, courses be-
vond the' ones that ate reciuhed, conscientious efforts being
made to influenc e pupils to cc intinue mathematical study. Boys
and girls should he informed as to the number of subjects that
employ mathematics, and they should be led to see that an ac-
quaintance with it helps one to live more intelligently in an age
as scientific and as technical as our own. They should also'be
informed that in addition to its great helpfulness to man, mathe-
matics has peculiar qualities, iepresenting a form of perfection
so striking that many persons, although not following it in any
professional way, have considered their study of it One of their
most valued expel knees. Nor should there be withheld ft om
them the noteworthy fact that the glemeNt ti Wines to the sub-
ject have come not from mathematic ians but fi om dramatists,
poets, and novelists. Finally, they should he ptotected against

Pa....;t: 3.1.
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becoming victims of the doctrine of incidentd1 Warning or the
doctrine of postponement.

The effort to make mathematics a prominent feature of edu-
cation implies *the desire to keep secondary education on a-high
level, with respect to both the ideals that inspire it and the
standards of achievement that are expected. The Commission
supports such a general educational position, in opposition to
the movement toward minimum education. It is true that our
attempts at universal education will bring into the schools many
a case of Johnnie Lowique and Winnie Barely-pass, as well as
delightful Huck Finns who "take no stock in mathetnatics."
Unless the American temper changes completely there is little
danger that such boys and girls will be dealt with unsympatheti-
cally while we continue our efforts to devise studies and activi-
ties really suitable for them. lint they should not be allowed to
set the general pattet n for education, any nune than their tastes
should he allowed too much weight in determining the pleas-
ures and diversions available for educated people. A survey of
movies and radio might indicate, however, that such a surrender
is being made. In concluding, one might say that the statement
of IIogben that the history of mathematic s is the minor of civi-
liration suggests that its position in the sc hook IILIV reveal some-
thing. not only about our conception of cducation but about our
national philosophy and ideals.



CHAPTER IV.

THE MATHEMATICS CURRICULUM

"We shall make one or two postulates, deduce rules, and
give examples."

FOWLER, THE KING'S ENGLISH

BASIC CONSIbERATIONS

The Importance of Continuity and Organic Growth. For many
years American educators have urged the c. --.tion of curricula
based on the view that the formal educational process extends
from the pupil's infancy through his adolescent years, or even
further. This idea is now receiving uniform emphasis in all the
major subject mattrr fields. Mathematics, by virtue of its highly
cumulative nature, cannot yield the cultural returns of which it
is cap..t)le if it is offered a3 a disconnected sequence of isolated
units. Dit the contrary, the major objectives of mathematics, its
central themes and its broad life values, must be given an op-
portunity to unfold gradually and continuously, in harmony
with known facts of mental growth.

Time Imp(); tance of Flexibility. Se !dary education in
America has not yet achieved relatively stable, clearly defined
lines of demarcation that set it off from the domain of elemen-
tary education on the one hand and from that of collegiate edu-
cation on the other.' We have, and may continue to have, a
diversity of administrative divisions that axe (inc to a variety of
considerations. Thus, in certain communities, the traditional
8.1 plan has been replaced by the 6---3-3 plan. the 7-5 plan, the
ti -6 plan, or the ti 2 I plan, either specifically for curl icular

1 in this icpoit the juuint tollge is tegariled as belonging to the se«milaty
field. See pa*. t in.

52



Mathematics Curriculum 53
purposes of because of a problem of building accommodations?

. At this point we are merely interested in the fact that because
of this variety of types of administrative organization in the
field of secondary education it has been extremely difficult,'even
if it were desirable, to arriveat anything approximating general
agreement as to curricular offerings at any stage of the educa-
tional process. No.national commission can prescribe, or should
even attempt to suggest, such a rigid organization of the mate-
rials of instruction that there would be no further opportunity
for iildiviclual initiative and constructive experimentation. On
the other hand, there is need at the moment a() elaborate as care-

(fully as possible a group of guiding principles that may offer a
definite step toward educational luirmony; A tentative list of
such principles will be outlined in the following pages. The
second step is that.of describing the curt icular offerings, as far
as possible, in terms of broad fields rather than in 'terms of
specific units of work.

It is the opinion of this Commission that the obvious difficulty
of providing for both continuity and flexibility has been the
great stumbling block in the development of a tiation1%ide
mathematical program of instruction. Accordingiv, im this Re-
pot is (testi ihed a program for mathematics in grades 7 to 14
that definitely aims Jo plOVidC fur CollthIllity tlf. de%lopment,
and that at the Nattle 11111e letipeCtti the l'eaStillable (1(111;111(1i for
flexibility on the part of school administt atm s aud teachers,

The Work (1. the Eleme)ttarT Schoolc. The Commission has
not attempted to stw,4est mathemati( s i( ula for the t;rst Si x
glades. That responsibility has been assumed by the National
Council Committee on Arithmetic, 3 whit 11 will issue a sepalatc
rcpnrt (icalim; with this problem.

2 Data toncettool.; the t:Towth or the tel.itRe tlryurnrc of I hest
t%pcs of ot...!anii,trion 1.1% he oht.tmed how the puhloatIonc of educlootTai 14.
cr.trt h h.nranc. anti film' edocitionol r.oboiTI,s and u.ttistical abstiactc. See, for
example. ihr nwnip9.1nly. comprisitr.; c,477 nf
niffienn. to12. \n. t7. Otfice of

Spon,oted h% rfir Own, It of I em het; ,1 Mithrin undel the
(hairmanchip of Pfofessor R I.. Morton. Ohio
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The mathematics program of the elementary schools :s the
indispensable foundation of all the pupil's later mathematics
work. If that foundation is weak, the pupil's subsequent prog-
resi is likely to be permanently handicapped,

In the following pages, it is assumed that a,pnpil who is ade-
quately prepared for the work of the seventh grade has acquired
a working knowledge of the arithmetic commonly taught in the
primary. schools. An i---reasing number of representative syl-
labi also assign to the ekmentary grades some preliminary work
in the field of space intuition and a knowledge of geometric
forms. Hence the following attainments, may be regarded as the .
normal mathematical equipment of the American pupil who.
has satisfactorily completed the work of the sixth grade:4

(1) A familiarity with the basic concepts, the processes, and
the vocabulary of arithmetic.

(2) Understanding of the significance of the different posi-
tions that a given digit nay occupy in a number, including the
case of a decimal fraction.

(3) A mastery of the basic number combinations in addition,
subtraction, multiplication, and division.

(4) Reasonable skill in computing with integers, common
fractions, and decim it fractions. '

(c) An acquaintan -e with the principal units of measure-
ment. and their use in everyday life situations.

(61 The ability to solve simple problems involving computa-
tion and units of measurement.

f 7) The ability to recognire, to name, and to sketch: such
common geometric figures as the rectangle, the square, the
( ircle, the triangle. the re( tangular solid, the sphere, the cylin-

qler, and the cube.
(c) The habit of estimating and checking results.

4 IC)r .1 %%1101)%k (if liti sent tend,' is in nithmutic. the reader may he tehlied
to the Tenth Fecni,,,,/, 01 the Nati.itiai Cinund cif Feaihms cif Mathematics. See
.11'u \intim and Ncicnin 1,iiindol,,,,, If ( ,i, 'U ultwr 1l'ii!'1:n,'. Chapter Ni. Ginn
and Cci i',36. Int- the %%iick 1,1 the pinto it % 0-.1des. cer eVenaliv. Mot-toil, Rohet t
lye. Teqehtrig ,-ti Wrt:etre In the b.trteotqr1 Stho,d. SiRct , Bordet Co., 1937.
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A TEA I A I I\ I: I.Is I GUIDING PRINCIPLES

55.

Consideration Govein,; the ,Selection of the Materials of
struction, Gnde% 7-12. Among the considerations governing

the selection of mate' i,cl in building a curriculum; the following
may be mentioned:

(1) Since there has been genital agi cement that the learning
of mathematics t gists upon ac quit ing a knowledge of a certain
body of cimi epts. J,t inc iglus, pi tic esses, and facts that are essen-
tially the same lot all pupils. there can remain little freedom of
choice as to the inclusion in the curriculum of these funda-
mental -elements. The cm ric ulum should include the basic ele-
nients of arithmetic, ah.4ebra, geomeny, graphic representation,
and trh4000meti v.

(2) In contrast with this permanent foundation, we have the
equally imp)t taut 1,, t that mathematics has had a remarkable
growth and has been extended to widely varied fields of appli-
catimi.

For every't\ pc of pupil, a matheinatical course of study must
give constant attention to the "foundations,- while at the same
time it stresses !tiliih("itil. applications within the learner's po-.
tennal ',Inge of understancliii.g and interest.

(;) selec tiun'ol the fundamental mathematical uni s of
woi k, espec iallv in glades 7-(1, is a highly technical task.

In paiticular, the fundamental concepts, principles, and sk Is
of inatiaematics must he introduced and developed in a care-
fully (ogani/cd pattern. Due attention Anust he given at all
times not oils to logical «ifisiderat ions, but also to psychological
and ped,igugic al pi inc iples.

(/) 1 \tensic expel ience has lcditc the cumiction that in the
icumIrd pupils, uNdili( ati6. ate needed in the rate of

pt oft e s and the dc2,1 011p1 chensiNi. rather than in the
choice ul the basic mathematic al milts. (See also Chapter VII.)

(;) The pre( he ope and dc8ree of emphasis to be given to
each major Tye of tvui k, in a particular school, cannot. he
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..rated with finality in any general disLission. On the contrary,
these items must be regarded assubject to further local experi-
mentation, in the light. of actual time schedules and of desired
or possible types of application and of training.

(6) Psychological considerations such as those having to do
with the problem of understanding, with motivation, rates of
learning, and with degrees of mastery, are also of great signifi-
cance in connection with the construction of modern curricula.
These questions must certainly be kept in mind when one
wishes to determine the amount of work which may safely be
accomplished during a certain period-of time. They are further-
more of primary' importance in the preparation of detailed in-
structions for the teaching of each unit or topic.

(7) Mathematics is often described as a "hard" subject. It
has acquired this reputation (i) because it is cOmposed ot rela-
tively large body'of closely related abstract ideas often presented
too abruptly; (ii) because its fundaniental facts and principles
must be learned as an organised sequence; (iii) because only
constant attention and real understanding will lead to success
in this field; and (iv) because only considerable practice, over a
period of months or years, will insure mastery and the ability to
apply with ease the results of mathematical training. While
these tiatures of mathematics cannot be denied, it is also true
that each forward step in the subject is, as a rule, a vet y simple
one. Hence, by safeguarding each day's progress, and by follow-
ing a teaching.practice based on the laws of learning, the teacher
( an eliminate, to a large extent, the painful and futile struggle
that is only too evident in some mathematics class! oonis. In
particular, the following consideiatio,., ar..-! significant:

(a) Early in each year the mathematical maturity of each
pupil should be Octet mined. In case the required information
is not aailable from reports, inventory tests may be needed to
determine the amount of ground that may he covered during
the semester. as wel4 s the necessary Jumnint reteaching.

(in Sim c mathematics is a cumulative subject, pupils should
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he made to. t ealiie that each day's work counts toward success or
failut e.

(r) An understanding of the concepts and pLinciples of mathe-
matic s is the key to its successful study. To teach in such a way
that the concepts become clear is the hardest and the most sig-
nificant task confronting the teacher of mathematics. Byway of
illustration, a definition should usually be the outgrowth, not
the-beginning. of a learning process.

(d) "Overviews" aml motivating discussions are N, aluable as
directing guides, while summaries and organic reviews are effx-
tiv,e means of creating perspective and confidence. A properly
«instructed cuiriculum will give adequate attention to such
considetations.

(e) In the past, 11111(.11 dependence was plat ed on mere drill.
Recent psychological investigations suggest that all techniques
should be based on insight. This implies that_ adequate practice
is to be provided, not mete chill, to lead the pupil to proper
assimilation and mastery.

(11 Modern psychology has proved the effectiveness of "spaced
learning." That is, "bunched learning" is not so productive of
lasting values as "spaced learning." With slow pupils, especially,
the idea of a pet iodic return to the same topic, providing for its
growing mastery and enlarged application, is of the utmost
pouance. fxpeiichce shows that we cannot expect "one hun-
dred per cent mastery" after a singlo, brief exposure.

(g) The slow learner profits by at least the .snne degree of
motivation, of cultural enrichment and inter est, as do oilier
pupils. But interest is primarily a means of stimulating effort,
not it:substitute for effort.

Principles of it "Hie following pi Mendes refer
pl imat ily to the squence of the topic, to be inc hided in the
turiculum.

( z ) The scquen«. i n the ( in tic Mum shouH he silt h that each
441 topic will (owl dime definitely towaid an e\ et.giciwing- and

mole sp.iiinc,1111 of the basic concept,. !flint iplec,

,41.0"-vx
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skills, facts, relationships, types of appreciation, and fields of
application, resulting in the development of a unified mathe-
matical picture.

(2) Even in a reduced program, the study should emphasize
problem solving and modes of thinking, and should not become
a mere sequence of formal and relatively abstwct drills.

(3) If a unit mganization is followed, it is not always advis-
able to attempt in eat h of the units a complete or exhaustive
treatment of the central theme or topic under discussion. On
the other hand a unit should not include unrelated "odds
and ends."

(4) In general, a new topic should not be introduced unless
there is a sufficient backgiound of pi et equisite concepts and
skills to permit uhindered tout entiation upon the new ele-
ments.

(S) A new idea or print iple should not, as a Yule, be intro-
duced pt ior to the time at whit h it is needed Or may be effec-
tively applied.

MATHEMATICAL CA ITC0RIES . \S A liAsIS
ORGANIZATION OF 'ME CURRICULUM

The Doctrine of "Centers of Interest." Elementary and sec-
ondary school systems are operating in many cases under differ-
ent conceptions as to the best way to cal ry on the "educative
process." One can with some propriety speak of the "old educa-
tion" and the "new education" althouwki such de'scriptions tend
to over-simplify the pi °blew. Not all itilools of fifty or seventy-
five years ago were alike: many of thetV.:were not so narrow in
offerings or as icsniuted in points of' %kw as is asserted in
some present -dav writing. In education, as elsewhere, one must
retnetnber that a c rant study of the past reveals not only faults

A unsuspected by some people but virtues ;ss()( iated by others
only with the pi, sent. On the other hand, what is called the
"new education" mav HIM(' (011SCI iVC elements than is
sometimes rea;ired. This much, howeNer, it seems safe to say by



Mathematics Curriculum
vay of geneiali/ation. The "old education" interpreted teach-
ing as a process of transmitting or inculcating a relatively fixed
hock. of ~kills, infornlati(111, fat rti, behaviors, and habits that were
consideted ne«ssict y or useful to a person, both in, "making a
living" and in living with satisfaction. It tended to employ fixed
curricula, though not without giving attention -in varying de-

c glees to the int Cl CSIS anti abilities of its clientele through the
use of 'elect i es or clifiet cut cin t icula. The "new education," in
contiast, tends to he mu( 11 more "child-centered." It questions
fixed clinic tda, even obeli ployision is made for electives, and
seeks to huhu e the pupil to tea( h out for such elements of infor-
mation cu naining its 111.1\ he in harmony with his Own "needs
and interest, both felt and unfelt.

the -11( cdilt.iti(itt au effort is being made in some
N.( Mills t() build the c is 11111111 itniti ilv aiound significant
"(vine's .of intelest" or "AI CAS (if tX 'Writ:1We," SO broad in char-
m ter as to ;twit ipate potentially a large number of the ecluca-

,
tumid needs of c hildi en. By this means it is hoped to insure
both a set of desii able mac iical and cultural backgrounds and
the possibility of fa\ ol able subject 11'1( tin115.

it is hoped th:II thiough expeit handling of these
hat kground,z the school trill sin«.e(1 iii tiansinitting the skills,
fat ts, habits, and Anil tides ne«.ssai s- to a successful life and well-
rochiciccf (lc\ clopment. 1.11(1(' tilt, "()Iti 0111C;Itir)11- 111311\ of the
most 11111)()I trisc Lit is ,111(1 skills h;ne been isolated, logi-
c ally miganifed. and sstemictit ally taught. l'ilder the "new edit-
( ho,( 1(.1, they ;11c' co he acquiled much more informally
in the t o111 se of expel lent es selet led, at least in 11.11 t, {Or reasons
()1111 t11;111 thlt ft lilt 111111CsS IS a ine,ins of ti'ansmitting precie
trmind skills. fat is. and halUts.

Ilt thC cirtrIclit.it s( 11111)1 1111: "ileW CrilIC,Iti()11" 11:1S SCC111

iricSplc,i(i en(11)1 scinco. The ()ntht s( hint)] is being sub-
ft'tied its g) u;it 1)1 t' h) follinv a similar comse: that is, it is

asked t() "adultmgani/ed," sequential subject
matter couiscs in f.ivot ,f fl\ihle "areas of expel-U:1u e"
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that arc assumed to appeal to the individual student. In this
Report the concern is mainly with the question of the extent to
which such a conception is feasible in the field of mathematics.

Unsettled Status of This Educational Issue. The fact has been
stressed that the mathematics of the elementary school is a com-
paratively closely organized and cumulative system of concepts,
skills, facts, and relationships. A pupil cannot master a given
unit in most branches of mathematics until he has acquired
some understanding of and reasonable skill in the related earlier
steps involved. If the basic equipment in mathematics is to be
acquired by means of "centers of interest," as these are com-
monly understood, such as the farm, transportation, and con-
sumption of goods and services, mathematics becomes only one
aspect of such study. Today a crucial question of curricular
theory centers around the extent to which the methods of the
"new education" lead to mastery or understanding of funda-
mental subjects such as mathematics.

The evidence accumulated on the relative merits of curricula
organired according to the newer and the older theories is far
from conclusive, at least with respect to instruction in mathe-
matics.''The "new education" is still definitely in the experi-
mental stage in the secondary school. There can hardly be any
doubt that an exclusive dependence upon "centers of interest"
as a basis for organizing the curriculum makes very difficult the
application of the guiding principles discussed in this Report.
.1ti the absence of more convincing eidence in favor of one
point of view over the other, this Commission has sought a basis
of organization that adheres to accepted principles. yet imor-
!mimes modern views on the war the mathematics curriculum
should be organized. The Commission recognizes the desirabil-
ity of correlated activities and a reasonable utilization of centers
of interest pertaining to important aspects of modern life. but
tinder present conditions it recommends that for other than ex-
perimental classes the curriculum be organized in conformity
with print iples outlined above and later in this Report.
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Expressing the Mathematics Curriculum in Terms of Broad

Categories. For the reasons suggested above, this Commission
has found it desirable to outline a general plan of organizing
the materials of instruction in secondary mathematics, for grades
7-12, in terms of two principles of classification. First, there is
the subdivision according to major subject fields: I. The fiel 1

of number and of computation. II. The field of geometric form
and space perception. III. The field of graphic representation.
IV-. The field of elementary analysis (algebra and trigonometry).
V. "fli.; field of logical (or "straight") thinking. VI. The field of
ielational thinking. VII. The field of symbolic representation
and thinking. Second, there is the subdivision of the fields into
categories such as the following: I. Basic concepts, principles,
and terms. II. Fundamental processes. III. Fundamental rela-
tions. IV. Skills and techniques. V. Applications.

A curriculum that s constructed in conformity with such a
plan has the followin merits:

(1) It consists of parts which, separately and in combination,.
for many years have constituted the essential elements of success-
ful mathematics woi k in the grades considered.

(2) It is flexible enough tx) wake possible its use in schools
I epresenting vii tually all the print ipal administrative types of
organization, such as the 8-.1 plan, the 6-3-3 plan, the 6-6 plan,
and so on.

(7) It is sidln is ntl adaptable to meet a huge vatiety of
local Conditions and spec ial needs.

(./) It pm% ides definitely fin continttiti, of naining %%ith re-
spect tr) tlic tenlial objectives Of sciondaly mathematics.

( s) It stit.7,.2,ests and makes possible extensive cot telation with
related fields.

In later ihapteis (11 this Rpnrt t IV() such cuiricula arc de
scribed. vithottt any implicition that other satisfactory peer

(41:tins me not possible. Indeed other well mnsideted and tested
pl..ins hat .ippated whidt seem to the Commission to be
Imsii ally in .1.isteement with those ()m tilied heic. The pl.Ins do

i
1
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not restrict the freedom of the teacher as to methods of teaching,,
or types of motivation, or lesson organization.

ESSENTIALS OF A GENERAL PROGRAM IN
SECONDARY MATHEMATICS

In the following pages there is submitted in broad outline a
summary of those mathematical fields and types of training and
of appreciation that are necessary in order that the pupil may
meet the demands of modern life and may realize the desirable
cultural contributions that have been discussed. It is the opin-
ion of this Commission that the mathematics program of our
secondary schools, in grades 7-12, should be built substantially

. on abilities and outcomes such as those suggested below.

1. .THE FIELD OF NUMBER AND OF COMPUTATION

(A Continuation of the Work of the Elementary Grades)

Basic Concepts and Principles. There should be a growing famil-
iarity with the basic vocabulary and working principles of arithme-
tic. This involves (I) naming or identifying a concept when encoun-
tered, (2) giving an example or an informal explanation of tthe
meaning of given terms, and, at a higher level, (4) developing formal
definitions of terms that have a broad operational significance. Ex-
amples of such terms are the following:

(a) Operations: addition, subtraction, multiplication, division,
rounding off numbers.

(b) Results: sum, product, difference, quotient, per cent.
(c) Relations: ratio, proportion, equality, increase, decrease.
(d) Applications: interest, discount, commission, rate, premium,

profit, loss,.average.
In all teaching of secondary mathematics much attention should

be given to a conscious grasp of the principies which underlie the
fundamental processes of arithmetic. Examples of such principles
are the following: q.

(a) The numerator and the denominana of a common fraction
may be multiplied or divided by the same (non-rero) number, with-
out changing the valet: of the f:,,t ti(m.

(b) The order of the factors in a product does not affect the
result,

Fundamenta/ Skills. The pupils should develop such skills as the
following:
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(a) The ability to use the four fundamental operations with in-

tegers, common fractions, and decimal fractions, due regard being
given to the teat tier's tuaturity.'

(b) The ability to use the principal units of measure in everyday
life situations.

(c) The ability to read simple numerical tables in connection with
the educational program as a whole.

App/ication.° There should be a gradual and continuous develop-
ment of the ability to recognize and.use arithmetical facts, concepts,
and principles in even day life situations, wherever encountered, not
merely for the study of pertinent numerical problems, but also for
purposes of explanation and prediction.

This ability should be stressed constantly until its use becomes
a habit.

Furthrr Topics. There should be a gradual growth in the pupil's
understanding of the extended number system (negative numbers,
irrational numbers, and so on). Attention may also well be given
to:

(a) The ability to perform addition, subtraction, multiplication,
and, division by use of a computing machine.

(b) The ability to multiply, divide, square, and find sqi are roots
by a slide rule.

(e) "Ilse ability to exercise judgment in presenting numerical re-
sults of measurement or of computations based upon measurements.
Due regard being paid to the learner's level of maturity, there shotild
he developed gradually the habit of retaining an appropriate num-
ber of significant digits and using appropriate accuracy in com-
putation:

I I. THE FIFI) 01 (',0M1 I RIC: FoR AN!) OF SPACE PERCEPTION

Basic Cmicepts. "1-lie ability to recognize at least the elementary
geometric figures and terms involves (z) naming a figure when seen
or presented, (2) sketc ping or (halving a figure to illustrate a term,
and, at a higher level, (3) developing a formal definition of the basic
terms. The following list suggests twes of terms that should receive
attention:

It is understood that these processes ate to be «insideled not merely in an
abstract v,ay. but in If1.111V concrete problem situations such as those involving
1,errentage and other business and social applications. Accuracy should reccise
the main «nrsideration. but a iasonahle degree of speed must also tic regarded as
essential.

6 The dem I j1,11(in kill :111/)1V 31)11101/1 tale and rather obioris
modifications to fields 11. 111, and IV, and refeinie %%ill be made hack to it on
later pages.
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(a) Entire figures: rectangle, circle, triangle, square, trapezoid,

parallelogram, rectangular solid, cube, cone, pyramid, sphere.
(b) Parts of figures: radius, diameter, diagonal, vertex, sides,

chord, arc. .

(c) Mensurational terms: length, area, volume, perimeter, and
such units as inch, toot, square inch, cubic foot, centimeter, meter,
degree.

(d) Positional relationships: parallel, perpendicular, vertical, hori-
zontal, oblique.

(e) Terms involving comparison: greater, less, equal, congruence,
similarity, symmetry.

(f) Incidence relationships: hltersection, tangency, coincidenc,-.
Fundamental Skills. The drawing, the measuring, and the basic

construction of the common geometric figures are skills, the develop-
ment of which should represent a cominuous program accompany-
ing the study of the fundamental geometric relationships.

Among the skills to be dressed are the following:
(a) The ability to use such common instruments as the ruler,

graduated or ungraduated, the compasses, the protractor, and
squared paper.

(b) The sketching, or drawing, and the construction of common
geometric figures, either full size or to scale.

(c) The direct measurement of lengths and of angles.
(d) The determination by formula of such common areas as those

of the rectangle, the square, the triangle, the circle, and the trape-
zoid.

(e) The determination by formula of such common volumes as
those of the prism, especially the rectangular solid and the cube, and
the cylinder.

(I) A use of the technique of indirect measurement in simple
field work.

Elementary Geometric Facts, Properties, and Relations. The pupil
should acquire such abilities as the following:

(a) The ability to recall and to apply habitually fundamental
men ic relations or propositions, stu h as the following: The sum of
the angles of any triangle is ilio; the Pythagorean relation.

(b) The recognition of relations resulting from varying positions
of geometric figure;, such as the possible intersection of lines. of
circles and lines.

(r) The ability to recogniie and to state simple functi(mol rela-
tions resulting from changes, in dimension or position, stn h as the
change in the area of a square whose side is doubled.

Discovery and rerilif at ion. There should be a gradual and in.
(t asing doclopmcnt Of the ability to disto\er and to seek mean; of
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testing important geometric relationships. An acquaintance with
the major propositions resulting from this training should become
a definite part of the student's mathematical equipment.

.4pp/ication. See p. 63.

III. THE FIELD OF GRAPHIC REPRESENTATION

Basic Terms and Concepts. There should be a growing familiarity
with the basic vocabulary of graphic representation. As in other
fields this involves (1) naming or identifying a concept when encoun-
tered, (2) giving an example or informal explanation of the meaning
of gi%eii terms, and at a higher level, (3) developing formal defini-
tions of the more important terms. ExaMples of such terms are the
following: ordinate,.abscissa, axis, coordinate, distance, tangent, line,
slope, locus, graph, symmetry, table, formula, scale, bar chart.

Fundamental Skills. The pupil should be able to:
(a) Take tabular data and construct therefrom a graph with a

suitable scale, properly titled and of appropriate type.
(b) Read a given graph, recognizing not only values at interme-

tliate points, but. also rates of rise and fall,.and maximum and mini-
mum values,

(c) (Optional) Draw a line to "fit" data approximately linear.
.4ppfi(ation. See p. fi3. ,

Furthcr Topics. Some schools may find it feasible to extend the
work in graphic representation into the field of elementary statistics,
including the use of alignment charts (nomograms).

IV. Tlfl. ! 1 F 1 D 01 El EMI x r %I21" 1 51s

The Basic ()HI bn hay and IForking Con( e Id.s of Orme)) tory
Analv+ii. The pupil should be able to: (I) name or ikientilv a con-
cept when encountered, (2) give an example or an inforimil explana-
tion of the meaning of the basic terms,.and, at a higlier level, (3) tic-
clov formal definitions of such terms as have a broad operational
significance. Among these arc the following:

(a) pes of number: positive anti negative numbers, ft actions,
irrational number5.

(1)) Operations: addition, subtraction, multiplication, division, re-
ducing to lower terms, finding square root, raising to a power.

(c) Structural terms: monomial, binomial. poknotnial. coefficient,
exponent. radleal. similar terms.

(d) Functional terms: equation, formula, variable, dependence,
table, correspondence. sine, cosine, tangent.

(r) Applications: average, rate of motion or of work. evaluation
of a formula, approximation, per cent of error,
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Fundamental Principles and Techniques, The pupil should be

able to use the fundamental principles of algebra and elementary
analysis involved in basic techniques and in related pertinent appli-
cations. Examples of such principles are: the rule for the addition
of similar terms, the rule for reducing fractions to lower terms, the
laws of exponents. Illustrations of these techniques follow: :

(a)' The fundamental manipulative techniques.
(b) The ability to solve equations.
(c) The ability to make trigonometric reductions.
(d) The ability to sore, triangles.
Application. See p. 63.
Further Topics. Some schools may find it desirable to extend this

field of work to include in the later years some work in the technique
of differentiation, together with applications that are within the
comprehension of the pupil.

V. TIM FIELD.OF LOGICAL (OR "STRAIGHT") THINKING?

While it has always been recognized that mathematics is essentially
a mode of thinking, it has not been equally clear precisely how the
types of thinking characteristic of mathematics are to be stressed in
connection with the customary materials of instruction. Nor is there
general agreement as to the degree of emphasis that should be given
to training in mathematical thinking. Recent psychological investi-
gations tend to prove, however, that the "transfer" value of any
given school subject is largely a result of a conscious and persistent
application, in everyday situations, of generalized concepts, pro-
cedures, and types of thinking. The ability to apply widely and
habitually such potentially broad areas of training is not acquired
suddenly, but is the result of a gradual process of growth. Hence
every opportunity must be used in the classroom, throughout the
entire mathematics program, to cultivate the active interest of the
pupil in the modes of thinking which we are here discussing. These
considerations suggest the need of analyses of the kind given below.
That is, in this field of work we are concerned with aspects such as
the following:

Basic Terms and Concepts. A clear understanding of the mean-
ing of the basic terms and the ability to recognize their actual oc-
currences and their bearings in life situations. Examples of such

7 In connection with this topic reference can be made to Keyser, C. J.. Thinking
abnue Thinking, E. P. Dutton and Co., New York, t926, and Fawcett, H. P., The
Nature of Proof, Thirteenth Yearbook of the National Council of Teachers of

Mathematics, Bureau of Publications, Teachers College, Columbia University,

1938.
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concepts are: assumption or postulate, proposition, converse, con-
clusion.

Fundamental Principles. A clear grasp and alt geciation of the
assumptions and principles on which the struct e of mathematics
rests. This involves considerations such as thefollowing:

, (a) A knowledge of the principles underl)nlg the Manipulative
techniques of mathematics, such as those relating to ordergroupig,
distribution, and the-like. ..()( ) The realization of the logital implications of related proposi-
tiot ., such as those involving a given theorem, its converse, its op-
pcbite. - ,

. 4 ,

(r) The realization of the economy resulting from such an organiz-
ing principle or assumption as that of continuity.

Fundamental Abilities. Such abilities as the following should be
gradually developed:

(a) To recognize and formulate the assumptions underlving an
argument.

(b) To recognize terms that require precise definition.
(c) To organize statements in a coherent logical sequence.
(d) To recognize the proposition under discussion and to realize /

when a cone lusion has been reached.
°(e) To dimmer common flaws not only in reasoning in Iliadic-,

statical and related fields, but also in areas inviting emotional bias:
or requiring propaganda analysis.

.

(f) To recognize the logical structure or plan of an extended
series of propositions, or of a related group of discussions.

Application. A gradual and increasing development of the ability
to manifest cohrent, logical thinking in everyday life situatiuns.

THE FIELD OF RELATIONAL FHINKING

Here we ale «mcernd with the development of a growing ability
to recognize, in everyday life situations, cases of quantitative rela-
ticmslnps and of functional dependeme. The importame of this
tpe of training was stressed as follows in the Report of the National
Committee on Mathematical Requirements (p.

"The primary and twderling principle of the course should be
the idea of relationship between vat iables, including the methods of
determining and expressing such relationship. The teacher should
have this idea constantly in mind, and the pupil's advancement
should be consciously directed along the lines which will present
first one and then another of the ideas upon which finally the forma-
tion of the general concept of functionality depends."

Such sluing emphasis %%as quite justified at that rime. but the prNent Gitn
mission has Aait!, cummented upon the poy.ihdit of ow/einplia.Is. (see p. 4g.)
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Binac cum ems. The ability to recognize, to name, and in simple

caws to define lundami:ntal terms should be gradually developed.
Nut h fundamental terms include:- constant, variable, independent
ariate, dependent variable, oneoone correspondence, function,

formula, table, value of a function,.invariant relation, increasing,
decreasing, 'MAXIMUM, minimum, associated data, ordered list, inter-
polation.

Irrrndanu Vials and Abilities. Among these skills and abilities,.
are, the following:

(a) To read tables of relatedsvalues, including trigonometric and
logarithmic tables.

(1;) To evaluate formulas for assigned values of the independent
variables.

*lo interpolate in tables and graphs.
(d) To construct simple tables, such as frequency tables, from raw

data, and numerical tables from given formulas.
(e) To construct appropriate formulas from verbal statements.
(1) To driermine the constants (in very simple cases) for empirical

formulas to fit approximately a set of given data.
(g) To recognize functional dependence, and to select variables

pertinent to a given problem.

Application. There should he a gradual and increasing develop-
mem of the ability to recognite fun( tirmal dependence as well as
statistical associations which fall short of functional correspondence.

VII. Faa.D of SYMBOLIC REFRNENTATION AND TIIINKING

/ The aim here k a gradual development of the ability to translate
quantitative statements into symbolic form and conversely, and an

rasing appreciation of the economy and the power. resulting\ from the curry( t use of s)mbolic techniques.\,

I

HABITS AND APPRECIATIONS IN THE MATHEMATICS
CLASSROOM

The de% clopment of desirable attitudes, habits. and appre-
ciations k an outcome of the ploccdures employed by the
teacher and of the resulting lassroom atmosphere. Lasting re-
sults of this type, however, depend largely on continued atten-
tion to their growth, and coopei al ion tin oughout the school.

FAery phase of the mathematics cuiricultn, as xyell as all
classroom pro( echn es, should be "x(I utinized for the opportuni-

ti
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tics to develop a growing appreciation of the immense power of-,
mathematics, of its recol d as a universal servant of niankind, ctf
its cultural significance, and of its permanent place in the study
of nature, in the sciences, in the practical :tits, ill business, eng
neering, and everyday life.

73pes of Arotivation; Supplementary Projects aril Activities.
In recent }cars encouraging progress has beewfnade in the direc-
tion of.stressing the appreciational -Ind cultural aspects of ',lathe-

.

matics. Many mathema,tics classrooms are being equipped with
illustratiie visual aids and interesting charts and pictures giving
evidence of the important place which mathematics occupies in
the modern world. The literature bearing on this phase of
mathematical instruction is being extended. The Yearbooks of
the National Council of Tea,.heis of NIathematics, monographs
imblishec by Scripta Maihematica, numerous aitides in such
journals aS "i he Mathematic., Ter.chP; and School Science and
Alathematic., and a growing list of special tieatisc.., all furHsh
vaitu;ble assistance to teachers tvho desire tt) enrich their usual
plogranis by cfnuafis with ino,iYatin,g hackgioundc. Sonic
effective ihmies of interesting pupils in this domain are sug-
gest in the iollowing

Vatr,;e as a Museum of For'ii. In the futtuductiull,attentimi
NVaS (,111Cd if) ..),I*at 1111111(1(C npull 111.1111nlaikti.
MATI\ (HP( if!! ttl, ,ne eit;iet (leml% .en 111 (it s11,4'..;;stCd

by "flat 1;1.1_ 11.1cs diputt 111111(11111111S of

this f.lt t is to 1/(' 1(.«1111111(1)(1c(I (1,issi-umll hcis.
/10/I0/1 Reirrent.. lilt' llist(11 \ of 111.101C111.1t1( s slit/111(1 11(11

Slip( I stilt' 111.1t11(111.111( s: it sliI:(11(1 N111)1)1(111(11' its st11(1. It is

CsI)C1 1.111v 11-CttlVe in ill( 1 rdsillE4 the (1111III,11 of St11)

jtct. (,)1(41111V (IC\ (11)pi'd .1( (Mint ttf 11.11 is of t11( hist(r1V

this (11(1 CHIC! isC will t_liVe t() loth Ch'Inilt,11
And (MILO% (11111(111;1 ill ni.111)(111;ii it s. ht'1 Illt tl e, it is t)
he let that hisun it al crdisidelatifins nit( 11 ill( (t.i . 1)1,, :IV

ilhst ;1( t 1111(.1 cs1 HIM (Mt' 1(i1)1«,1 s(1,11(' pluhlt111

that 11.1% r! Tr( 1.11 .11)H.11
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Dramatizing the Role of Mathematics in Modern Life. Every

effort should be used to make pupils conscious of the contribu-
tions of mathematics to human progress and to individual and
public welfare. The close connection of mathematics with the
practical arts, with technology, industry, business, commerce,
science, and other important enterprises, should rer-'ve atten-
tion. Among the methods that may be suggested fi this work
the following have proved successful:

(a) School exhibits. A periodic display, in classrooms and
school corridors, of materials that will stimuiat? interest in pres-
ent- clay uses of mathematics can be recommended as a helpful
device, particularly if the pupils themselves have furnished the
materials.

(b) As.sembly programs. Sonic mathematical units, or topics
are suitable for presentation before the entire school, in a drama-
tized form. Brief plays, especially when prepared by the pupils
themselves, seldom fail to arouse enthusiasm and sustained in-
terest.

(c) Mathematica/ films. The number of -ommercially avail-
ab!e films that have a hearing on mathematics, while still very
small, will gradually become larger; and such visual aids assist
instruction in mathematics as they have already helped in the
field of science. Schools should he encouraged to make simple
mathematical films as classroom projects.

(d) Source books. Pupils should-be encouraged to collect and
to preserve, in individual soul cc books, items that have a bear-
ing on mathematics. Those who are not acquainted with this
device are always surprised to discover how very wide is the
range of the source book matetials that can be assembled in the
course of a single year by any class of nonnal

(r) A permanent mathematical m. In some schools a
good beginning has been made in the direction of et eati:Ig per-
maw-1u mathenbit it al exhibits. The ideal plan is that of assein
}ding these collections in a retinal building-. preferably in a
spec i.d "11;d1 c,1 NI thematic~."

-1101.
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(f) Supplementary mathematica? projects. Many enrichment
projects based on local interests and showing local uses of mathe-
matics will suggest themselves to a resourceful teacher. Among
these might be mentioned scheduled talks by leading members
of the community no find daily use for specialized mathemati-
cal training, such as engineers, actuaries, and bankers. Some-
times trips to large industrial plants, or for the purpose of en-
gaging in el, . ..,ity surveying, will add interest and vitality to
the subject.

Mathonatim/ (;lulls. In many schools it is possible, among
other extra( urricular ti\ ities, to organize at least one flourish-
ing mathematical club. It may be advisable have a club for
the earlier years of the high school as well as one for the later
years. Such clubs serve the important purpose of giving a suit-
able forum to pat ticulatly superior or enthusiastic pupils. The
study of mathematical recreations, of advanced topics, of his-
torical backgrounds, as lull as discussions, reports, competitive
tests, and debates will influence noticeably the daily classroom
routine. If awards are offeted for outstanding work done by
members of the club, an effective inentke is often given to
the entize mathemati( s jno,lanl of the school.

Atathematical Bulletins or School PaPers. Another extaa
(auricular actiNio, shish has created enthusiasm and has stimu
hated effoi t. is that of clubling the stiotP4est inathentatit s pupils
of a st ml or of the «minunlity to edit a school paper dcoted
etaitel% to mathentatits. Su( h a public atior may also be utiliied
by the teachets and the pupils as a medium for the oll('c lion of
ounnunit% poblems, for book le% iews and abstracts of intim'.

tant at to les. and for impot taut announ«anents. It inav also
contain the in ()giants of local or zegional mathematn (laths.
and may explain and discuss the mathematical equipment ch.
manded by tpi( al vocations ot professions. In short. the loathe
matical paper of a st hool or a gioup of s( 11,)o1, ( an attempt tu
show in shat way mathemati( s is indeed a "11111

iati(111."
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CHAPTER V

ONE DISTRIBUTION AND oRG IZATIO OF THE
MATERIALS OF INSTR.( R.ADES 7-12

Having premised thus mudzve will now detain those
who like our bill of fare no longer from their (bet, and shall
proceed directly to serz,e up the first course of our history
for their entertainment."

HI-NRN: 1111.1)1M., JONLS

IN TRODUC TION

IT HAS frequently been chatted tllat mathematical instruction is
too resistant to change, the case of geometry usually being cited
by way of illustration. 'We are told that more than two thou-
sand veal s ha\ c passed since Euclid wrote his Flemenh; then we
ale reminded that this vet v successful textbook was prepared for
select and intellectually mature students and that the great
teacher of Alexanchia did not have in mind the requirements of
mass education. It is indeed lune ti tic that although educa-
tional ploblems today are fundamentally very (Mei cut from
those xvith %vhiL Luclid leas familiar, his famous Nork has been
the model on winch geometries ha\ e been constructed until re-
cently. IVith sit( h facts in mind it is haul to evade such ques-
tions as these: Is this the iwst we can do? Did elementary
gcometi y reach its ultimate }wife( non with Fiu lid? Is no fur-
ther impiovement possible?

It is no loni4er net ess.n \ to 6,1V an\ think Citht in defense or
in c t itic ism 01 Euclid. c)1 10 do hatc the cme,tion of whether or
not t.r tie to ac tnall% ...2ined mulct\ h% tiadnim in out mediods
of te.ic hint,7 g('nincti v. 1 th.it .11 e intio-
chu e d to gu()1Iirtl t it1 tv.tN th.it 111ic t i:111111 ft1)111 thus('
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formerly used. It is true also that extensive chabges have taken
place in the teaching of at ithmetic and algebra as well. Beyond
this there have been efforts to unify the different branches of
mathematics in older to bring related ideas together, as well as
efforts to develop new methods of approach in the hope of being
more successful in arousing pupil interest. For many of these
salutat y changes credit should be gien to the Report of the
National Committee on Mathematical Requirements of 1923.

Notwithstanding the deshable tcadjustutents that have al-
ready been made in mathematical teaching, and the indication
that others are sure to follow, it is to be expeiled that there will
he a .considerable &glee of permanence in the mate! ials coin-
monly'used in the mathematics classroom. Mathematics rept e-
sews one of 111.111's eatest achievements in things that endure,
not !newly flout Neat to vicar, but flout century to century.'
"I oughout its histot y it has troth by steadily adding new die,
mem, hile disc al ding tit repudiating 1, ety little that it all eady
possessed.:: New was of doing things hate been found, more
pleasing aLul pi wc1 ful methods hat e been de% ised, deeper in
sights hat e been ac hie rd. and c one epts that at tu st wet C ASC111 C
hatc adually !n ( ihd. 'I his gtowth and improvement
hat e usual 1 be(..ii di hie\ ed. Iii t \it lima a disquieting
It\ (ilution th,it this lilt all mathematic s unsettled and «mfusd
lot a pt nid. Lei tain the ems tit nmthemat s 1nav, with the
p.tssav,e Hine. '.itisI\ (Is less tn seem less inter esting: but so
long %se 11.1111 1111(1(11\111,2 ,Is111111)111111ti 1111.11teted thy C111.1;11

k.11111 1111.10 1111N. It 11M1111 `,111 1 /I Ise it we find ,tic It lima(
111.1111c nl.ltlt, t«1 iii its

(.()\,,11)1 R \ IC )N, R I \11.c)I\IINI

ll Is 111111es11.11)1e 1(1 It it tl MI% 1112,11 sl nn Ili the
List .15 .1 it !WWII:" \ (.11

I t:r 1-) .

'I ::
i I. I

. r. \ I

II '
1(11 nI Ith1 III it .11 s111(1%. .11Id In t IMS'd

111,111. 11. .ith! 1 n,,ul,! (/1111111

I ! \ r It ; ! \ t I :tt tht
1: I I III !- t I 11.1 i
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into it numerous unrelated topics simply to make sure that the
pupils will have encountered them. Pupils need to meet im-
portant topics repeatedly, on successively higher levels. Matti-
'rity also iQ -equisite for the proper understanding of portions
of the subject. It is therefore necessary to have a mathematical
curriculum that Itins through several years according to a sys-
tematic plan.

One must, however, face the fart that in many school systems
the requirement of mathematics does not now extend through as
many years as, in the opinion of the Commission, are justified by
Lie best ultimate interests of the boys and gills. Hence there
is the Engem pactical problem of bringing about an extensive
election of further mathematical courses beyond the required
subjects. Success in this undertaking will depend mainly upon
two lac-tots: (1) The deg' cc to which administrators aid teachers
in gking pupils adequate information on the importance of
mathematical study. both prat tically and culturalb-; (2) the
extent to which teachers themselves succeed in making the
«uuses so 1 it i1 in meaning that pupils will have gained an ac-
tually e,11 insight into the ti ne ilattile of mathematics and an
cnthusiasin nir

The Commission believes that mathematic$ should be re-
quited through the ninth school year, and beyond the ninth year
in the (.1se of competent students, with the exceptions preiously
mentioned. Iii al inn at a de( ision as to tequired (-muses, and
«unses that ale recommended or are made elective, the Com-
mission tuges that administ atm s keep the following considera-
Cpms in mind:

(i) I here is an inc leasing use of mathemati( s in modern life,
and glowing demmil for pet sons \vim ha\ e had adequate pep-
,11.1tiou itl the subject.

(2) All pupils should be made acquaiined With the mathe
mall& requil villeins of inofcy,ions. of business and industry. and
they should also he info! tiled of 111e C1111111,11 111(1 sot IA beatings

of pc sent ch.\ ((,to ses in se«md.0 v meithemati( s.
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(3) Serious handicaps often result from the omission of or the.

indefinite postponement of mathematical training.
(4) Irrespective of where actual requirements may end, no

particular year should be described as a normal year for ter-
minating mathematical study.

(5) The time a pupil should spend in the study of mathe-
maacs should be determined by the degree of his understanding,
appreciation, and mastery of the material that modern life seems
to demarid.

(6) In order to insure a pupil's growth in mathematical power
and appreciation, the mathematical program must be carefully
planned as a whole.

(7) The basic mathematical work in any school year, for
pupils of approximately the same ability, should be the same
for those who expect to enter vocational fields in the near future
and for those who will have an opportunity to extend their
training through further academic work.

(8) Capable pupils should be given an opportunity to con-
tinue their mathematical studies throughout the entire sec-
ondary period and should be encouraged to do so.

THE PROBLEM OF THE RETARDED PUPIL.

Every teat her has had convincing personal experience with
the different rates at which pupils make progress and is aware
of the varying degrees of mastery that they achi,:ve by com-
parable efforts. There are also many objerti7 studies that
bear upon the question. and that show factually the great range
in mental ages of pupils whose chronological ages ate 'he same.
Such data as these make it difficult to defend the practice of a
single program in mathematics for all high school pupils; ap-
propriate differentiated curricula seem to he called for. Chap-
ter VII of this R( port will deal with tenth ar «lei ated and slow
pupils. At this point it seems desirable however, to pay some
attention to the (ple,tiun of Temech;i1 soik designed to reduce
the number of pupils who must be c hissed as slow moving
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throughout their secondary years.3 The Commission believes
that the best information now available gives validity to the
following statements:

(r) Much more careful work is necessary in the elementary
grades if we are to prevent a continuance of the widespread dis-
abilities now prevailing in the secondary schools. Careful ex-.
periments in representative school systems indicate that retarda-
tion is due in a large part to removable causes.

(2) Retarded groups of high school age should be given a
prog-ram of work that includes a careful strengthening of the
foundations in reading and arithmetic, at least one setnester
beiltg needed for such work.

(3) In the case of retarded pupils, it is impossible at any stage
to crowd into a single year all the necessary remedial work and
also the usual program for that year.

(1) If the remedial work is begun as cat lv as the seventh
wade, retaided wimps can rover a major ft action of a normal

ogt am in both glades 7 and 8: but unless an adequate founda-
tint' in fundamentals has been cleated, little is achieved in
mathematics.

The plow am suggested hit grade 41 and the higher grades in
the cmainder of this chapter assumes that the foundation in

ithinctie and gcometty has been well laid.

SUGC.1-sTI'1) ( ;R %DE 111..1(:1-N11:NT C11.11tT

(,1t %Di s 7. I

'Hie pi ()to ant poq)osed in this ( halite' as one feasibl cut, it Il-
iu 1)1;111 is set forth both 1)% Cl h.il dc -..ipthni and in the fulfil
(,1 a dial t (1)011ted as Appendix V). A, ( halt is lined because of
the (ondensation that it allovs, and lie? misc. of the general
«wiprelterisixe wasp that it affolds of the ping' ant as a Ivhole. It

[his airrntin may be (311rd in an impottant r;titiz
trynedi traii12, rt.-z:,m1 Its r ht StrI1.1 t Cen,rt And (a.i.h,

/1?'?,' //,..r, c, .1 st, .. n \, fi.

,:1 1 r t, 11,1, rd I 11.:1, I I) \I !.!,11 New

I



Materials of Instruction 77
is hoped that the chart will help to give the student of education,
the administrator, and the mathematics teacher an understand-
ing of the extensiveness of an adequate program in secondary
mathematics, and a consequent realization of the time allotment
necessary for the proper study of the subject.

In describing a program by means of a chart, there is risk of
seeming to imply a greater rigidity than is intende .4 This
Report has already stressed the importance of flexibilit and it
is possible to assign parts of the various fields shown in the
chart to other school years than those indicated. The plan is in-
tended for pupils of normal ability zero have had good training.
It is ?lot, furthermore, implied that all 114 work will be covered
by all pupils.

In the chart and in the outline tlie entire subject of mathe-
matics is divided into fields sotnewlkiit different from those on
page tit . The composite field of elementary analysis is broken
into its t wo constituent parts, algebra and trigonometry. On the
other hand, the former fields of logical thinking, relational think-
ing, svmholiL representation and thinking are united into a gen-
eral field entitled mathematical modes of thinking. along with
which are also considered habits, attitudes, and types of apprecia-
tion. The histoi v of mathematics appears sepai atelv, as does also
the pi oblem of c on elated mathematical projects and activities.
The 1% ot k to be done in all eight of the fields now consideted ex-
tends chi ()ugh eN et v vear of the prop am, each year being ex-
pc( tuil to (Iccpcii :111(1 xtclia thc pupil's cxpei 1c 110 e N% ith the
bl(),1 r.Itcisul h'S (lip( ltsWd 111 Ch.tith'r IV. In the canter vars
intu li of the v(q1. in t el Lint fields will ht. "infot mar but hV siHt,"
(1041 Cci, ;IS the plIpilN Mat ht'111.11 it .II puNirt- (lc\ elnpN. .1 II allsilioll

111.I\' in MAC t0) OW WM (` f01 111.1I tlIcthMk. ( hdl a( ICI kt IL if MIN.

NO Wilt 111( ,111i1 «)1111)1 uhchsil e dcich ThICIII Of MA I helhat I( S.

( "HI, Ilium ,umw.ti I, fm. 41.1de. ~ '4. 31!ti li h Ise litT11 IIsed in ,,:itIld AIR311
I.Ie " R.d. HI '.11", Hi: In / 1". /' 'I' L'',:: .f -Vil1"'"11". PP 1".= 1"7. \ TM

\11,111 Pfc.... N% hlir hi, ,.1f1:11, .11(' HIM h III,t dt , ilh.d ili.in fl,e tlywiptimis
III Ow id, .., III 8 I li-f : .1 I ,:iip.1111 1,\.% 11,1[1 II, 1_!11111i Ilt II I:1.1d, ph( t
HP lil 'f :..i..,
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It is to be noted that the program outlined makes definite

provision for continuity of development of the different fields of
mathematics, in accordance with the principles of Chapter IV.
No discussion will be given of ways in which an integration of
the different subjects is to be effected, for this is largely a matter
of methods of teaching, a subject which this Report recognizes
as of great importance, but cannot treat in detail.

THE WORK OF THE SEVENTH AND EIGHTH GRADES

The mathematical programs of the seventh and eighth grades
are treated as a unit, and by way of preface some explanatory
statements will be made concerning the roles in these grades of

the chief mathematical subjects.
Arithmetic. On page 5.1 the Commissi.on indicated what

mathematical equipment it considers normal for the adequately
prepared pupil who is entering the seventh grade. Experience
has shown, however, that the work of the elementary grades
often does not provide a sufficient mastery of the fundamental
processes of arithmetic,5 either for -th. .reeds of life or for further
progress in mathenv.tical study. Time accordingly must be de-
voted to further instruction in arithmetic, special attention
being given to the development of insight as well as accuracy
and speed.

In the applied phases of arithmetic there is no reason for a
rigid adherence to any one sequence of problems, so long as ade-
quate provision is made for the definite inclusion of types that

e socially necessary; such problem backgrounds may center
mound significant projects or be organiied in a more con yen-

5 The situation would he much worse if the doctrine of "stepping tip" the
teaching of arithmetic in the grades should become piesalent. 'I he proponents
of this doctrine asset( that mans children are nut mature enough to profit from
a formal study of arithmetic until they reach the thin! or e%en the fourth grade.
"I he Commission, howeser. sees no compelling for .illiscribing to the pro
pascal for "stepping up" arithmetic. but it tee )giii/cs :hat until definite and
atithoticatise policies legating to this question !lase been adopted. Oleic will be
uncettaint in the facts (It allotinistratms It) the .m11,11111 of mathematics that

can he eoseted grades sewn and eight.
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tional cvay. There *seems to be a gr()%ving belief that detailed
Nv(mk such fields as banking. investments, taxation, and in-
stitam e should come in later grades. Brief and informal treat-
inents of such topics may, of «muse, l)e included in the work of
injrnial eighth glade jwpils.

111/0 ma/ Geimetrv." Work of-an infoimal kind in geometry
should be gi% en lc:cognition. Slant teachers believe that zil)oiit
as 111th 11 time should be (1...%ote(1 to it ill glades 7 zinc' 8 as to

ithinetic. -lime should be continuous attention to the %yolk,
for little good results limit oc casional unrelated lessons ill geom-
et' v. Care in tea( king the fundamental concei)ts is irat-ticillarly
needed, and tea( het s slmuld not encourage the mere
Of definitions or the imitative onstrticti(m of the basic figures.
It must be recogni/e(1 that the skills, the tinderstaluling, and the
appreciations that are the desii (1 outcome of the study are
actptire(1 only slovly. he time allowed at in csent sometimes
seems insufficient.

(;1111)Iti lie"); r.it'iltrition." .1 he pi( t to ing of tunnel i(.11 data
ancl the itltel,lnetatiutl of gtaphs ate inw %sellestablished parts

1111-01111a1 as I (Mt ti%vs it Hitlutlt. Ihr (aiming:
1. Ittittim getimtt%: Ow pupil I111.1, fit.tutt. .111,1 5.1%s that stimuthittn,t, is

"b%"")' t"i (lie 111"l""'"Il, t"" sil.t1.411( lines wirlsrt C. the
%t.itft.11 ativirs att. t(111.11."

2- I. 1)t."111"" grulliet" "I .1 "mid( `11(11 (1111111,! (Pit 1,.1111.1 111.1111 le.

tailliv, (di the .Inglus anti ti ph( 'hum .1(11,1,( la It) 11(5 111.,t chi is

IS41°.

3" ("1".1"1111 W11111"" "11"1: 18.W:4M/111.4 "4..1, nt tile %%01 lit

ahuflt 115.1' 0.110%1114 tit 1.1111 ;:(1.11101 scul111,,, I I(1111 It 1.111(OIShipS

that tA 1,1 hunter((
(.(.(mict ti Hun. 11.d:11.,..! It Ow ,v1 it silt II Is

I/15t.( (mg Au .111;411 .

iheniins I he 5111(1 tii the (.1 .1 tilt f if. .11111 tilt 1,111,1
kii(MS (Lit the 511(11 4.1 the 5 !I:m.2Jc i

'mit 11% i.t.11,1112, .111% %I.!, tl 1,-1,11-51-1,.. tut,n ,.1 'rum :it II ir:.11 tl.ttI
iii.1 lie III( [wild I the ild11( 1e plc.( 111.11,..q1 %%11(11 dill,:
1111(1)1itd. 1114 111 ;4(11111e1111 11'4111i I\% MICA iii.1,111g.
IIt It .1,d .:1111131 (111(11,1,rs. .11 ,I
utirtltttt 11;,,11 nt,t. Used r51t 111%11% 11 I limp(' 111,,IIs In \ Inc] i IS lit II Of it.

)(,11... of I II I. lc 11 ii 111% 'mingt itp:(.11 .1511
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of mathematical instruction, but some cautions are,to be ob-
served. An excessive enthusiasm for graphic representation .can"
lead and sometimes has led to graphs being used beyond the
point where benefit resulis.8 There should not be an indiscrim-
inate employment of unorganized numerical data, selected solely
because they are available. The teach9:4liould give preference
to data which are within the comprehension of the pupils, have
real educational significance, and appeal to the learner's personal
interest and .imagination. It should 'be remembered that the
pupil's ability to deal with convenient scales usually develops
rather slowly.

Algebra. The algebra that has been successfully introduced
into grades 7 and 8 up to the present time has been limited
largely to the understanding of the basic concepts, to the evalua-
tion of formulas, and the solution of very simple equations. It
seems possible and also desirable to include other algebraic
material; but, if it is to prove effective, the work should be
carefully planned and should be socrganized as to be significant
in itself as well as designed to furnish a good foundation for
later algebraic study. .

Trigonometry. In the plan here given no formal work in
trigonometry is recommended for grades 7 or 8. It is sell to
point out, however, that .during these two years the program
outl;ned includes important concepts, skills, and factual knowl-
edge which taken togetlie.71 constitute a necessary preparation
for effective Wol k in ti igonontetry. Instances are: such concepts
as those of Iatio and proportion, such skills as those involving
the direct measurement of lengths and of angles, the technique
of scale drawing, a familial:4y with certain basic geometric prop,
ositions and relatIons, and the reading of mathematical tables.

Nodes. of Thinking, Habits, and Altitudes The scope of in-
struction and the t pus of zpetience for the pupil which may
be included under this heading ale M) extensive that it is not

6 In f laminviiden of the (-ieneri, pp. rp, and Wilkins Co.. q37).

Eric T. Bull dr.( iihes pit niesquelv, that is. glaphitall!, how a "plague of graphs"
has descended upon us in recent years
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expedient to give a detailed treatment here; there is, moreover,
little general agreement as to the most effective ways of b4ging
about desired results. The Gr 3de Placement Chart suggests
some of the objectives which may be classified under the head-

,
ings above. The extent to which the topics should permeate the
entire course or may become the objectscof direct and separate
study by the pupils is admittedly an operk question. For more
extensive discussion of the general theme ale reader is referred
to current and pertinent literature.°

Historical Backgrounds. During the seventh and eighth
school years the historical background of mathematics should,
be drawn upon freely, for it gives an approach that is natural
and interesting. There are at present numerous hooks and
monographs that can serve as the necessary sources. \

Correlation with Life Situations and Other School Activities.
No fixed plan will be suggested here as to the inclusion of suit-
able fields of application for the mathematical program. Natu-
rally, the applied phases of this work will vary in accordance
with the maturity level of the pupils, the total time allotment,
community needs and lute! ests, and the life and the spirit of the
school as a whole. Definite provision should be made, however,
for the study of many life situations that are mathematically rich
and also for school activities that have a mathematical bearing.
A number of apps opt iate fields of application for this stage of
the pupil's development are indicated in the Grade Placement
Chart.

The Detailed Outline. In the detailed outline that follows,
the numerals 7 and 8 refer to grades 7 and 8, respectively. When
both numbers appear together, the indicated aspects of the cur-
riculum are intended to extend tin ouc,diout the two-year period.

As previously indicated, the comml.,,imi wing-HI:es that .:ther
satisfactory protta '115 are Pai.iible. It belicx es. however, that the

This liter ifitte nu-hides hooks on method. Yrqt1,),,io of the National Council,
ai tides in Thy re,,, bet trr t 10,11 e te.P10. Ith; Mat hernafiCi. and the
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one here pi esenCed is practicable and has many desirable fea-
tures. Parts at least have probably received as much validation
as is possible f w a program that is to be used in widely different
schools.

ARITHMETIC

1. ;Basic Concepts and Principles. (7, 8)

(1) Development of a reasonable familiarity with the working
vocabulary of arithmetic.

(a) Terms used in the fundamental techniques, such as stim,
addend, multiplier, product, per cent. -

(b) Terms used in the applications of arithmetic, such as
profit, loss, discount, interest.

(c) Terms used in connection with the employment of the
common units of measure.

(2) Making sure of a clear understanding of the basic. principles
of arithmetic, such as the following:

(a) Dividend = divisor times quotient (plus remainder).
(Ii) Fundamental principles of fractions.
.(f) The value of an exact decimal is not changed by annexing

zeros at the right of the decimal.

II. Basic Skin, or Ter liniq lies. (7, 8)

( The four fundamental operations, involving (a) whole num;
hers. (b) fractions, (c) decimals.

(2) The skills and processes needed in dealing with percentage
problems and with other business or social applications of arith-
metic.

(3) The ability to use rca lily 'he tables of measure commonly
needed in life situations, and to read such other tables as are com-
nu9nly used iit basic fields of elementary mathematics.

III. Using .-Irithmrtir in Problem Situations. (7. 8)

Dc%lopment of a problemsoking attitudP...
(2) Development of the ability to analwe arithiki.tit al problems

and to prepata a complete solution in written form.
(1) Contint 1 study of suitable practical problems of,intreasing

dithiultv, such as the following:
(ft) Ninneticai problems at king in the pupil's immediate cm

ironmnt (t he home, tho scbool, the store, the column-
nit)), (7)
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(b) Everyday business problems (buying and selling, profit and
loss, discount, commission, simple cases of interest). (7)

(c) Business or social problems demanding greater maturity
(banking, investment, taxation, insurance). ,(8) (Prelimi
nary informal treatment in grade 7, in superior Classes.)

(d) (Optional.) Problems arising in science, in the shop, in the
household arts. (7, 8)

INFORMAL GEOMETRY

I, Basic Concepts. (7,))

(1),Develoi ment of a reasonaLle familiarity with the working vo-
cabulary of ge mietry.

(2) The alf ity to explain the meaning of certain key concepts
used in gra s 7 and 8, such as circle, angle, triangle, isosceles tri-
angle, recta gle, square, perpendicular.

(3) Development of the realization that physical measurement
and drawings are only 4pproximate.

IL Basic Skills or Techniques. (7. 8)

r(r) Learning to use the ruler, the compasses, the protractor, and
squared paper, as geometric instruments, (7) (Other instruments,
such as those needed in mechanicat drawing, may be introduced
whenever they serve a useful purpose.) (7, 8)

(2) Learning to sketch or draw the basic figures of geometry. (7)
(3) Constructing (a) an angle equal to a given angle; (b) parallel

lines; (c) an etuilateral triangle, given a side; (d) an isosceles tri-
angle, given the base and one leg; (e) related figures. (7)

(4) Constructing (a) perpendiculars; (b) bisectors; (c) common
rectilinear figures, such as rectangles, squares, right triangles,, regular
hexagons, regular octagons; (d) related figures. (8)

(s) Com4ructing figures congruent or similar to a given figure. (8)
(6) Measuring lengths directly (English units and metric units). (7)
(7) Measuring angles directly. (7)
(8) Learning to estimate roughly the approximate accuracy of a

measurement. (7, 8)
(9) Finding the perimeters of figures. (7)

(to) Finding the area of (a) a square; (b) a rectangle; (c) a tri-
angle; (d) a parallelogram; (e) a trapezoid; (f) a circle; (g) irregular
figures. (7, 8)
(ii) Finding the volume of (a) a cube; (b) a rectangular solid; (c)

prism; (d) a cylinder. (7, 8)
(12) (Optional.) Finding the %Anne 1 a sphere4 a cone, a pra-

mid. (8)
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(z3) Solving applied problems involving lengths, perimeters, areas

and volume. (7, 8)
(r4) Drawing figures to.scale. (7, 8)
(z5) 'Determining distances or angles indirectly by using (a) the

method of scale drawing; (b) the method of congruent or similar tri-
angles; (c) the Pythagorean relation; (d) the tangent ratio. (7, 8)

III. Important Geometric Facts and Relations. (7, 8)

(r) Introductory study of the geometry of shape, of size, and of
position, for purposes of motivation and orientation. (7)

(2) An introductory study of such bask figures as the circle, the
angle, and the triangle, involving (a) the meaning of related terms;
(b) measurement; (c) classification of angles and of triangles; (d) the
informal study of important properties. (7)

(3) An informal study of symmetry as a basis for constructions. (8)
(1) An informal study of congruence and of similarity. (8)
(5) An informal study of the Pythagorean relation. (8)
(6) A resulting acquaintance with such geometric facts, properties,

and relations as t lay readily be derived by informal methods, and as
have significanc in the program of geometry as a whole. Among
these are:

(a) Important metric facts, such as the following:
Radii of a circle are equal. (7)
All right angles are equal. (7)
The sum of the angles of a triangle is.' 8o°. (7)
In the case of parallel lines, certain sets of angles are

equal. (7)
The angles of an equilateral triangle are equal. (7)
The base angles of an isosceles triangle are equal. (7)
The Pythagorean relation. (8)
Common rules of mensuration. (7, 8)

(b) Certain positional relations, such a., the following:
A line can intersect a circle in but two points. (7)
Two unequal circles may be in one of six possible posi-

tions with reference to each other. (7)
Given a network of squares and two axes, the position of

a point on that network may be determined by a pair of
numbers, (7, 8)

(c) Itnportant functional relations, such as the fact that
if the diameter of a circle is doubled, the circymference is

doubled. (7, 8)
The area of a triangle depends on the length of the base

and of the altitude. (8)
If the length of a rectangular solid is doubled, while the
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other dimensions remain unchanged, the volume of the
solid is doubled. (8)

IV. Discovering and Testing Geometric, Relationships. (7, 8)

,$) Through the use of a laboratory technique, the pupil should
begin to discover, to verify, and to analyze geometric relationships.
This may involve a variety of approaches, such *as (a) inspection of
drawings; (b) measuring;. (c) superposition; (d) simple deductive
analysis. (7, 8)

GRAPHIC REPRESENTATION

I. Ability to interpret pictorial or graphic charts V thin the corn-
prehension of,the pupil. (7) /-

II. Making bar graphs based on simple statistical data having
educational significance. (7, 8)

Making circle graphs, preferably in connection with a study
of budgets, of taxation, and related fields. (7, 8),

IV. Making line graphs to show change or fluctuation. (7, 8)
V.' Making graphs based on social and economic data. (8)

ALGEBRA

I. Basic Concepti. (8)

(1) Development of a reasonable familiarity with pertinent alge-
braic terms used with tqe work of grade 8.

(2) Ability to explainclearly the meaning of certain key concepts,
such as coefficient, equation, formula, simi'ar terms.

0) (Optional.) Signed numbers.

II. Basic Skills and Techniques. (8)

(These should be based on an understanding of carefully consid-
ered principles. Only work in simple monomials should be stressed
in grade 8.)

(r) Symbolic representation of simple quantitative statements or
relations.

(2) Combining similar terms by addition or subtraction.
(3) Evaluating algebraic expressions or formulas. (This work

may be begun in grade 7.)
(4) Solving equations, each involving either one or two steps.
(5) Reading a table of square roots.
(6) Making a formula as a shorthand expression of a mathemati-

cal rule. (This -.ork may be begun in grade 7.)
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(7) Making a formula representing a mat lwinat ical relatimiship.
(8) (Optional.) Reading a table of tangent.
(9) (Optional.) interpreting and using signed. numbers in life

situations.
(to) (Optional.) Making a table based on a stated relationship.

,(ti) (Optional.) Interpreting a table of related number-pairs.

III. Using Algebra in Life Situations or in Problem- Solving. (8)

(t) Solving verbal problems by appropriate 'methods, including
(a) table; (b) graph; (r) formula; (d) equation.

(2) Using the equation or the formula in the solution of common
problems arising (a) in business; (b) in the shop; (c) in science; (d) in
everyday life.

TRIGONONATRY (7, 8)

I. FatniliaritY'with such terms as ratio, propoition, scale, congru- '
em, similar, height, distance, horizontal, vertical.

II. Drawing a figure to scale on either unruled or squared paper.
III. (For superior pupils.).\Making simple outdoor measurements

of lines or angles and thus finding required freights or distances.
IV. (For superior pupils.) Using the "shadow method," or a table

Of tangents, to find unknown heights. (8)
V. (For superior pupils.) Making simple surveying instruments.

THE REMAINING FIELDS

The Grade Placement Chart gives suggestions for the other three
fields that are shown on it.

THE WORK OF THE NINTH GRADE

Since the ninth year occupies, a special place in the ra lery
prevalent 8-4 h -3 -3and -3-3 plans, it is natural that there shoal be
jack of agreement in the different. educational programs used
for that year, The Grade Placement Chart, which-summarizes
the plan of the present chapter, presents the ninth grade program
as one of general mathematics, with algebra serving as the central
theme, In this connection it may be mentioned that a large
number of texts hearing the title algebra contain essentially the
material that appears here under the designati.'ms to ithmetir,
gas,)hic representation, and trigonometry.

ov,
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Arithmetic. Emphasis on accurate arithmetic work should
'continue throughout.the ninth year. Effective practice should
be giveri in roundingoff numbers to a desired number of signifi-

. cant digits, or of decimal places. Okortunity for some compu-
..tation arises in algebra in connection with such. topics r.s the
.`evaluation of algebraic expressionstor formulas, the solution of
equations, checking of the, fundamental algebraic operations,
the solution .of problems,, and the use of tables.

.Geometry. The abilities acquired during the seventh and
eighth grades can now be used in illustrating, motivating,. and
applying algebra; in the solution of geometric problems; In scale
drgying; in the study of indiject measurement; in (optionil) a
unit of demonstrative geometr 'y.

Graphic Representation. The principal techniques used in
making statistical graphs may be applied in various, more com-
plex situations. Greater attention should be given to the graphic
study of formulas and equations.

Algebra. By a wise and thoroughgoing elimination of unduly
complicated technical processes, time has been gained in recent

ikears for greater stress on understanding, on mastery of essen-
Teals, and on significant applicationC")

10 This improvement is probably due in large measure to the Report of ,the
National Committee of igs3, which made the following statement that should
still be kept in mind:

"Continued emphasis throughout the course must be placed on the develop.
ment of ability to grasp and to utilize ideas, processes, and principles in the solu
Lion of concrete problems rather 'jhan on the acquisition of mere facility or skill
in manipulation. The excessive_empliasis now commonly placed on manipulation
is one of the main obstacles to intelligent p.-ogress. [The situation in this regard
is acknowledged to he much better at the present time] On the side of algebra,
the ability to understand its language and to use it intelligently, the ability to
analyze a problem, to formulate it mathematically and to interpret the result
must be dominant aims. Drill in algebraic manipulation should be limited to
those prores.ses and to the degree of rompixity required for a thorough under.
standing of principles and for probable applications either in common life or in
subsequent courses which a substantial proportion of the pupils will take. It
must t conceived throughout as a means to an end, not an end in itself. Within
.these limits, skill in algebraic manipulation is important, and practice in this
subject should he extended far enough to enable students to carry out the
essential processes accurately and expeditiously."
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Trigonometry. During the ninth year 'a serious beginning

can be.made in the teaching of the trigonometric ratios. A unit
of numerical trigonometry, making use of approximate values
for the sine, cosine, and tangent, can be given.

Modes of Thinking and Desirable Habits and Attitudes. As
the Grade Placement Chart suggests, the training under this
heading, begun in grades 7 and 8 is continued into the ninth,
where it is possible to make an impOrtant execution by placing
definite emphasis upon the functional concept. If teachers will
be on the alert to take the many opportemities which present
themselves, they may reveal to their pupils the important place
of mathematics in modern life., and do much toward creating de-
sirable attitudes and appreciations through mathematical study.

Historical Backgrounds. As far as. time permits, historical
references and comments should be interwoven with the topical
developments of the year. This should not be done in a .per-
functory way, but in a manner that shows the deVelopment of
our civilkation and the great part that mathematics has played

inin it. Such instruction is of cultural value and assists n arousing
interest Suggestions are given in the Grade Placement Chart.

Correlated Mathematical Projects or Aciivities. A moderate
amount of time should be devoted to systematic study of the

'01 fundamental and extensive part that mathematics plays in con-
temporary life.. Much of this work will be of a supplementary
character, mid the "committee technique" is suggested as a
means of.scollecting data, making displays, and giving significant
reports.

The Detailed Outline. It is of course assumed that modifica-
tions of the outline which follows will he made in order to adjust
it to local conditions, or to the needs, interests, and preparatory
backgrounds of pupils.

ARITHMETIC

c

1. Continuing the study of arithmetical concepts, skills, and prin-
ciples, primarily in connection with the work in algebra.
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II. Solving al-plied problems, as suggested by the work in algebra;
also problems involving approximate computatkms; the slide
rule (optional),

GEOMETRY

I. Reviewing and applying the geometric training suggested for
grades 7 and 8, in connection with the work in 4,1gebra.

In classes of superior ability, making a beginning in the study
of demonstrative geometry.

CRAP RIC REPRESENTATION./ .

I. Reviewing' ; nd applying the techniques acquired in grades. 7
and 8, in the representation of statistical data demanding
greater maturity, mainly from the fields of business, economics,
the social studies, and science.

II. Making graphs representing algebraic formulas, such as p = 3s,
.o4p, and so on.

III. Usinggraphs in the study of linear equations,.
IV. (For superior pupils.) Using graphsin the study of simple cases

of quadratic equations.

AtGrautA

I. Basic Concepts.
(z) The acquisition of the.basic vocabulary.
(2) Developing the ability to explain clearly the meaning of key

concepts, such as exponent, positive, negative, ratio, proportion.

II. Fundamental Skills and Techniques.
(These should be based on an understanding of carefully consid-

bred concepts and principles. Work with polynomials should be re-
stricted to %cry simple cases.)

(I) The four f.inclamentLI operations, involving
(a) 'Positive and negative numl'crs.
(h) Algebraic monomials or simple polynomials.

j. Algebraic fractions, mainly with monomial denominators.
(2) Sprcial products and factoring, as follows:

(a) Squaring a binomial.
' (b) Finding the product of the sum and the difference of two

terms.
(c) Factoring a polynomial the terms of which contain a coin-

mon monomial factor.
(L.) (Optional.) Factoring trinomials of the form x2 -f- bx c.
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(e) Factoring thedifference of two squares.

(3) Powers argl. roots.
(a) Laws of exponents and their use.
(b) Square roots of positive numbers.
(c) Fundamental operations involving radicals, mainly of the

monomial type.

Fundamental Principles.
() study ,df the principles governing the fundaviental opera-

tions, such-asithe rules of order and grouping, the rules 11 signs and
of exponents.

(2) A study of the principles used in the solution of equations,
such as he rules of equality and of transformation.

.

. Study of Re onships and of Dependence,
(r) By tables. 44

Interpreting tables of related number-pairs.
.y(b) Making tables based on formulas.
2) By graphs.

(a) Graphs as means of illustratingquantitative relationships.
(b) Making graphs based on tables of related number-pairs.
(c) Making graphs based qn algebrate,expressions (or formu- .

ias. 3.
(d) Using graphs in the study of equations.
(e) Using graphs in the solution of problems. t

<-

(j) By formulas.
(a) Formulas as means of expressing relationhiip or;depend- °

ence.
(b) Making formulas based on verbal statements; on geoitiettic

figures; on tables.
(c) Evaluating a formula.
(d) Transforming a formula (only simple cases).
By equations.
(a) Equations as means of expressing quantitative relation-

ships.
(b) Solving equations of the first degree in one unknown.
(c) Solving pairs of equations of the first degree.
(d) lying fractional r. mations.
(e) Solving equations of the form axe = b.
(1) Solving simple radical equations.
(g) Using equations in the study of proportion and of varia-

tion.
(h) Using equations in the solution of prm)lems stated in ver-

(4)

bal form.

1
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V. Using Algebra in Life Situations and in ProblenpSolving.
(1) Laming to, translate quantitative statements into the lan-

guage of algebra.
(a) Learning to make generalizations suggested by the techniques

and principles of algebra, particularly with relation to the .precise
ay in which definitely related, clanging quantities will influence

each other under given conditions.
. (3) Solving general verbal problems, using as a means of solution
the table; the graph; the formula; the equation.

(4) Applying the techniques of algebra in problem situations aris-
ing in business; in the shop; in science; in everyday life.

(5) Interpreting the solutions of equations, including negative
values, whole they have significance.

TRIGONOMETRY

I. Reviewing the necessary concepts and skills.
II. Finding heights or distances indirectly by scale drawing; the

Pythagorean relation.
III. Finding heights, oi distances, or angles, indirectly by using the

natural trigonometric functions (sine, cosine, tangent)
IV. Usinp a table of natural fur.etions. (Interpolation should be re-

garded as optional.)

THE REMAINING FIELDS

The Grade Placement Chart gives suggestions for the other three
fields that arc shown or it.

THE WORK or.TUE TENTH GRADE"

We are concerned in the tenth grade with a plan that adds
significant mathematical training but does not allow past in-
struction to lapse and be forgotten. Although demonstrative
plane geometry will be regarded as the central theme for the
year, the mathematical fields previously stres-ed are given atten-
tion; and there is ample opportunity for a considerable degree
of corre:aCon and integration of the new and the old. The out-

11The treatment of grader in. II, and is will be more condensed than that
given for grades S. and g where a general discussion of the different fields was
first given. followed My a detailed outline. All that is said about any one field
will now appear under a single caption.
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line that follows is not exhaustive and it admits of eithbr
extensions or contractions.

Arithmetic. Facility in arithmetical computation should be .

stressecl. Definite review and extension of the concepts of the
subject in connection with applied problems are needed in most
classes. The use of irrational numbers arises in connection with
the Pythagorean theorem. Approxiniate computations occur in
connection with trigonometric work; where the slide rule may
be used. . .

Geometry. As stated above, the central theine of the tenth
year is demonstrative plane geometry. in the case of pupils who .
have not had the benefit of a good course in infOrmal geometry
in the earlier grades, it is necessary to present in a few weeks

a number of items that should have, received attention earlier.
Sufficient time must be allowed before the introduction of for-

mal demorstraticm to permit the pupil to become acquainted
with the basic concepts and to become skilled in the use of
geometric instruments. Methods of formal demonstration must
not appear on the scene too abruptly.

Standard lists of thecirems have been issued by various exam-
ining bodies, such as the College Entrance Board and the Re-

gents of the University of the State of New York. Of particular
iinterest, also, is the list of proposi ions in'plane and solid geome- .

try prepared by the National C. mmittee of 1923. Any one of
these formulations may be regarded as sufficiently authoritative
for purposes of classroom instruction, and no new list is con-
sidered necessary by this Com ission in connection with tile

presen,,t plan.
Whatever list of theorems m y be covered in the course, at

least the following objectives should be set for all pupils:

I. Understanding of fundamentals: (r) basic concepts; (2) the vo-
cabulary of geometry; (3) the nature of geometric proof and its.vari-.
ous forms; (4) the significance of undefined terms, definitions, and
unproved propositions (postulates and axioms).

II. Acquisition of skills, with an improvement of those set for
grades 7, 8, and g, and the addition of skill in demonstration.
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ITV Familiarity with facts of geometry, both those discovered by

informal methods in grades 7, 8, and 9, and those established deduc-
tively. The facts and principles should be organized clearly in the
pupil's mind around certain central topics or themes, such as: (z)
parallelism; (a) congruence;. (3) similarity and trigonometric rela-
tions; (4) concurrence; (5) indirect measurement; (6) mensuration;
(7) loci; and (8) construction: They should also be organized around
such basic figures as: (r) the triangle; (a) the parallelogram; (3) the
circle, and so on.

IV. Developnitnt -of-elementary spatial insight, and tike habit of
noticing.geOmetric relations in three dimensions, and of comparing
such relations with those in a plane. (E.g., Are non- coplanar angles'
equal, if formed by pairs of parallel lines? How many perpendicu-
lars can be drawn to a line at a point? How should the angle be-
tWeen two planes be defined, and what question is raised thereby ?)
Such a development can be secured by discussion and generalization
of certain propositions or problems of plane geometry.

V. Sonic realization of the significance of geometry in humanaf-
fairs, both practically and culturally.
. VI. A clear grasp of what is meant by a deductive science; and
ability to apply the method of postulationall thinking in life situa-
tions not specifically mathematical.

Note. In the Grade Placement Chart, objectives V and VI occur
under Mathematical Modes of Thinking, but they are so important
that they are mentioned here under specific objectives for geometry.

Graphic Representation. In this grade the work in graphic
, represetetion may be restricted to a review of what has been
done preliously and to an extension in conrection with the so-

cial studies and science programs. Drawing of graphs in connec-
tion with simple equations may be considered an optional topic.

Algebra. A purposeful interweaving of algebra and geometry
may be accomplished by the following types of work: (1) the use
of algebraic symbolism wherever it is of advantage; e.g., the use

of letters to denote lengths, angles, etc., as a i it place of BC,

(...?) algebraic proofs of certain theorems, such as that of Pythag-
oras; (3) thew ems in mensuration in generalized form, such as
the law of cosines; (4) algebra in the numerous geometric the-
orems and problems based on ratio and proportion; (5) simple
locus problems; (6) equations involved in certain geometric

r,

I'
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theorems. If their use ij. desired in trigOnometry logarithms
-

may be taught.
Trigonometry. The study of similarity and proportion fur-

nishes a firm basis for the trigonOmetric functions. The subject
can be fuL.her related to geometry by deriving,the exact values
of the functions for .30°, 45°, and 60°, and brelpreiting the

. area of a triangle in terms of two sides and the included angle.
The law of sines and the law of cosines may be introduced.
Logarithms may be employed, but successful teaching of numeri-
cal trieonometry at this level is possible without them.

The Remaining Fields. The Grade Placemetit Chart gives
suggestions for the other three fields.that are shoivn on it,

THE WORK OF THE ELEVENTH GRADE\

The ply described in this chapter is compatible with the re-

cent effort of the College Entrance Exarpination Board and
other bodies to .get away from a .too rigid compartmental plan
of teaching matt-5105k, t ;cognizes that, with new outlooks,

mathematical cieri'tetila m. be organized along broaderilines
than in the past, and at the same time pay regard to both con-

tinuity and flexibility. The Grade Placement Chart indicates
,

that for the eleventh year in the present plan the central theine
is the extension of algebra and a systematic study of elementary,
trigononietry. The iwo subjects are correlated through the use
of the function concept as a unifying bond. Many of the topics
of algebra begun in earlier years are extended. Reviews,should

be provided in these topics whenever they are needed.
Number and Computation. A better understanding of the

number system will result from the study of irrationals and an
introductory consideration of imaginary numbers, whicl will
form part of the more extended and detailed study of algebra.
Emphasis on approximate compittation is suggested by the study
of logarithms and especially by their use in the trigonometric
solution of triangles. The writing of numbers po as to employ

indicated powers of io can be correlated witlework in science.

f 1

.

cr.
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Finally, the theory of the slide rule may be explained; computing
machines, as well as various tabulating devices, may be discussed
informally, primarily for informational purposes.

Geometry. No new work in geometry is conternplated, but
tlltbre is occasion for Considerable review in connection with the
work in trigonometry.

Greiphic Representation. Instruction in grapllic representa-.
tion can be carried on in connection with: (t) a consideration
of more complicated statistical data than had been used previ-
ously; (.2) linear and quadratic functions; ( ) solutions of equa-
tions; (4) graphs of the trigonometric functiot

Algebra. Throughout the work in algebra the t t,ction con-
cept should be continually stressed. This can be dorie--.\dvan-,
tageously in connection with the study of tables, gr4Shs,,,...
formulas, and equations. Important phases of the work in alge-
bra are: (1) review and extension of basic concepts and opera- aim

t i9111 S ; (2) a study of linear anthquadratic functions, together
with the solution of numerical and literal equations of the first
and second degrees in one unknown; (3) the solution of sets of
equations involving two unknowns, including simple sets of ,

second degree equations; (4) a detailed study of exponents and
radicals, with the solution of simple types of radical equations;
(s) a study of logarithms and the slide rule; (6) the solution of
simple typts of exponential equations, such as those that arise
in common problems involving compound interest; (7) a gen-
eral study of formulas, their transformation, and, in simple cases,
their graphic representation; (8) types of variation and their
mathematical expression; (0) arithmetic, geometric-, and bino-
mial set ics; tm h time permits, a brief introduction io statistical
pt ocesses and formulas; (I I) significant applications of the pre-
ceding topics,

Trigonometry. Suitable topics for inclusion ;11 trigonometry
are: (1) definition of the six functions for the general angle and
the reduction formulas that occur therewith; (2) basic identities
invoking a single angle, ( 7) the add'tion formulas for the sine,



96 --Eifteenth Yearbook
4 ,

cosine, and tangent; (4)-double-angle and half -angle formula's;
---(5) the law of sines, the law of cosines, and the law of tangents;

(t) solutiim of triangles, incliding problems on heights and dis-
tances; (7) components and resultants; (8) work with simple
identities and trigonometric equations; (9) field work. (Some
of the work indicated may be postpo&d to the twelfth year,
such postponement being especially desirable if 'the algebraic,
work of the ninth year did not include all the topics suggested
for that year. Topics in trigonometry that could be deferred are
the addition formulas,.the double- and half-angle formulas, and
the law of tangents.)

The Remaining Fields. 'The 6rade Placement efrrNives
suggestions for the other three fields.

THE WORK OF THE TWELFTH GRADE

Instruction for the twelfth year should make possible the
rounding out of the mathematical picture developed during the
earlier grades and at the same time give preparation for future
work for those who will continue their study of the subject. In
the present plan, work for the rar consists of a unified course
from the fields of advanced algebra, solid geometry, analytic
geometry, trigonometry, and differential calculus.

Number and Computation. The work includes (r) a review
of the number system through irrationals, with emphasis on
clear concepts and on an millerstanding of the laws of operation;
(2) use of the polar as well as the rectangular form for writing
and operating with complex numbers; (;) use of the derivative
for the determination of approximate errors in computation.

Solid Geon!elry. Since the pupil now has his first opportunity
for systematic study of three-dimensional geometry, the work
should include the usual theorems and applications, particular
attention being.given to the relation of lines and planes in space,
and to the 1)101)(1 it's and the measurement of prisms, pyramids,
cylinders, cones, and spheres.

The basic formulas of mensuration can be established in the
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customary way, or by the use of such theor,:ms as that of Cava-
lieri and the Prismoid formula. Much attention should be given
to the visualization of spatial figures and relations, to the repre-
sentation of three-dimensional figures on paper, and to the solu-
tion of problems in menswation. The latter problems offer
opportunity for correlation of solid geometry with arithmetic,
algebra, and trigonometry. Part of the importance of the geome-
try of the sphere comes from the new perspective that it makes
possible.

Analytic Geometry. The analytic geometry included is de-
signed to show the power and the generality of the analytic
method of treating geometry and to give the pupil 'the basis that
is needed for som.: of the work in analyiis. The study should
dea briefly with the straight line and the circle. The work on
the straight line should include the slope-point form and the
two-point form, with the necessary preliminaries. It should also
embrace work on parallels and perpendiculars, with related
applications. The work on the circle should include the stand-
ard form for the equation and redirtion to that form. Locus
problems leading to straight lines and circles should be intro-
duced when possible. It may also be possible to include a little
work on the parabola and the ellipse:

Graphic Representation. Further instruction in graphic rep-
resentation will come through: (:) graphic solution of equations;
(2) representation of complex numbers; and (3) use of loga-
rithmic paper (optional).

Algebra and Differential Calculus. The work from algebra
and differential calculus embraces: (r) a study of rational inte-
gral functions of the nth degree, including synthetic division,
the remainder theorem and the factor theorem; (2) relations
between the roots and the coefficients of an equation; (3) Des-
cartes' rule of signs: (4) determination of irrational roots; (s)
permutations, combinations, and simpler cases of probability;
(6) introductory study of differentiation, limited to polynomials,
with applications to slopes, maxima and minima, rates of
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changes, velocity, acceleration, and related problems. Topics
from algebra that may be taken in addition to, or in place of
some of those mentioned, are:" a brief treatment of com-

pound interest and annuities; (8) further work in statistics.
Trigonotnetry.. After a review of the work of the eleventh

year trigonometry some of the following topics can be studied:
(1) radian measure; (2) periodicity of the trigonometric func-
tions, with applications toioscillating physical quantities; (3)
inverse trigonometric functions; (4) identities and trigonometric
equations; (5) DeMoivre's theorem. (Topics (2), (3), and (5)
may need to be omitted if some of the work in trigonometry for
the eleventh year is postponed to the twelfth.)

History and Correlated Activities. Supplementary readings,
projects, and' activities that require some maturity are within
the reach of students during their twelfth year. Such activities

can contribute materially toward creating a lasting impression
as to the nature and scope of mathematics.

12 It is to be noted that the College Entrance Examination Board's Description
of Examinations, edition of December, tg3F1. says of Mathematics Gamma (the
most searching mathematics examination offered): "The examination will contain
no questions on determinants, simtiltaneous quadratics, scales of notation, or
mathematical induction." In this Report these topics are sugges:ed as possible

extra ones for truly superior pupils, with a caution about including too much
material at the expense of thoroughness. See p. 146.



,

CHAPTER VI

A SECOND CURRICULUM PLAN

"The teacher will. find he can interest the pupil in it quite
well by beginiiingWith the old-fashioned four quarters of
the globe, and coming round to the child's own parish by
way of Africa and Zululand."

- MATTHEW ARNOLD, GENERAL REPORT FOR 1878

INTRODUCTION

VARIOUS arrangements of instructional materials, are consistent
with the broad principles set forth in Chapter IV, and it is not
to be expected that any single type of curriculum will be ac-
cepted by all schools. Principles for curriculum construction
must be interpreted in accordance with the conditions that af-
fect the schools of a given community, and conditions may differ
markedly from one locality to another. The plan outlined in
the preceding chapter, perhaps with modified emphasis on some
topics or with minor rearrangements, should suit the needs of
many schools. On the other hand, substantially different plans,
such as those evolved experimentally by various leaders in sec-
ondary mathematics, may be preferred by some administrators
and teachers. It is, of course, undesirable even to attempt to
outline all the different plans of organization that are consistent
with the principles of curriculum building previosly discussed,
and that may be adapted to the needs of diverse school condi-
tions or objectives. 'the Conimission will, however, describe in
this chapter a second plan for organizing the curriculum mate-
rials for grades 7 to 12.

The chief features of the present plan are as follows. In the
ninth grade there is to be a course in general mathematics in-
volving a more extensive consideration of arithmetic than in the

99
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foregoing plan, both as to processes and as to applications. In
the tenth year there is to be offered a course in demonstrative
geometry which is quite comprehensive, but which should never-
theless appeal also to many pupils who do-not plan to go to
higher institutions. The eleventh year is to be deVoted to a sub-
stantial course in algebra. In the twelfth year the-pupil may
select from a variety of courses, described later. In each` the
grades to to 12, important topics of earlier courses are revie 'ed,
use being made of algebraic processes 01 geometry and geometric
problems in algebra.

In the case of largei schools the plan includes in addition
(luring the ninth year a course in algebra, intended especially
for pupils who expect to follow a profession that requires con-
siderable mathematical training, or who prefer such a course.
In the tenth ;ear such pupils will take the work in geontietry

\
referred to above. In the eleventh year a third term of algebra
is to be provided for them, and a term of elective work is to be

\chosen from such cOurses as are available for the work of the
iwelfth year.

In the description of the work of the different years nothing
is said as to modes of thinking, habits, and attitudes, of histori-
cal backgrounds, or of correlation with life situations and other
school activitiestopics discussed somewhat. in the preceding
chapter. What was said in that chapter, as well as the entries
on the Grade Placement Chart relating to such matters, can
again serve as a guide for the program that is here described.

A few comments of a slightly pedagogic character are made in
order to clarify some of the suggestions.

TII 1VORK OF THE SEVENTH AND EIGHTH GRADES

Arithmetic. The contemplated work in arithmetic, including
the applicati(ms. involves only the more common concepts, prin-
ciples, and techniques. For example: finding the interest on a
stun of money for a whole number of years, but not for a frac-
tion of a year specified by two dates; simple discount, but not
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the value of an interest-bearing note, discounted before due, the
nature and functions of corporations, insurance, and taxes, but
only simple calculations in connection with the problems that
are given.

Geometry. The work in geometry is designed to give an ac-
quaintance with the figures mentioned in Chapter V. It also
gives some related numerical work, and instruction in the draw-
ing of figures. It does not, however, provide training in discov-
ering or testing theorems;, nor give practice in using relations
that involve such topics as \congruence, parallel lines, and spe-
cial kinds of triangles.

Graphic Representation. As described in Chapter V.
Algebra. The work in algebra is assumed to be limited to the

writing of formulas and simple relations. Since many teachers
feel that interest in algebra is not stimulated, but may be de-
stroyed, if pupils are required to use algebra unnecessarily, it
follows that, in a restricted course, the emphasis should be upon
training pupils to express in symbolic language rules they are
using rather' than upon systematic substitution in formulas.
Work with negative numbersif included at allis suppost.d
to be limited to their meaning, and to their addition, with no
attempt at teaching the other operations.

Trigonometry. Figures are to be constructed to scale, and
proportions are to be used to find lengths; but no work with the
trigonometric ratios as such is contemplated.

THE COURSE IN GENERAL MATHEMATICS FOR THE
NINTH GRADE

The work suggested here for the ninth grade is a composite
course consisting of arithmetic, graphic representation, algebra,
trigonometry, social mathematics, geometry, and logarithms. A
brief description of the content of each of the 'subjects follows.

Arithmetic. Fractions, mixed numbers, decimals, and per,
cents are to be used frequently, so that the pupil will increase
his skills. Work on mensuration is to be reviewed and extended,

e

A
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not merely as a way of giving computational practice, but also
for the purpose of calling attention to geometric forms and their
uses. Units from the metric system are to be used. Per6entage

reviewed and extended, especially as a means of showing how
use of equations reduces the number of rules and techniques

mat must be learne4 Work in bookkeeping is suggested, even
if only to a sufficierivxtent to show the nature of debit and
credit entries in simple accounts. Approximate numbers, sig-
nificant figur,i, estimating results, and shortened methods of
multiplying are hicludeci as preparitory to the work with trigo-
nometric ratios. Applications of arithmetic are to be extended
to include such topics as per cent of error, medians, and weighted
averages.

It is recommended that Myticular attention be given to social
problems that include,more stens than those encountered in the
previous grades, even though each step he a simple one, empha-
sis being placed on' the problem as a whole. for example: In
earlier grades the pupil might find the cost of io tons of coal at
$8 a tor), or the interest on $4,000 at 5% for 7 years. Such prob-
lems are unrelated. A typical ninth grade problem is: "Ohat is
the monthly cost of a house valued at $5,000 if money is worth
4%, if the insurance is 48 cents per hundred dollars, if the owner
used 8 tons of coal at $9 per ton, if repairs amount to $102. and
if depreciation, at 21A% is allowed, all the expenses mentioned
beingon an annual basis?"

The number and variety of occupations has increased so
greatly in the last decade that it is no longer possible to have the
applications of arithmetic include samples from every type of
activity. Regardless, however, of how the pupil will some day
earn his living, he will always be a citizen and a consumer of
goods and services. Hence there should be an earnest effort to
include in the instruction in arithmetic many problemi based
on activities and interests of the ordinary citizen. Compared
with practice in the past there should be much more work in-
volving such topics as home-owning, mortgages, taxes, install-
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ment buying, insurance, investments, automobile expenses,
debts, risks, health, food, budgets, building and loan associa-
dons, cooperative enterprises, and the like. The. mathematics
teacher should use such topics not merely as material for com-
putations, but because an understanding of them inVolves.quan-
titative-relations. He should be fitted to discuss many of them.
The information that the pupil receives may be more important
than the benefit to be derived from the computation. The Com-
mission recognizes that the immaturity of the pupil will prohibit
an exhaustive study of the topics suggested, any of which might It
considered further in grade 12, as suggested later in this chapter.

Graphic Representation. There can be work in the construc-
tion and interpretation of pictograms, broken line graphs, bar
and circle graphs, and graphs of formulas of the types:

y = ax b, y = (ix% x,y = k.

Simple c es of the converse problems of fitting such formulas to
data c also be considered in some cases.

Al a. The work in algebra that is suggested as part of the
ninth grade course in general mathematics is very restricted, in
so far as technique is concerned. It is centered around such
aspects of algebra as the following:

(r) The use and interpretation of signed numbers.
(2) Algebra as a language, that is, the use of symbols to express.

ideas.
(7) The meaning and importance of generalizing a proklem and

its solution.
(4) The use of equations to solve problems which cannot be

solved easily by arithmetic.

Instruction under (*s.1 should include not only the writing of
formulas, but also the writing in mathematical symbols, or a
study of the meaning of such statements as: "When adding sev-
eral numbers it is immaterial which numbers are added first."
"The increase in profits was not proportional to the increase in
sales." "To find a quotient correct to n places carry the division
to n places."
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As an illustration of instruction under (3) one can contrast

the problem, "Host/ many gallons of water must be added to io
gallons of a 12% solution of an acid in order to. change it to a
g% solution?', with the problem, "How many gallons of water
must be added to g gallons of a t% solution to make it an s%
solution?" Many teachers believe' that such problems, slighted
in the past because of assumed difficulty, illustrate one of the
most important'' uses of algebra. By omitting less .importint
stork, it should be possible to give adequate instruction in such
questions.

The complexity of the equations to be considered under (4)
should4be determined in general by the nature of the problems
that are to be solved, though' it is to be remembered that some
work with equations of greater difficulty is usually necessary in
order to make sure that methods are well learned and adequate
skill is acquired. A consideration of problems suitileile for the
couirse, from which the "answer known" type is eliminated,
will show that the equations are not more complicated

2.4 = I.2X, .0932y = 1.67, n .8n = 4.6o,

;-3a 5 =
4 2

r 7

5 12'

.03p + .06(4500 P) .05(4500),

h2 16 = too, 5tv2

The literal equations which arise in the problems of general-.
ization are not likely to be more complicated than

nx = s(x a), ax+ b(s x) = cd, a = b x

x

In the equations above no algebraic .technique is involved be-
yond multiplying, as in b(a x); factoring such an expression
as ax bx; and knowing that the statement nx = a implies that
x =7- a /n, where a and n may be any quantities, provided n o.

It is not expected that the solutions of literal equations will be
checked by substitution, for such an operation may involve more
algebraic technique than is contemplated.
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The subject of ratio.. and proportion should not be =slighted,
but should be used extensively in connection with similar fig-
ures, or for comparing two areas, two volumes, two gears, or
two levers, as a means of arriving at some desired relation.
This wurk includes a study of the connection between propor-
tions and direct and indirect variations.

The study of dependence will. be made more fruitful by
emphasizing that an equation such as L = 2t + 1 is not merely
a formula for L, showing how L changes as t changes; but is a
relation between two variables, from which either can be found
whenthe value of the other issubstituted.

It is assumed that exponents will be used chiefly in stating
formulas that involve squares, cubes, etc., and in writing. num-
bers in standard form, such as:

45,600 = 4.56 >,< 10, .0000456 = 4.56 X to-b.

The work on radicals is supposed to be limited to .using a
table of roots of integers from t to too for instance and making
such changes as:

VW) 4 5 =
8 4

3 av.

5 5.

The arithmetic process of finding a square root should be re-
viewed; interpolation should be studied; the Pythagorean rela-
tion should be used, -but only experimental testing of it need be

Considered, since even the simplest proof involves a more thor-
ough study of triangles than is contemplated in the geometry
work; the formula for the area of a triangle in terms of its sides
(Heron's formula), and other formulas involving square roots.
may be included.

To avoid misunderstanding it is to be noted that the proposed
algebraic work does not include systematic study of the fol-
lowing:

(1) Multiplications of the types

42 5x', (x 2)(x + 5).
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(a) The four operations with fractions.
0) Factoring, except that of ax bx.
(4) Sets of equations, of quadratic equations, except equations

such as d2 i6 = ion, and 5x2 = 13.
(5) The "answer known" type of problem involving ages, coins,

time-rate-distance, etc.

It is of course not implied that teachers should not go beyond
what is outlined if the preparation of the pupils and their abili-
ties and Interests warrant it.

Trigonometry. As a basis for work in trigonometry, there
should be, scale drawings, with consideration of similar triangles
and ratio of similitude. The three ratiossine, cosine, and
tangentare to be defined, and instruction is to be given in the
use of tables to four decimals, with a tabular interval of 10,
interpolation being to a tenth of a degree. It is not contem-
plated that relations between the functions be studied, except
the relations cosA sin(go° A), sinA = cos(go° A).

Other Topics. As mentioned elsewhere in this Report,- op-
portunity should be taken to give the pupil an appreciative
knowledge of the historical background of mathematics, and
efforts should be made to develop those attitudes and habits of
thinking discussed in Chapter III. As observed earlier in this
chapter, suggest' ns made in Chapter V can be utilized. In addi-
tion to such wo k, some classes are ableif too much time is not
required to str gthen the arithmetic work of previous grades
to include one r both of the following. topics:

(1) Geometr When this study is undertaken, the chief objects
should be (a) impart certain information about geometric forms,
and (b) to ill strate the natt're of postulational thinking. The two
objectives sho ld not be separated; each week's work should show
progress tows both goals. Assuming that the work is spread over
fifteen or twent lessons, the second objective can be reached by pre-
senting a sequen e of theorems, each depending upon and derived
in a logical manner rom some previous general statements. It is,
for example, possible begin with congruent triangles and advance
to a proof of such the rems as: "The base angles of an isosceles tri-
angle are equil,"The sum of the angles of a triangle is 180," or
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some of the theorems about parallelograms. The possible variations
are quite numerous.

(2) -Logarithms. When this subject is included, instruction should
he carried so far that four-place tables can be used with ease. Many
teachers believe that such work is of more practical value to many
pupils than much of the algebra which has been taught in the past.
In order that pupils who have received imtruction in logarithms
might continue to use them, it would be well if all high school books
in mathematics contained a table of logarithms: In connection with
their study of logarithms, pupils can be given information about
slide rules, even though they might nut use them systematically.

Remarks. The general matheinatif. course of the ninth grade
may be characterized as follows:

(1) It aims to correct those weaknesses in arithmetic which
may arise because some of the work of the lower .grades has been
deferred to later years.

(2) provides the training in arithmetic, graphic representa-
tion, alg,bra, geometry and numerical trigonometry that the
pupil will need vhile still in high school in such subjects as
physics, chemisti y, economics, and shop. work.

(3) It affords a fairly broad mathematical training and out-
look; and it is suitable for all pupils, unless the school is
equipped to offer two distinct mathematical programs in the
ninth grade.

THE COURSE IN ALGEBRA FOR THE NINTH GRADE

The course in algebra that the present plan contemplates for
larger schools, in addition to the course in general mathematics,
can include such topics as the following:

(1) Equations:
(a) Linear equations with fractional and decimal coefficients.
(b) Literal linear equations.
(r) Sets of linear equations in two unkno,wns.
(d) Sets of literal linear equations in two unknowns.
(e) Quadratic equations, solved by factoring, by completing

the square, and by the formula. When the roots arc irra-
tional, checking may be omitted.

(f) Fractional equations leading to linear or quadratic equa-
tions.
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(g) Radical eqiiations not more complicated than 2 Vx ,nct 3.
(h) Dependence and variation, including work on finding

an equation from data concerning the. variables.
(2) FUndamental operations with polynomials: Practice must go

beyond the immediate needs so that pupils may acquire confidence.
and facility.

(3) Factyring: the type axe bx c.,.
(4) Radicals: the work 'being limited to using a table of roots of

integers from 1 to too, for instance, aTI making such chahges as

a40 = 41/TE, 4/5- -
8 4 V5 5

The arithmetic process of finding a square root can be reviewed.
Interpolation in tables should be studied. The ythagorean relation
should be assumed and used. The formula for the area of.a triangle
in terms of its sides and other formulas invol ing square roots can
be-included.

(5) Graphic representation: It is expected t tat less time will be
spent on the construction and interpretation f statistical graphs
than on the graphs of equations such as y ax b, y = ax2, xy
k, x2 4_, y2 =

(6) PrOblems: It is expected that this course will include a wider
range of algebraic problems than the course in general mathematics.
Problems about coins and ages, and other problems in which the
answer must have been known before the problem was formulated
are useful in developing skill in writing equations. Further, the re-
strictions stated above in (1) should not unduly restrict the material
for problems or the methods by which a problem is 'solved, but it is
important that the pupil should know that the purpose of such
problems is merely to give practice and experience in the use of al-
gebra, For example, the problem of finding three numbers such that
one number exceeds twice the first by 5, and the third is 4 more than
the first, the sum of the squares being 121, may be solved by writing

x2+ (2x + 5)2 + (x + 4)2 = 121,
or by writing,

y = 2X + 5, Z = x+ 4, x2 + y2 + ze 121.

Although sets of three equations, one of which is a quadratic, are
not mentioned in the equations int(r) above, nevertheless the pupil
who has acquired the idea of substitution can solve this set, and can
profit from a study of such sets. In fact, the pupa should be encou
ayed. to use this methodtsince it is based on writing as an equation
a given relation between quantities.
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(7T` Formulas and generalizations: Since this bourse is for a special

grou.p of pupils, it is expected that much of the extremely simple
w that has found its way into many courses can be omitted, such
as finding the cost of some sugar at 6¢ a pound by using the graph
of the formula c = 6p. The formula should be treated as a summary
in a general form of a relation between Variables. The significant
problems should be studied in a general form (the so-called literal
problems, mentioned on page to.1), the formula being then regarded
as a solution of-a generalized problem.

(8) The trigonometric ratios: In case considerable time is neces-
sary at the beginning of the course to correct for deficiencies in
arithmetic, it may not be possible to give any instruction on the
trigonometric ratios. Otherwise it should be included..

THE WORK OF THE TENTH GRADE

The work proposed for the tenth year consists chiefly of
geometric material, an(' hence is best described as a course in
geometry. It involves, however, more algebraic and trigo-
nometric applications than has been customary to give in the tra-
ditional geometry course. Accordingly, the year will carry fort
ward the work in the various mathematical fields discussed in
Chapter IV. If the work is suitably organized, it should be of
high value to pupils whrber they had general mathematics or
algilera in the ninth year, and irrespective of whether they go
to ollege. A reason for believing thathe course may have con-
siderable appeal 'comes from the fact that geometry touches
human experience in a variety of ways, and in ways that can be
made clear to young peopleespecially if the informal geometry
of the earlier grades has sufficiently kindled the imagination.
The pupil's experience with geometry may now be successfully
rounded out by seeing the subject developoa_into a great logical

What Was said in Chapter V concerning the tenth year can
set %e as an approximate description of the content and general
plan of the course. The chief change that the Colirse proposed
here devotes less attention to at ithmetic and algebra and corre-
spondingly nwre lime to geotneti y. The lists of theorems ac-
cepted as satisfactory for the former course may he regarded as
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merely minimum lists here. It seems reasonable to affirm that
the more theorems a pupil actually has at his command, the
more effective will be his work. Consequently the lists referred
to should be supplemented when possible by other useful theo-
rems. In particular, it is recommended that the course include
work dealing with the length of a median; the length of an angle
.bisector in a triangle; the areas of inscribed and circumscribed
triangles, squares, and hexagons, in terms of radii, apothems, cr
sides.

It may be mentioned that the theorems last mentioned and
Heron's formula provide excellent material for mensuration
problems employing algebra. In connection with the Pythago-
rean'theorem, time may we be gien to a review and exten-
sion of the work on radicals. Such-changes as

2
(a o)

and the method of solving such equations as

2
a2, and 2x2 = a2

should be taught. The work on proportions need not be limited
to the usual derivation of a proportion from similar triangles,
but, in connection with a review and extension of the corre-
sponding work of the ninth grade, can include inverse propor-
tions, proportions considered as a special type of dependence,
applications from science, ind other useful problems. The work
on similar triangles will give the pupils a better understanding
of the trigonometric ratios; the problems need not be restricted
to the very simple ones used in the ninth grade.

Although some of the mensurational aspects of solid geometry
have always been treated in the lower grades, there is still dis-
agreement as to how much solid geometry can he introduced
into a course in plane geometry. Undoubtedly abler pupils
profit by seeing- .ante of the theorems (,f plane geometry ex-
tended thtough a consideration of related situations in space.
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Three-dimensional illustrations can be introduced safely when-
ever the pupil's understanding of plane figures.is thereby deep-
ened or supplemented. Such work cannot, of course, take the
place of the thorough.treatment that is demanded by engineer-
ing schools;. and considering how. little can be done, it would
seem better in the course here contemplated to devote any avail-
able time to algebraic work, or to the use of non-mathematical
material illustrating deductive thinking. The latter type of
work adds to the appeal of geometry, and will undoubtedly in-
crease in amount in the future.

THE WORK OF THE ELEVENTH GRADE

A systematic course in algebra is offered in the eleventh year
for those pupils who had the course in general mathematics in
the ninth year and also the course just described for the tenth
year, and who continue their mathematical education. Since
these pupils are definitely more mature mentally than ninth
grade pupils and are somewhat experienced mathematically, the
present course can be made more thorough, and can cover more
topics than the algebra course previously described (which was
planned for larger schools to offer in the ninth grade for certain
pupils). It can, in fact, include essentially what is now coin-
ntonly designated as intermediate algebra.

The course should consider more. difficult cases and problems
than are appropriate for tht"! nintb grade course, and in addition
to the topics in the outline on pages 107109 it can include:

(r) ;additional work on equations:
(ay'rileoreins about the sum and the product of the roots of

quadratic equations, and the condition for equal roots.
(//) Extraneous roots Of radical equations.
e ) Exponential equations, sin 11 as 3T = 69.
(d) Systems consisting of a linear and a quadratic equation,

and simple cases of two quadratic equations.
(f.) Graphs of quadratic equations.
(1) Problems leading to equations of the trite,' considered.

(2) Additional work on fundamental operations. The work
should contain mote inol% ed exercises than those in the ninth
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grade, as, for example, operations with polynomials in which terms
contain fractional and negative exponents.

(3) Factoring: the types axe bx ax + ay + bx + by, a3
b3, a3 b3, and expressions reducible to these types; the factor
theorem.

(4) Radicals; rationalizing denominators; geometrical material
involving radicals. ,

(5) Negative and fractional exponents; logarithms; applications
involving more extensive computations 'than those of the ninth
grade.

(6) Trigonometric work, includ'ng the use of four-place tables.
(7) Arithmetic and geometric progressions, with some applications.

to finance; the limit of the sum of a geometric progression when
<
(S) The binomial theorem. (If this is included, some emphasis

should be on the use of fractional exponents to derive approxima-
tion formulas. Finding the rth term, and related problems are of
slight value to the pupil at this stage)

No study of imaginary or complex numbers is suggested. This
implies the omission of all quacifatic equations having complex
roots.

Students who had in the ninth year a course in algebra (such
as is recommended as an option in larger schools) will now re.
suite the study of this subject after having had the tenth grade
work in geometry. It should be possible for them to cover in
one semester the new topics listed above, with the inclusion of
projec is related to the main studv.1 In the second semester of
the year they can take one of the courses described below in
connectitin with the trot k of the twelfth year.

.1 If E %M1& OF Tit E: 'r VF :LI°I'II GRADE

tinder the plan of this chapter there is offered in the twelfth
year a semstet's Tenn k in ea( h of the lcitir subjects: trigonometry,
solid gel v, so( ial.economic arithmetic, and college algebra.

umu., the use of supplementary materials. a remark is in older.
It is undvsuahle to use titles that tend to magnify topics that may he piesented
in a sets limited focal. I or instance, it is an exaggmtion to say that our is
traclunt.1 stmistics if he is miely Rasing pupils thaw distiihntion graphs and
find medians. Sonic' instruction in central tendency and dispersion at least should
he !minded hufore the title staiistici is justified.
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Itjs, of course, not expected that any one pupil will take all the
courses, though, as indicated above, some pupils will have taken
one of the courses in the eleventh year, and can accordingly
cover two more of them in the twelfth year.

. .

Two of the courses can be regarded .at.'quite ,special, namely
the course in college algebra -and the course in solid geometry.
As the name implies, college algebra is not a regular secondary
study, but universities and colleges are glad to have students
who intend to specialize either in mathematics or in one of the
mathematical sciences ready to beginthe study of the calculus
when they enter college. They can do this if they have had a
good course in trigonometry and sufficient algebra in high
school, and the advantage that comes to them is above question.
As to solid geometry, it is to be recalled that some instruction
in mensuration is given in the earlier grades, while a develop-
ment of elementary spatial insight was suggested as a part of the
program for the tenth year. Accordingly, the thorough treat-
ment of the subject that is described for the twelfth year may be
desired only by pupils who expect to attend an engineering
school that requires it for entrance, or who wish to specialize in
mathematics, or who have felt a strong appeal in classic Eu-
clidean geometry.

Both te coarse in social-economic arithmetic and the course
in trigonometry should have a wider appeal than the two courses
just discussed. So far as the course in social-economic arithmetic
is concerned, it needs merely be noted that it is especially de-
signed to provide instruction recognized as important for the
large group of secondary pupils who will not go to college. On
the other hand, if some work with the trigonometric ratios has
been given in the ninth grade, the pupil will already have ac-
quired an appreciation of their importance, though he has had
too small an amount of the subject to say that he has studied
trigonometry. Since ,the trigonometric ratios hold the key to
the solution of so many problems, trigonometry is a highly cul-
tural study. A pupil may forget the details of computing inac-
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cessible heights and lines, mid of resolving forces and velocities
into components, and he may lose his skill of combining several
forces into one force or several velocities into one velocity; but
if over a peKiod of several weeks he has hail extensive work with
such problems, he-will have a lasting and intelligent idea about
one very fundamental kind of scientific work. just as the theo-
rem of sines, the theorem of cosines, and the theorem of tangents
are essential for "practical" problems, so the formulas for the
functions of the stun and the difference of two angles have a
touch of the appeal of modern mathematics in its most aesthetic
form. Finally, the almost 'endless identities that can be set for
proof afford an example, perhaps unrivalled, of how rich may
he the consequences of a small set of simple, wisely selected
propositions. Every teacher of trigonometry has heard enthusi-
astic comments upon rhe rich significance of the subject, from
pupils many of whom were not specializing in mathematics,
and also from people whose school days arc past.

Trigonotne;ry. In the full semester that is contemplated for
the work itr t, igonometry there should be time not only for
many applied problems, but also for strengthening any neg-
lected or weak parts of the pupil's earlier instruction in algebra.
The work slit nild he so well done that it will not have to be
repeated in college. The suggested outline is:

(z) Ploblems requiring extensive calculations with four-place
tables.

(2) Functions of anv angle: functions of 3o° and 45° and their
multiples; the construction of angles when one function is given;
the determination of the other ratios from one ratio; the reduction
formula; the graphs of the functions and their periodicity; the in-
verse functions.

0) Functions of Mo or more an les,
(4) Properties of triangles; tic law of sines, of cosines, and of

tangents, the halfangle foulurras; formulas for the radii of the in-
scribed and circumscribed circles. for altikudcs, medians. angle-
bisectors, and areas; NE(Al wc idcs cquation4 and other checking
formulas. The pupil should acquire «ifisidralde skill with the alge-
braic manipclations of the formulas and not merely a reading
acquaintance with them.
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(5) Identities and equations. This work is invaluable to the
pupil who wishes to improve algebraic facility, and it should be
spread throughout the course.

(6) The use of algebra and geometry in troblems such as the fol-
lowing:

(a) Fin:ling the functiyrrs'7) , 75', IV, and 36°, as a
means of reviewing radicals and work on quadratic equa-
tions.

(b) Geometric proof of many of the trigonometric re'ations.
(e) The derivation of formulas which solve an entire class of

problems instead of one specific problem.
(7) Radian measure with applications.
(8) Optional topics:

(a) Complex mumbers.
(b) DeMoivre's theorem and the roots of utity.
(c) The components and resultants of vectors.
(d) Polar coordinates and the graphs of simple polar equa-

tions.
(e) Instruntents used in surveing.

Solid Geoynetry. Attention has already been called to the fact
that a semester course in solid geometry call be regarded as some-
what specialized, but the Commission would mention some sig-
nificant and sometimes forgotten merits of the study.

(1) The traditional course in solid geometry known as Book
VI not onit; contains certain theorems about linvs and planes;
it also offers an opportunity to enlarge the pupil's grasp of
postulational thinking by a more tlum nigh treatment of con-
veses, inverses, and contrapositives of theorems (and the rela-
tions betWe01 them ehts), of net essat v and sufficient conditions
(a topic that is seldom onsidet ed its plane geometry), and of
indirect proofs; other topics of %aiuc arc lineand-plane dual-
ty, and point-andplane

(2) Time is ()ppm (unity lot considerable algebraic work that
may strengthen abilities the student will need later in parts of
calculus. The them ems about ft list Inns and spherical segments
givc a good opp unit\ fot a tat (qui re\ ie of tadicals, raticmal-
iiation of denotninatots. radical equations. and the manipula-
tion of somewhat complicated algehraic expressions. For a re-
1,1CV of literal equations that ate exet( ises sit( h as: "Express
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the lateral. area of a right -circular cons as a function of the
altitude and the eadius of the -.base." "If the eight edges of a
regular pyramid with a square base are all equal, express the
length of an edge in terms of the total area,,

(3) There is opportunity\for computational work with use of
logarithms. The problems should afford practice in organizing
and presenting a somewhat long piece of work such as: "Find
how..many inches of rainfall are equivalent to the water from a
hose through which the water flows for an hour at the rate of io
gallons per minute, and spreads..oveca. circle .whose radius is 12
feet."

?!

(4) In contrast with plane geometry;; where the pupil con-
structs drawings with compasses and straightedge, the figures of
solid geometry afford opportunity for the teaching of freehand
sketching, which is so valuable to future architects and engi-
neers, and is a worth-whik: accomplishment for other pupils.
The straightedge may at times well be laid aside and the pupil
be required to practice drawing as in the art class.

(5) The work on to can be very instructive, particularly the
part that has to do with the use of coordinates.

(6) Although Cavalieri's Theorem and other means can be
used to derive many of the formulas on mensuration which
would otherwise involve a study of limits, some introduction to
the notion of limits can at times be included. Such work will at
least show the pupil the nature of certain difficulties in measure-
ments and how the mathematician hasforertheii.

Social-Economic Mathematics. This course is a half-year study
designed to acquaint the pupil with certain problems of modern
society from a quantitative pOint of view. It assumes that the
pupil has completed the work suggested for the ninth grade, but
he may not have taken the work of the tenth or eleventh grade.
It should be, especially valuable to pupils in the commercial
courses and to tlu e who ex4)ect to study the social sciences later.
Many of the topt are to a certain extent repetiti ns o iiar
wo,k in the ninth grade, but it is expected that, tcc use o the
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lapse of time, the pupil will need a review. Moreover, on ac-
count of their greater maturity, pupils will be able to grasp
more advanced concepts and also do more thorough work.

In the ninth grade many of the topics are,.presented largely
from an informational point of view; here it is expected that
more emphasis will be placed upon the quantitative aspects.
Since schools have only recently begun to experiment with this
type of work, only suggestions of a qUite tentative character can
be made as to the possible contents of the course.

(r) Measurement and computations; degree of accuracy; approxi-
mate numbers; significant figures; short ways of multiplying and
dividing; logarithms; computing machines.

(2) Such review of the fundamental operations with fractions,
decimals, and per cents as may be necessary; practice in organizing
and presenting problems that may involve only arithmetic, but that
are more difficult than those of'the ninth grade.

(j) The simpler ideas of statistical methods, considered early in
the course so that the subsequent topics may be subjected to mathe-
matical analysis as far as possible.

(a) Construction of various, types of graphs, including those
with logarithmic (or ratio) scales on one axis.

(b) Frequency tables; various types of averages and means;
scatter diagrams.

(c) Measures of central tendency and dispersion; correlation.
(4) Index numbers. Their construction and use in connection

with commodity prices, real wages, cost of living, business cycles, etc.
(5) Household budgets: the per cents spent on food, clothing, and

shelter at various levels of income; riipeetivc.. enterprises.
(6) Installment buying: reasons' for apPirent high rates of inter-

est; influence on business cycles; advantages and disadvantages.
(7) Investments: stocks, bonds, mortgages, investment trusts; bank-

ing procedures; periodic accumulations and payments; cost of home
owning; annuities.

(8) Insurance: home, fire, theft, property, accident, etc.
(9) Taxation: property, sales, income, direct and indirect; the cost

of government.
( o) Topics involving national policies, such as crop control, price

fixing, social security, tariffs, foreign exchange, distribution of na-
tional income, etc.

College Algebra. The work in college algebra, which is likely
to be offered only by larger schools, assumes that the 'pupil has
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had more than average success with hi%previous work on Funda-
mental operations, exponents, logarithms, radicals, simultaneous
quadratics, and progressions. To obtain the full,benat from
it, the pupil should also be ab to detect and remedy any de-

.
ficiencies that may show themselvt. as his work progresses. Vor

example, he should be able to grasi the definitions and opera-
tions with complex numbers without tensive help in the class-
room. The work should be essentially he same as that in the
course with the same title2 taught in co eges daring the fresh-
man year, and should be so' well done hat the pupil can be
excused from the corresponding course i college. It is reason-
able to suppose that this is possible, sinc high schools can give
each week five recitations of forty min tes each for approxi-
mately eighteen weeks and the course c mes when the work in
algebra is still fresh in lit.: pupil's mind The course can include
the following topics:

(1) Permutations and combinations; probability.
(2) Determinants (second and third order determinants evaluated

by diagonals, higher order determinants evaluated by minors and by
inversions); applications to equations.

67) Theory of equations: the fundamental theorem; equations
reducible to quadratics; the factor theorem and the depression of
equations; pairs of complex roots; relations between roots and coef-
ficients; fractional roots; transformations of equations; the character
of the roots; Descartes' rule of signs; location of roots by graphs;
Ilorner's method of approximation.

(.7) Series: review of arithmetic and geometric progressions; har-
monic ptogression; the binomial theorem; convergence and diver-
gence. ,

(5) Mathematical induction.
(o) Undetermined coefficients.

In the place of the college algebra described above, some
schools may wish to offer a semester of mathematics not limited
to algebra. Such an alternative course would place less emphasis
on some of the topics mentioned above, or not neat all of them,

Since a large- numbet of (olle;.:es and unietsitie:Tnoide two different types
of algebra tour m.% for heshmen, the de%ignaf ion rollrgr algrbra no longer means
merely a course in algebra that is taught to college, but a particular course.
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and it would involve an int Ioduction to the elements of ana-
lytics, differential calculus, the mathematics of finance, and
parts of elenfentary statistics. Cultural courses of this type can
he made very valuable to all pupils, and, since survey courses
are beginning to appear in college, such a course might excuse
a student from a required colleke course, provided he did not
intend to pursue a systematic stiudy of Intithematics.



CHAPTER VII

THE PROBLEMS OF RETARDATION AND
ACCELERATION

"Undoubtedly, .philosophers are in the right when they
tell us, that nothing is great or little otherwise than by
comparison.

-JONATHAN SWIFT, GULLIVER'S TRAVELS

VARYING CAPACITIES OF PEOPLE

IT MUST SEEM incredible to many teachers that the statement
in the Declaration of Independence relative to equality should
ever have been given a meaning other than a political one, for
classroom experience shows that the abilities of pupils are far
from uniform. Jefferson, who wrote the celebrated words, and
who was a sincere friend of popular education, was quite pes-
sitnistic concerning benefits, of general higher education; his
scheme of education was in fact definitely selective. In the Con-
stitution the postulate of the Declaration finds no place, and
from the earliest days of the Republic schoolmasters and,school
teachers have striven with tl:e problem of the slow pupil and
the bright one. The dunce cap is not just a fiction of the
present day, for it actually was used both to frighten the able
but indifferent child into activity, and to punish, unjustly, the
truly backward pupil. Fortunately, the picture of the past is
riot all of so somber a nature,.and it is made more agreeable by
the recollection that scholarships for bright pupils are also an
old institution. Within recent years, indiscriminate assumptions
as to native ability and intelligence have been sharply called
into question by a number of psychologists, notably those of
the behaviorist school. The doctrines they pronounce help to

110
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keep a general balance in the problem of teaching, even in
the mind of a teacher who does not accept them but holds that
the effects of environment must be subject to distinct limits,
In the present chapter the hypothesis of a wide range of .aliil-
ities or capacities is frankly accepted, and the bearing it has
upon mathematics instruction is examined.

Although it is easy to be aware of differences of intelligence,
it is quite another matter to measure themand it is still an-
other question to devise proper administrative and instruc-
tional procedures to take account of them. It is only within
recent years that tests have been constructed to measure in-
telligence. Sir Francis MI MI is usually credited with the in-
itial attempts to measure intelligence because of the work he did
in England about 1885. When Binet was given the task of as-
signing children to a home for the feeble-minded in France, he
found that these children were unable to answer certain series
of questions that could be answered by normal children of their
ages. In this way he established tests for various age levels, and
he was led to measure intelligence by comparing the mental
age of a child, as revealed by the tests, with his chronological
age. Later Terman greatly extended and refined the procedure
of Binet, and in 1916 published the Stanford-Binet test, a re-
vision of which was made in 1937. Group intelligence tests,
first devised by Otis, are an important by-product of the World
War, and they are more widely used throughout the schools in
the United States than any other tests.

FUNCTION OF INTELLIGENCE TESTS

A good intelligence test is probably the best single instru-
ment at present known for measuring general scholastic apti-
tude. Nevertheless, some teachers who do not understand the
function of such tests and who have seen them used incor-
rectly, appear reluctant to avail themselves of this contribution
of psychology.

In some schools the tests have been carelessly administered
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and' badly scored, and the results have been unreliable. Ex-
travagant claims that have been made for the tests by over-
enthusiastic novices have also weakened their prestige, Terman
and Merilkti in Measuring Intelligence describe the function of
the tests as follows:t

The expression of test results in terms of age norms is simple and
unambiguous, testing upon no statistical assumptions. A test so
scaled does not pre.Lad to measure intelligence as linear distance is
treasured by equal units of a foot-rule, but tells us merely that the
ability of a given subject corresponds to the average ability of chil-
dren of such and such an age. This was all that Binet claimed to

.. accomplish, and one can well doubt whether the voluminous out-.
put of psychometric literature since his day has enabled us to ac-
compllsh tute.
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As a result of his first investigations, which are generally well
known, Terman divided 'school children into the following
three divisions:2 (a) superior group, 20",', of school population,
IQ above (b) average ou tior;, of school population, (IQ
from 90 to I to: (c) slow group, of school population, Q

1 Terrnan. 1.e is M. and Merrill. Maud A. Measuring Intelligence, 25.

Houghton Mifflin Co.. ilo.sion. 1937.

Mifflin Co., Boston, 1(03.
2 Tcrrnan, Leal. M. The Afracii lit Intiolligence, pp. 78.7g. 11 ighton
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below go. These early findings have been confirmed by many
later studies, including others by Terman, wherein he shows
that the intellectual differences of American-born white chil-
dren of ages 2 to 18 can be pictured as in the graph on the oppo-
site page." .

RECENT CHANGES IN HIGH SCI1001/0PULATION

The great growth of the enrollment in the secondary schools
of the country has been noted in Chapter I, where some com-
ments were made as to its cause. The increase in numbers has
resulted in a great change in the type of pupils who are ad-
mitted to the high schools. While formerly they came chiefly
from the tipper economic level of society, they are now re-
cruited front practically all levels. It is not true, however, that
the. high school is less of (1 preparatory school to any significant
degree than it was at the beginning of the century, for univer-
sity and college enrollments have practically kept pace with
high school enrollments.' This fact, interesting in itself and
often overlooked, does not mean, however, that the high school
problem has not significantly changed, for present data show
that it is not only the children of superior or average intelli-
gence who arc remaining in school beyond the elementary
grades. The opposite view is in fact indicated by such data as
the following. win( h show the approximate intelligence dis-
tribution of 2.211 children who entered the eighth grade in
Rochester, New York, September, 1938:

1Th, graph haNt'd cm data in Terman and Merlin, rit.. p. r. It gives
the distrifunion of the composite ccotes that show the IQ's obtained from two
forms of the revised -Ferman scales administered to a standardization group of
2 14 children of from 2 to iS }ears of age, expressed in terms of per cent of the
races, at ten point intervals.

4 Mans starisrics healing Q. the micstion can he found in the reports of the
I'. S. Office of Fdtuation: but it is difficult to tell just what figures one should
select, on account of differen«.s in classification. etc. It appears. however, that
hoth college enrollment .hroadlv inter p:eteti1 and high school enrollment are ten
to twelse times }Out then %%ere in moo. During the period of iqoo ro rcyr, the
high school population uas about file times the college population, and the
ratio is increasing somewhat.
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(.0 Superior Group 17% of 8th grade IQ i to or above
(2) Average Group 59% of 8th grade IQ from go to tog
(3) Slow Group 25% of 8th grade 1Q below go

There is close agreement between these figures and those of
the original Terman study, which was based upon unselected
groups.

In tit mathematics classroom the extremes in ability of
pupils stand out clearly. Probably several factors are responsi-
ble; but whatever may be the explanation it is certain that
mathematics teachers face a serious problem if they are to make
the subject both cultural and useful to the unselected mass of
secondary pupils who are nov in our schools.

In the ithmediately following sections of this chapter a dis-
clission will be given of general methods and devices that have
been employed to take account of the wide range of pupil
ability; in later s:ctions the question of adapting them to the
mathematics program is considered. Perhaps no other part of
the Report deals with a problem at the same time more im-
portant and more baffling. Many teachers who feel themselves
competent to deal with pupils of normal ability are perplexed,
if not in despair, over the question of instructing those of in-
ferior ability, while others feel that they are not providing ade-
quatelyfor superior pupils. Experiments are being carried on
in different school systems, but most programs of instruction
are still so experimental that feW results have been published.
Considerable difference of opinion exists c en on basic matters,
and much work remains to be done before some of the uncer-
tainties can he removed. This perhaps is a field in which the
personality and resourcefumess of the individual teacher will
always play a very important role. FeAz clear and trustworthy
signposts exist in this area of the educational problem.

PRESENT GRADE C,ROUPINGS

The onzanifati(m of schools into grades is for the purpose of
facilitating instruction. for system and arrangement are essen-
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tial in any school, especially in a school that deals with large
numbers. The old custom of attempting to retain a pupil in a
grade until he has successfully passed the Work assigned to the
grade is certain to bring together in the upper grades. of the
elementary school pupils of a wide variety of ages. Those who
barely pass the first grades are likely to fail soon, and their so-
journs in different grades will be prolonged as they proceed.
Just how great an assortment of ages would result if rigid stand-
ards were enforced has been shown by Coxe. Taking data from
many sources and using batteries of tests, he has shown by an
illuminating and unusual graph how great is the variation of
achievement in children of different chronological ages and at
different grade levels.'' One illustration will be given of the in-
formation that can be read from the griph of Coxe. The work
that is regarded as normal for the sixth grade can be done by
the upper quarter of all children at ages between nine years and
ten years six months. The next fifty per cent of the pupils, who
may in general be regarded as normal, reach the same degree of
achievement at ages ranging from ten years six months to fifteen
years. The remaining quarter of the entire group never actually
reach the sixth grade standard. A reluctance to have in the same
grade children of different ages has caused some administrators
to abandon almost completely the policy of requiring that a
grade stand uncompromisingly for a reasonable but definite
achievement. The resulting practice of passing pupils whether
they do good work or do poor work raises serious questions. In
the minds of many persons, including some pupils themselves,
it seems dishonest to pass to a new grade a pupil who has plainly
not done the work of the last grade, though he. might readily
have done so.'' It is clearly not within the province of this Re-

5 Cox. Warren W. Our Fill/ea/lona/ Prublern ac Revealed by Pupil Variabdily.
A mimengrapliil publiiation of the Division of Research, State Educational De
partmeni. Albans. N. V., mi.:.

"A .trout; :mark upon the lam ii(f. has been made hs John I.. Tildslev. in The
AfountIng Waste of the American Secondary Schonl. flarsard University Press.
1936.
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port to debate the merits or demerits of the new policy; but it
is to he noted that when it is carried out there is a wide spread
of achievement in the upper grades, with increasingpfticulty
of instruction.

ABILITY GROUPING

It is difficult to say when aiid where efforts were first
made to achieve homogeneous' ability grouping in different
grades; but in t 920 lIetroit,i among the large cities, became
prodiinent for diiding pupiiis into superior, normal, and slow
groups, the groups beingcolled the X, V, and Z grodys respec-
tively. The practice and designations have been taken up in
other school systems; in some cities separate schools have been
est4blished for slower pupils. Since slower pupils give rise to
serious problems me account of failure, it is natural that more
solicitude should, be Manifested for them than for superior
pupils who, because they' succeed well with their work, cause

no comparable problem for a school. ecently, however, there
has been a tendency to emphasire the importance of making
really adequate provision for the most able pupils. Since it is
fi ow this class that leadership in all phases of life Must come,
it is a responsibility of the school to see that its pupils have their
poweis fully developed and their interests fully awakened in a
wide vat iety of actin ides. The siie of the school determines the
school years in thigh the lot illation of such groups as the X,
Y, 7. groups can be caviled un with success; in some systems it
has been carried thiough all the %ears of the high schools in
certain subjec ts.

Iborcp4encons gtoupiin2 has nut always led to satis-
f.n tot V testi]: Some of the failures Il1.1V have beet) due to in-

adequate 1e«),2,nition by administrators ;111(1 tea( bets of the
fact that extensixe adaptations of insttuction are necessary to

site cess. In some instances the plesclihcil (muse of study,
the ( halm let of the standatds. tht. subject matter chosen, as
well as the methods of r:tilting. hart' been too neatly the same
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for all pupils. Since ability grouping allows a teacher to work
with a homogeneous group, it is possible to adapt instruction
to a class as a whole. No competent teacher will complain of
a class, all members of which are able and industrious. If the
material taught to agroup of slow pupils is wisely selected, and
if due attention is paid to ways of arousing their interest, and
to methods of instruction, satisfactory results should be possible
with such pupils. The belief that it is well to have a few:
bright .pupils in eery class because they will serve as a spur to
the others has been overworked as an argument against
ity grouping; it is in fact a spurious argument. The pupil
who can inspire others effectively is tine whom they recog-
nize as being somewhat comparable to themselves and who :
obviously doing well. In order to -raise the level of general
achievement we should have in our classes a few pupils who are
'flndustrious and interested in their work, but whose abilities
are comparable to the abilities of the other members: it is
neither a genius nor even a brilliant student that is required in
every class. When groups are approximately homogeneous, it
is possible to adapt subject matter, methods of teaching, and
standards of achievement to the needs and capacities of the
individual pupils. When superior pupils are segregated, the
teacher can devote the entire class period to developitz, their
abilities unhampered by the time-deinanding errors of the dull.
Segregation, wisely administered, gives to the slow pupil a
chance to distinguish himself in his own group, and this is
beneficial to his mental health.

After considering very carefully the data that now exist with
regard to ability grouping, Coxe wrote as follows:7

The contribution of research studies tends to give some evidence
that, at least in traditional subject matter, pupils make more de-
velopment under a system of ability grouping than under other
systems of grouping. . . .

Coxe. Warren W. "The Grouping of Pupils." Thirty-fifth Yearbook of the
National Society for the Study of Education, Part I, p. 309. Bloomington, Illinois;
Public School Publishing Co., 1936.
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The trend of the argument in this yearbook . . . is that much

higher achievement may be expected when pupils are properly
grouped. The highest intellectual developments can take place only
when pupils are placed in such situations as will challenge their full
capacity.

This is a temperate statement, but it is a better endorsement of
ability grouping than an over-enthusiastic eulogy would be. In
the lines quoted it is not stated that abilities of a group should
be somewhat homogeneous, but the context leaves no doubt
on that point. On the question of challenging the full capacity
of pupils, which is emphasized by Coxe, one can return to the
.thought expressed above, that another person can stimulate us
effectively if we know we can do as well as he, provided we make
full application of powers.

When funds permit, it seems to be the tendency in the lower
grades to enroll 25 pupils in slow classes, 35 in average classes,
and .lo in bright classes; in the high school the average class sizes
are smaller. Some administrators,' however, make the group of
average pupils larger than the broup of bright pupils, which
tends then to he still more selective."

It has been found that a cumulative record of a pupil, with
entries supplied by his successive teachers and accompanying
ris progress through school, furnishes data that are invaluable
in assigning hint to the section in which he will do his best
work. Since pupils differ not only in abilities but also in experi-
ence, industry, interests, health, and amount of knowledge
accumulated (which may not be proportional to mental capac-
ity), and since all these factors influence his future success,
vat ions types of information should be entered on his record.
In addition to intelligence rating. the record should give such
other facts as actual results obtained in achievement tests,
especially in mathematics and reading, teachers' judgments as
expi essed in school marks, age, physical defects and general
health, special abilities and interests, vocational plans, eco-

" Co \c, (If) (i1.. p t3.
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nomic status and occupations of the parents, and linguage
spoken at home.

Adjustment of standards of performance to the abilities of
the different sections raises both educational and psychological
questions. In some schools achievement marks over the entire
marking range, for example, A, B, C, D, E, F, Inc., are awarded
to pupils in all the groups, marks being then frankly relative
rather than supposedly absolute in character. Under such an
arrangement a pupil in the Z group may obtain the highest
rating and one in the X group the lowest. his of course abso-
lutely essential that the school record show the type of sec-
tion in which a pupil was enrolled, and it is equally important
that the matter be made clear in transcripts to colleges or in
reports to possible employers.

What has been said assumes that sectioning has been a
recognized practice of the school, systematically provided for
by the administration. When this is not the case a close ap-
proximation to it can be carried on by teachers themselves in
case there are two or more sections in the same subject. Thus
if two sections in mathematics meet at the same hours as two
sections in some other study, a division alongtability lines can
be carried out, though of course compromises will have to be
made in the placement of some individuals. When this pro-
cedure is resorted to it may be that the school records will not
show the type of section in which a pupil has done his work,
and the perplexing problem of grades for differentiated sec-
tions will arise. Efforts may he necessary to prevent an able
pupil from going into the slower section because of the ease
with which a high grade can he won in it.

It is to be remarked that sotne school systems have abandoned
ability grouping. after having experimented with it. Some-
times it is stated that the procedure is undemocratic, and that
a social or psychological stigma attaches to membership in the
slowest group. The Commission does not believe such reasons
to he sound, though it clearly recognizes the difficulty of plac-



Nr

130 Fifteenth Yearbook
ing pupils properly and is aware of difficulties of administering .
the nrogram successfully.

OTHER METHODS OF CARING FOR ABILITY DIFFERENCES

When the number of pupilS in a grade or the enrollme t in
a subject is too small, it is not possible to carry out the se ega-

tions previously discussed. Nevertheless there are prose re
by which differences in ability can be allowed for, either by
teachers in the method of conducting classes, or by the school
through the provision of what is sometimes called an "oppor-
tunity room."

Where all the work of a pupil is with the same teacher, it is
possible to approximate ability grouping in some studies at
least. Appropriate divisions can be carriel out hi grades seven
and eight if the pupils in these grades do not have different
teachers for different subjects. It is probable, however, that two
rather than three groups should be provided for in any one
study. fi

Wheu pupils reach the place where they go from room to
room for instruction under different teachers, differentiated
assignments can still be carried on, but difficulties may arise
unless the planning is carefully clone and vigilance is exercised.
One procedure is to have pupils study the sante general topics,
with assignments adjusted to their varying alertness and
powers. Perhaps the most feasible method of instruction is to
have a common element for all pupils in a day's. work, with
extra assignments for the abler group. The extra work given
these pupils should not be merely more of the same material
given the rest of the class, unless it calls for a distinctly higher
order of understanding: the general aim should be to develop
a greater breadth as well as more complete mastery. The extra
work must of course he checked by the teacher and carefully
appraised. and assignments must be handed in frequently. Reg-
ular days may he set for the two sections of the class to meet
separately (in the same room if necessary), the abler group for
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discussid of their spetial material, the othe gruup for further
considerat n of what is required of them, at for retiews. At
such times %.ritten work can be provided lo the group that is
not having discussion. Efforts should also tie made to have the
.stronger group carry on work in special meetings by themselves.

Some teachers report that they have been successful in divid-
ing class-es into as many as three groups, using different texts
with the different Coups, quite as if there had been a section-
ing into distinct. classes. Undoubtedly a very competent teacher
would be required to conduct a class in such a fashion, and the
procedure tends to put considerable responsibility upon he
pupils. No one will deny that at least on the surface teaching
reaches its. al when the teacher adopts the general practice
of helping pupils to instruct thowselves: the question is one of
tt,e chaarter of the results obtained. Methods of "progressive
education" call for such a teaching procedure, and difrerenti-
ated assignments when fully individualized proceed in much
the same icav, with pupils having a voice in deciding the stand-
ards they wish to attain. Under such circumstances a class meet-
ing is often quite unconventional, and to many teachers it
sometimes appears disorganized. Tq what extent highly in-
dividualized methods of instruction can be used profitably in

blic secondary education will probably long be a subject. of
debate. Success will depend not only upon the teacher but
upon Ahe size of the class and the personnel that. comprise it.
Neither a general endorsement nor a broad disapproval would
seem to be justified.

In the opportunity room, or the adjustment room as it is also
called, pupils are given a chance to make tip deficiencies in a
spec i fir subject, such as mathematic . .\ good teacher, relieved
of sonic regular ins:ructional duties. should be in charge of the
room. Pupils are assigned to the room bv teachers of regular
(lasses fur slum periods of retnedid work. Such treatment is
especially useful I'm pupils who have been absent. for transfers
from (niter schools using difiet cut courses of tudy, and for
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pupils suffering from special disabili4es. Since the work is
largely individual a teacher may diag ose difficulties quite
accurately and apply proper remedial trea ment; on the whole
the plan is a better one for remedial work tan for presenting
new material to a slow pupil, as there is no the benefit of a
class recitation. The plan can become some% hat expensive;
but it can be the means of preventing many fai res, and fail-
ures are still more expensive.

Provision of special instruction for superior pupil' ..)y a plan
similar to the opportunity room as here discussed will be men-
tioned later in the chapter.

CHARACTERISTICS OF BACKWARD CHILDREN

Pupils who are designated as "dull normal" usually have n
intelligence quotient between 7o and go. In this section atte
tion will be limited to this group, for the defective children,
whose intelligence quotients are below 70, are not often found
in the mathematics classes of the secondary school, and they
constitute a special problem into which this report cannot
enter. An explanation should be made concerning the reason
for using the intelligence quotient (IQ) rather than the educa-
tional quotient (EQ), a measure found helpful in certain con-
nections. Although there is a high correlation between the two
measures, the group of pupils with low EQ's includes bright
and average children who merely will not work, and some who,
because of physical reasons, are unable to do so. Since such
bright children may be present in considerable Autnbers and
since they have great possibilities of success when they exert
themselves or have their disabilities removed, general conclu-
sions based upon children with low EQ's may be erroneous.
For this reason, it is the child with the low IQ and not the child
with low EQ who will he considered as backward in the present
discussion.

In order to deal successfully with backward children a teacher
must first of all know some of their traits From an extensive
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study Schorling has formulated the following general conclu-
sions about the dull normal pupil:°

r. The dull differ from the normal not in kind but in degree.
2. As regards sensory and motor capacities the dull are not far

from normal. .

3. With respect to instincts and emotions also the dull approach
much nearer the norms than they do in intellectual traits.

4. The higher mental processes differentiate the dull. from the
normal and the bright.

This lack of system in the minds of the dull greatly limits the
amount of transfer of training.

It is very difficult for dull pupils to detect an absurdity in an
illogical statement.

The dull pupil is extremely weak in forming associations be'
tween words and ideas.

Dull pupils are limited with respect to imagination.
The dull have an inadequate memory.
The association of factors, an important element in recall, is

weak.
,;Most important of all, the dull pupil has difficulty in general-

izing.
Then, too, the mentally limited pupil is weak in evaluating

his efforts.
5. Dull pupils have a short attention span.
6. The problem of the dull normal is fundamentally one of

mental health.
7. The dull pupil's responses are less reliable than those of the

normal pupil.
8. Experiments as regards relative amounts of play are as yet

meagre but seem to indicate that the dull children play le than
the normal.

Q. The dull normal usually responds well to responsibility for/
little extra jobs than can be delegated to him.

n. Though the difference between teachers is greater than the
difference between school subjects, in traditional secondary schools
Latin and algebra hold the unenviable distinction of being the most
difficult subjects for the dull normal pupils.

tr. The curve of growth toward a specific maturation under con-
stant environmental influences appears to be the same for the dull
as for the bright.

0 St /lolling. Raleigh. The Terhnique of Instruction for Dull Normal Pupils,
pp. 15 35. Buicau of Educational Reference and Rest. rch, Ann Arbor, Michigan,
'934.
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Not all backward children will possess all these deficiencies

in equal degrees; but no teacher can read the list without hav-
ing his desire strengthened to reach this group of pupils more
effectively. An awareness, of such specific traits as .those given
above. should make it possible to select appropriate material
and carry.. on instruction far more successfully.

se Other investigators who have worked on 'the problem have
published important findings. Thus from a study of the growth
curves ft r a number of childrm in learning the tasks in algebra
as measured by the Butler and, Breslich tests, Beck conchides,10

"The data support the fact that the slow group grows `in the
same proportion as the fast group though on lower levels of
development." If the aim of teaching is to help pupils .improve
and to aid them in reaching the, state of ur derstanding acid
achievement of which they are capable, such a pronouncemet4
as this should not go unheeded.

There is another very important aspect of the problem that
must 'be considered before a decision is mad as to the programs
suitable for backward pupils. Burt, the E lish psychologist,
in an exhaustive study of the slow child" ,compared 400 back-
ward boys and girls each with a normal child of the same age
and sex attending the same schoo' He discovered that the
average intelligence quotient of the backward children was
approximately 78. But physical comparisons /ere equally strik-
ing. The backward children were on an Trage nearly .one
inch shorter. In weight, both the defective . nd the backward
were about three pounds below the standards. And, contrary
to popular belief, he found that slow pupils do not excel in
manual skill as a compensation for mental ability, but in this
as in academic work, they rank below the normal and the
defective.

In Beck, fiihiegarde. .4n Annivtis of the Relative. Achievement in Mathematics
of Sbae and Fact Groupt in Junior Iligh School I ere!, p. 48. l'npuhlished Nfas
ter's thesis. IThisetsity of Michigan. t913.

n Rim, Co,ril, The Pew/ward Child. pp. 155, 156, 267. 269. D. AppletonCen-
hay Co., Ncw York. c937.
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CHARACTERIS'I ICS. OF BRIGHT CHILDREN

Baku- .2rvedi2 that although the superior pupil may
be . the backward child, in responses to very simple
situations, the former has the ability to solve complex prob-
lems by creating and manipulating many a,sociations, a thing
the other child cannot do. Bright pupils enjoy abstractions,
as a general rule; they are capable of reasoning; they have initi-
ative, imagination, associative memory resourcefulness; and
they read with understanding. But much more than this can
be said of them: they wish to -make discoveries for themselves,
though after the discoveries are made they may be bored by the
practice that must follow if they are to retain what they have
achieved. Because of the dislike that bright children have for
practice, sonic teachers consider it unnecessary for them, and
omit it from their programs. The omission of such an impor-
tant aid to mastery is likely to be detrimental even to bright
children, for it may lead to failure or near failure, or at least
to a lessened efficiency.

It may be a surprise to many persons to know that statistics
show that, considering their niental ages, it is the superior
pupils and not the slow ones who often form the retarded
group in our schools. The competition of other activities, the
ease with which they excel in a heterogeneous group, the lack
of challenging work suited to their capacities and interests, the
agreement sometimes existing among pupils that a "gentle-
man's grade" is one given for low achievementall these factors
have resulted in producinga deplorable retardation on the part
of some of the ablest children. Such a condition should he cor-
rected; for since, it is from the abler pupils that leaders should
come, their years in school should he spent in serious prepara-
tion for the work that they will later do.

In his detailed study of the traits of the bright child, Terman

12 Baker. 'Harry. Charartarigtir Different-es in Bricht and not Pu fails,
School Publishing Co.. Bloomington. III., 1927.
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has found13 thahe gifted excel not only in intellectual traits,
such as originality, will power, capacity to persevere, sense of
humor, and common sense, but also in physical growth and in
general health, a .result in harmony with that of Burt, which
was mentioned above.

TEACHERS FOR BACKWARD. AND SUPERIOR GROUPS

When an actual segregation into X, Y, and Z groups can be
made there arises the important question of the selection `of.,,.
the respective teachers. t,.

There is a growing conviction that for the two extreme
*groups, for the slow .74 group quite as well as for the fast X
group, especially good teachersthough perhaps with different
traits-tare essential. This has not always been the case, for in
times past teaching dull pupils was thought to. mean little
more than entertaining them until they readied an age at
which they could legally leave school. This Mistaken opinion
often resulted in assigning stow classes to least successful
or the least experienced teacher, or to a teacher who would not
protest too much. The recent greater concern for the slow
group of pupils comes first from the knowledge that many
pupils in that group can do more than was formerly realized,
and second from a stronger impulse-to help 'them to the full
development of which they are capable. Thus to an increas-
ing extent slow classes are assigned to very skillful members of
the teaching staff. Under the teaching of such competent in-
structors backward pupils may do much, while. they would fail
to advance significantly tinder poor teaching, or actually de-
velop undesirable habits of behavior.

A chief requisite of a teacher of slow impils is a firm belief
in the worth-whileness of the enterprise and a conviction of
the possibility of success: no. teacher who thinks that the task
is futile should be so employed. Faith in the value of the work

Tertnan. Lewis M. Menial and Plasical Traits of a Thousand Gifted
dren, p. 65.1. Stanford University Press. Stanford. Calif.. 1926.
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will come from a study of the capacities of backward pupils,
for such study gives a knowledge of, what they can do and of
what is.beyond them; it also shows the way to awaken their
interest and keep them at their tasks. In the teacher there
must be' sympathy, there must be patience, and there must be
the imagination that will lead to the presentation of a topic
not just once and in one waya thing the beginning teacher
often regards as sufficientbut repeatedly and from different
viewpoints.

In order that their frill capacities may be developed, superior
pupils should have superior teachers._ The teacher should be
a distinctly: ntelligent person, and should possess not only
good social qualities but discrimination. Though such a teacher
should manifest an awareness of current problems and take an
interest "in. them, lie should also reveal a firm attachment to
those great underlying achievements and interests that give
dignity and nobility to human life. He should have a broad
range of information, and an extensive knowledge of the spe-
cial subject taught and its relation to. other fields.

The problem of controlling conduct cannot be ignored.
'Though the .backward child may desire to attract attention to
himself, his means of doing so are somewhat restricted. Since
he cannot arouse attention through really superior achievement
as a superior child can dohe may resort to some crude form
of exhibition. In order to be full master of the situation, the
teacher needs not only firmness but tact, and should seek to
make the simple tasks that are set for the pupils as satisfying

rfiltd?s enticing as possible. The occasional problems of dis-
ciplirie which at ise with both superior and dull children should
be seen to call for direction and guidance rather than domina-
tion. the aim being to develop intelligent selfdiscipline in an
atmosphere of mutual respect for character and worthy achieve-
ment Some of the elements necessary for teachers of backward
and superior pupils sec n to be natural inherent traits; but
study and training are \ CI V 1111pOrtant in developing these native
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abilities. The increased attention that the problem has recently
received in teacher training programs is an encouraging sign..

TEACHING PROCEDURE

Since it is now well known that children may be retarded in
school because'of physical as well as mental disabilities, back-
ward. pupils should have physical as well as mental examina-
tions, and the results of the medical findings should be followed
up. Children who have been classed as failures are often able to
make average progress by the correction of physical defects, for
instance by fitting glasses, providing adequate diet, transferring
to open air school, or removing diseased tonsils or adenoids.
But once it is ascertained that unsatisfactory progress is due to
actual lack of mental ability, special teaching methods as well as
special subject matter are indicated, and should be employed in
accordance with the special plan that the school is able to adopt.

Burt" gives the following advice to the teacher of the back-
ward pupil:

The whole type of instruction needs to be radically changed. . . .

Perhaps the most difficult point to bring home is that there is no
single method appropriate to the backward child as such. The es-
sential need is a teacher with an experimental outlook and adapta-
ble turn of mind. NVhat particular changes should be made will
depend in every instance on the underlying causes of the trouble:
hence the 'wain ke!, to success i., to vary and modify the teaching
until it fits the individual child.

Slow pupils, like very young children, learn best through ex-
periences with concrete things. They must handle, measure,
count, draw, make models, construct graphs, go on expeditions,
hear talks, sec pictures of things, etc., until the quantitative or
spatial characteristics or relationships to be taught are really
understood. After that the teacher may lead very gradually to
the abstrac t, yet urning frequently to the concrete to fix and illus-
tr :te generalizations. Slow children can seldom make generaliza-
tions or discoveries, except of the simpler kind. They profit

14 Burt, Cyril ca., p. 116.
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from detailed explanations and enjoy repetition of familiar ma-

. terial. The teacher must discover all the short' steps by .which
their slow minds must travel, and be ready to aid with all the
steps in sequence. Much of the natural vocabulary of the teacher
r 1st be put aside, in order,to talk in the everyday language of
the pupils who are being taught:

Reading difficulties form a special wAkness to be corrected,
and the teacher of the slow-learning will profit from a careful
study of books on the teaching of reading. If children can be
taught to read successfully, they can often -do matheG. mati
which they formerly did not understand merely because they did
not comprehend the meaning of the words in which the mathe-
matical concepts were explained. The matter of reading and
vocabulary, so necessary a consideration in all backward pupils,
is still more important in the case of those who do not speak
English in their homes.

Oral reading of mathematical material, which may well be
motivated by casting it in the style of a play, affords an excellent
point of departure not only for a discussion of the textbook but
also for the comprehension of the meaning of non-technical
words and mathematical terms. Newspaper clippings furnish a
continuous source for reading and discussion of quantitative
expressions, both technical and non-technical, as, for example,
the association of a tube of any kind with a cylinder.

The.span of attention of the slow pupil is short, and this fact
makes it essential that there should he variety within one period
and that the units of work should be short. Although abstrac-
tions present great difficulties to the backward, slow pupils
should be allowed to reason and discover in the realm of simple
ideas as much as they are capable of understanding. When they
are in a homogeneous group they often enjoy doing this. Since
it is with concrete material that they will be most successful, the
classrooms of slow pupils should be especially equipped with
rulers, tapes, protractors, compasses, squared paper, models, ad-
vertisements, and business forms. Slower pupils actually show
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ability in performing easy computations and in applying simple
rules that may be learned by rote. Their range of ability in
arithmetical computation includes work with decimal fractions
and common fractions as well as whole nutnbers.15

It is not necessary to devote as much space to. the discussion
the traits of superior pupils as was given to the traits of slow
pupils. This. statement is not meant to 'imply that methods and
means of dealing with such pupils are always well understood,
but, since superior pupils should be instructed by a superior
teacher, there should be in this type of instruction a meeting of
minds that have important qualities in common and a contact
of personalities with congenial impulses and tastes. Among the
pertinent characteristics of superior children may be men-
tioned: capacity of sustained attention with a consequent ability
to work with assignments covering several days, the power of
dealing successfully with abstract ideas, and a readiness in under-
standing applications of an advanced or difficult type.

A further word with regard to the function of practice seems
appropriate. Even though the superior pupil may be somewhat
rebellious with drill, and may be attracted more to ideas than to
manipulation, extensive practice is often necessary. It is one
thing to understand a process when it is explained, but quite
another to absorb and make it a part of one's working equip-
ment, ready for immediate use. Superior pupils should be able
to grasp the truth of this fact; a skillful teacher of course helps
relieve monotony by introducing variety. Although the back-
ward pupil may not grow restless with repeated drill,and may
even take satisfaction in a sense of achieveivnt. the teacher
must make sure that the pupil understands the reasons for what
he is doing. The teacher must also make sure that the pupil is
forming habits of correct response and is not drilling upon er-
rors, for the backward pupil is quite uncritical of his own work.

15 Potter. Mary .1 Study ,,f thr .Vade in Cmnputatinnal .4rithmrlic
by Children with Nigh rind Ifni. Intellicenre. Vnpublished Mamer's Thesis. Uni-
versity of Wisconsin. Ig3o.
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Reviews must be frequent, and there must be considerable

reteaching of baclArd pupils. To the slow child merited praise
and satisfaction in previous accomplishments are effective stim-
uli for new attainments. In this connection Burt observes:"

It is amazing to see what a patient teacher, who is prepared to-
make full allowance for such temperamental creatures and to plain
his syllabus along appropriate lines, can extract from this unprom-
ising material.

What has leen said above applies most specifically to the
teaching of the Z and X groups when X,' Y, I grouping is em-
ployed. When that grouping is not possible, and a plan .-)f
differentiated assignments is used, the teaching probleM is quite
different. One teacher must then deal with the whole range of
abilities; but a knowledge of the traits of abler pupils will help
in the problem of special assignments for them, and the reviews
suggested for the remaining pupils will give opportunity to deal
appropriately with the slower members of the class.

THE MATHEMATICS FOR BACKWARD PUPILS'?

The Commission has already expressed the view that mathe-
matics should be required through grade nine. It believes that
this amount of mathematical st.,dy is desirable not only be-
cause it is useful but because it helps in a unique way toward
intelligent adjUStillellt in the present -clay world. The programs
outlined in the two preceding chapters had in mind average
pupils for the lower grades (seven, eight, and nine), and able,
though not necessarily superior, pupils for the upper grades. It
is ne( ?ssary to consider now how the work suggested for grades
SUN cn, eight, and nine can be modified for backward pupils.

Although a great deal of further experimentation is required
to check results, the Commission urges that mathematics should

" Burt, Cs nl, op. cit., pp. 5.12.5.15.
I: I litou.4hont this section a hackwatcl pupil is regarded as one who has dif-

ht lilts with all his lies. Scnne of the temarks made do not apply to the pupil
hit whom mathemtns is a study of special difficulty, and who ?nay appropriately
be in a mathematics class ith the general slow 1110Ntng pupils.
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not be regarded solely' as a study of utility in the case of back-
ward pupils, with emphasis exclusively on problems they may
actually need to solve. It believes that for backward pupils as
well as for able pupils mathematics should be in part cultural
and informational. The future life of a backward pupil is des-

tined to he quite circumscribed intellectually, and even a lim-
ited background of appreciations helps make him a better
citizen. Such an aim seems practicable if proper material of
instruction is chosen and if there is good teaching.

Backx2rd pupils should not be taught only arithmetic,
--throrigli die mistaken belief that arithmetic is the simplest

mathematics since it is the most elementary. Parts of algebra
and geometry are simpler than parts of arithmetic; furthermore,
they mas,".be more useful and more broadening. Slow pupils
should be taught the simple parts of different divisions of math-

ematics.'" In all the branches of mathematics that are taught
there must a preponderance of concrete material and experi-
ence, abstrat parts being introduced slowly and with modera-
tion. A variety of subject matter can be successfully taught if it
is presented in concrete form, if it is properly motivated, and if
time is given for its mastery. NVithout too great an expenditure
of time the slower pupil can be taught the use of letters for
numbet s, evaluation of simple formulas, work with ratio and
prof tot don, the solution of easy problems, and the reading and
constrm tic))) of various types of graphs.

In gcomett v the. slow pupil can at least make simple drawings

and must' uc tions; he can recognize and enjoy geometric forms
in mimic, an t, and architecture; he can do considerable work

"Slallot\ tcpotts hat . in Ow a. .1 whole. it mathematits is taught to
thildien in the ninth glade. it take. one of the toini. radio traditional

al4chl ;I with toweled standards: (2) modified algebra; (3) reiew of arithmetic or
luiineNN arithmetic; (I) shop mathematics: 151 some type of geneial mathematic3.
Ills own re«imitiendation is that "the material taught should be so:called gen-

e ral including social uses of arithmetic, practice in computation,
simple all ehr;.. geometry, and numerical trigonometry." See Nfallory, Virgil,
-1.ithematoN for the slow Pupil." The Mathrtnatics Teacher, November, t933,

3,11 398
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with mensuration; and lie can make scale drawings., In some
instances a little work- in simple geometric demonstration can
be done: Elementary work with trigonometric ratios can be
done by many bac kwain piipils if enough time is given to it.

As Anatter of significant information that will help form an
intelligent outlook on life,.slow pupils can appreciate something
of the role of mathematics in ci ilization through the story of
numbers and the history of Incas rement. Use of simple mathe-
matical tools and inspection of more complicated ones con-
tributes to thie same cud. Slow pupils can experience a widen-
ing of conceptions by taking part in trips to inspect the uses of
mathematics in buildings and in industrial plants. The; read-
ing vocabularies can be sufficiently developed for them to appre-
ciate and understand the quantitative expressions commonly
found in newspapers and magazines. If the school is equipped
with a good mathematical display and the mat el nil in it is prop-
erty explained, the backward pupil may gain a greater insight
into uhf' role of mathematics in ( ili/ation than is sometimes
suspected.

An outline of work for grade:, 7. 8, and y that tallies out the
ideas set forth above is given in a :hart as Appendix VI. A
course for slow pupils that is on the whole in agreement with
what has been said here has been repotted by Eisner as having
been made by The Association of Tcacheis of Mathematics in
New Volk Citv.t:' It is built mound low large topics. with sub-
divisions as shown below:

I. 'rho Social iTes of Arithmetic
Recreational and leisure at ti \lilts.
Health activities.
Thrift.
Investmentk.
Keeping and interpreting omits.
Paying- taxes.
Providing lin- future needs and elm-igen( u'.
Sol ing miscellaneous fatnil% economic plohlents.

Fisner. " l hr rhallunge of the Yow Pupil:. The MI4themattes Teat-111,r,

\ul \\\11. pp 9 i."1".11, 1939-
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II. Interpretation and Visualization of Quantitative Data

Learning of concepts of commonly used quantitative units.
The comprehension of very large and very small numbers.
The use and interpretation of tables.
The construction and interpretation pf graphs such as found

in newspapers and magazines and relating to safety, budget-
ing, social trends.

The drawing of simple inferences from statistical facts.
\J

W. The Uses of Geometry
The appreciation of geometric forms around us;
Measurements of lengths, angles, areas, volumes with instru-

MentS.
The concept of approximate nature of measurement.
The solution of direct mensurational problems as applied to

familiar objects in
Indirect measurements including scale drawings and simple

numerical trigonometry.
Construction of simple geometric figures with instruments.
The experimental discovery of common geometric relation-

ships.
The locus.

IV. Algebra as a Tool of Thought
The use of the formula in geometry and arithmetic.
Signed .numbers.
The extension of at ithmetical operations to include literal

numbers.
The solution of simple verbal problems with linear and pure

quadratic equations.

The outline of Appendix VI or that just given could safely be
followed by a school system which does not wish to build its
own program. ExperimentP1 programs of various school sys-
tems have been described more or less fully by different
writers." In some cases they ate onnet tett with vocational
work, at least as a means of motivation.

MATHEMATICS FOR SUPERIOR PUPILS

In deahng ith brighter pupils. especially in the lower grades,
opinion has been di% ided concerning the advisability of enrich

°'In an .ifinic. "An AdjnNted Culdothim for the Dull Nottoal Pupil." Occu
fritto,n, Vol. XVII. pp. 31 3q, octolter, 1938, Math P. Coo, lepoits on ptogt.tnls
tot ten how titles in the tountty.
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ing a course by additional topics and teaching the essentials while
accelerating the pupil's progress through school. Because hil-
dren appear to develop more naturally and have better mental
health if they are in classes with children of approximately their
own age, and for other reasons as well, administrators recently
have appeared to favor the plan of keeping bright children in
their owit age groups and providing for them an enriched pro-
gram of studies that will challenge their capacities.

Although the two programs set forth in earlier chapters had
in mind average pupils through giade nine, they were quite
complete, and some optional material was indicated. By using
special works on enriching mathematical instruction,21 and by
referring to somewhat exhaustive textbooks, the teacher should
have no difficulty in providing for the needs of either a uni-
formly superior class, or the Superior members of a class with
whom some plan of differentiated assignments is being em-
ployed.

The programs given for the upper years in the preceding
chapters were themselves quite extensive, and it is not likely that
additional material will be needed except for very able pupils.
One way to provide for special pupils is to direct them into
parts of analytic geometry and the calculus that were not sug-
gested in the outline; a high school library should have text-
books that are necessary for this purpose. If such instruction
is not desired, superior pupils can be given a broadened knowl-
edge by study of some of the following topics:22

In geometry
The notion of continuity.
The three famous problems of antiquity.

21 A work esperiallv to he noted in this «mticitin is Emu hrri Tenritiug of
Mailtermitirc in the lintior rind Senior High School%, 1)% Maxie Na%e Woodring
and Vera Sartfool. reised edition. litireali of Piihlitations. Teachers College,
Columhia ix 4- 133 pp (13g. The various compilations in this hunk
ran he of the givatest usr to the mathernatus teat her.

I he mints are taken largel horn lists til Edit/citing Supyrrtn .Students, pp.
)97.19R; American Book Company, New York, or;;. A manlier of the topics given
in the %sork referred to ale found in the outlines of previous chapters in this
Report.
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Parallelism and infinity.
Non-Euclidean geometry.
Higher dimensionality.
The theory of limits.
Study of the foundations of geonytry.

In algebra
Generalization of the function concept.
Maxima and minima problems.
Mathematical induction.
Elementary number theory.
Scales of notation.
Determinants.
Statistical theory.

In trigonometry
_Spherical trigonometry.
Applications to astronomy and navigation, ...

An opportunity room for superior pupils is helpful for indi-
vidual and special study, and has been provided by some schools.
When this means of guidance and aid is not a% Fable, the
problem of dealing with the special study of super tor pupils
becomes a responsibility of different teachers.

Other types of mathematical and related readings than those
mentioned are possible,2 and able pupils can also be given in-
structive activities in connection with mathematical clubs and
school publications. For all such projects to succeed it is neces-
sary to have the school library properly equipped.

It is not desirable to extend study to new topics at the expense
of thoroughness. Pupils with able minds often believe the quick
perception that comes to them is complete understanding, when
it is not. In an earlier chapter of this report it was stated that
mathematics is an admirable study to reveal the great difference
between superficial understanding and mastery, and mastery
was indicated as an objective of education. Able students
should be guided into the habit of thoroughness, and dilettant-
ism should not be encout aged. Many parts of mathematics

23 The work of Woodring and Sanford. cited on p. will he found quite
as useful in the matter of bibliographies for the upper grades as for the lower
ones, as its title indicates.
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must be repeatedly reflected upon and must be considered from
many viewpoints before they ale adequately understood. Shni-

larly, many of the processes must be employed again and again
before they can be assimilated and used with the readiness that
a skillful person manifest:;. An immature mind may Lind much
glamour in what is new, but the trained mind expel iences great
satisfaction in penetiating more deeply and searching fur un-
suspected relations among familiar things. Some students go on
to university or college with a wide vat iety of topics in tuathe-.
tnatics studied in high st 'tool but with limited insight ,:ind inade-
quate technique. A sealhing question hew-11(os, and an in-
volved problem is beond them. Although it is imperatke that
high school prow anis should pro% ide plenty of material for able
classes or for able students in indinaly (lasses, the input rant e
of thmoughness should not he toigotten. However filth it mav
be necessarS to relax how this ideal in the case of pupils %yid,
moderate abilities, it should he kept ((instantly helots those who
are superior.
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CHAPTER VIII

MATHEMATICS IN THE JUNIOR COLLEGE

"I put them aside to finish ater in the year, and in the
meanwhile, deserving, as I tho ght a little real restful lux-
ury, devoted myself to Differen ial and Integral Calculus."

DE . ORGAN, IN.JOSEPH VANCE

DEVELOPMENT OF THE JUNIOR COLLEGE

THE rapid spread of the junior college reminds one of the devel-
opment a century ago of the high school after its first appearance
in 1821 as the English Classical School of Boston.. Although the
junior college is especially prevalent in the West, its origin is to
be found in the East and the Middle West. The Bradford (Mass-
achusetts) Junior College and the Joliet (Illinois) Junior Col-
lege both date fro./1902, and of the junior colleges now oper-
ating, they are aoioarently the first institutions to bear the title.'
Today there are more than 550 juni4olleges in forty-four
states and the District of Columbi<California has 57; Texas,
38; Iowa, 37; and Oklahoma, 32-. As to origin, two classifications
are to be noted. In the first place, some four-year colleges which
were not especially flourishing have contracted their programs
and concentrated on the first years of college work.2 In the sec-
ond place, junior colleges as such have been founded, both as
private institutions and as public schools. Of the private,schools
some are denominational and some are not; of the public schools

1 The school in Bradford had existed for a century and that in Joliet for a
year before the present names were adopted. See "Junior Colleges," Bulletin,
1936, No. 3, U. S. Office of Education. Washington.

2 In this connection it may be noted that President Harper of the University of
Chicago, who is often referred to as the lather" of the junior college. gave no
less than six reasons why a small ineffective college should drop senior work and
become a junior college. Cf. "Junior Colleges," Bulletin, 1936, No. 3, U. S.. Office
of Education, NWashington, p. 19.
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some ale supported by a city, some by a district, and some by
a state. No small number of junior colleges have closed their
doors, and on the other hand some have merged with standard
universities or colleges, or have been roe- rganized as four-year
institutions.3 Although junior colleges are organized differently,
some'giving only one year of work, and some having preparatory
work connected with them, a decided majority of them are two-
year institutions.; With increasing general public support the
junior college is rapidly becoming an important part of the sys-
tem of public education; and, if present trends continue, it will
constitute the thirteenth and fourteenth grades of the public
school. Thus, it appears appropriate for this Report to deal
with the junior college :A falling Within. the field of secondary
edacat iOn.5

The recent tendency of the secondary school system, as here
conceived, to expand upwards has created a somewhat new
viewpoint toward the entire question of the readjustment of the
administrative organization for earlier 'years. Although the two
most common types of organi7ation for the elementary and oom-
plete secondary school system arc at present the 8-1-2 plan and
the 6-3-3-2 plan, it may he that neither of these plans is the one
that will most generally prevail in the future. at least in many
cities. There are-strong advocates of a ti- 1- I plan. an organiza-
ti(m iii vhich there arc six yeal'S of elementary school, four years

/b/4 . l)p. 17. 18. Ili. 22. ,11111(a cif 111C 111.41111(10W that have closed were
founded before the litadfool and the loltet schools. and the bulletin referred to
nralscs the tollosing st.itntent. %%lot tl shows the ittipossibilit of any perfectly'
act orate ;mount: -"start% 11.1e blossomed and died before their names could be
tnsrobed in any College chtettot v."

. 4 At Orli111); NI illniC)I ( .11C1.;( 1)(11.1 (tit ,. 01. (tic .1))I,rittin iscmjaiion of
!frill. their. ate at 1)te51 tit log t %so %ear schools.

5 f hc.titir.timi %%holler the ittmot should or should not be regarded as
p.ot of the set ()tidal% sdlool %%stein has 14111 Iliac 11 rih.ord. Arguments COr and

ton (.1) he found In [cll.. /he bowl> CiLiptr XXI
ton Thfilln (4). pro 1 ht. t.omnt in the Itt is Clut inlendrd 10 align the

"tiott.41s on the alhintatir. idr. of the tplestion. vho prefers
Co (14115)41(.1 the 111111()1 «.11(1.;t. as 4 MistItIll I tn.! L!r(r fr lather than secondary
edm.loott.s.iss lie I. rya de.posrfl In !ors% the matte' nI tettinnologr,.
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of high sc ktool, and four years of junior college or college. It is
not within the province of this Report to go into the advantages
and disadantages of such a plan,° The discussion deals only
with Ic'twoetir type of junior college, which, separated com-
pletely from a high schooloffers woi k only for grades 13.and
1.1. zt(ited before this is the most prevalent typcof junior
college. On the other hand those junior colleges that constitute
the lower di% isionsof universities are also not under considera-
tion. [Low the programs of such institutions should resemble,
and how they should diffq. front. the plograms of strong inde-
pendent junior colleges is an interesting and important probkn,
but (Inc %%inch c annot plopelly be gone into here.

I.I'NCI()N OF TIIE JUNIOR (:(rt.I.EC;r:

The itmior-collec,re plays the double role of a terminal school
and a pi eparatot v school. As the most advanc-ed part of the see-
otidar system it offers an educational term II llS for many stu-
diblits that is comparable to college graclu.nion of a century ago.
As a preparatory school it provides for ntlit..r students the tptc-
liminal v training tecjuired for entrance into: the upper years of

5 I he question of 11.4 four sear junior college is discussed at length h'.
,it t,l,. ti-2 19. Iii' himself cl.,t s not Lnor the attar.getncnt and. for the sake

ot tallness. sets fortli supporting arguments I1N quotations fonn its adNotates.
Fells anal5 /es the ilisailsantages of the plan. and after feinting afgutnetus in its
inot . itesitec .t hapter .pp. 7X1 ;1,11 to a thstussion of the tv,t) ear junior cl

ulto h the one he himself endinstN.
in or., /hits i. Ito:11(10.1.01. iTt .Ntaster's thesis ::t The 1TikebtiT1 of CAlifot

5p,/,,//1,1 of hort,r Cidleg from Ilzigz .5( / pwsritted Stir inlet eq
114'. "1 the (ttle,tulti- lie thim"(1 that heads .4 junior «414.....,es in Calitonlia
%%el/. in sttungls 111 1.1tor of segregation if 10 1,1UN 1 .11111 I 1111111 the
hisser t!!.1(leS. /111t(IMAII ;11,1) I/te,etttett 1111 1 it stIlds tI1',it.:11C1! to %1111

lirthrt 1.'.1.0111.11(s of InnimT colleges that ate se:tic:4.10,i (tom a iii h school had
heifer stnicss Its .44hsetpient ttniNetsits %%oil, than giaduatec mt wino? witeLry,
that ale mils partly sr!..tiev,i11(11. or nut W.41(".4.1Tell .11 [(Mild TRAII% 110

tliffclome 111 (11t .1( Iiiticr11(111, of graduate, of ow once !Spy, (if S, hook.
loom) (*dirge, (liffri lo thy t%ji(' 1f teildnatt thus vise for satisfactoiN «1411

pletion of Theo pfu4.tins. the \ 1. kssociate Aits. 1sso, late Alt:. is

granted as a -title- 1,5 mans plitior tolls es. and As A ..hLr,tre- hs a few, Nee

illnim p %%het(' !hut,' ..n5e44 a till horn a studs made he
Doak S. (:autph)1 In ortt. %%loth shots that at :hat tittle ditirtent %%etc

Illy girit 1,1 «Olt -,;
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a four -year college or a university. In the beginning of the
junior college movement most of the students were of the pre-

.parafory type, but in the last ten years there has been a signifi-
cant increase in the number of students intending to end their
formal schooling with graduation from a junior college. For
example, in the Pasadena (California) Junior College in 1926
there were two of the terminal and 43 of the preparatory type of
student out of an enrollment of 45; in 1935 there were 318 of the
terminal and 192 of the preparatory type out of an enrollment
of 5io.7 It would seem that the 6 -.1 -4 plan encourages more
students to remain after the twelfth year, since entrance into a
new school is not involved. A wider adoption of such an organ-
ization would therefore increase the tendency, already well
tinder way, toward a preponderance of the terminal type of
student in grades 13 and 14.

The junior college should offer a range of instruction that
will meet the needs of both preparatory and terminal students,
and 81101116 provide for: (a) the first two years if pre - professional
education, given in a manner acceptable to the four-year col-
leges and universities; (b) two years of general and liberal arts
education, suitable both for terminal students and for those who
continue their study; and (c) semi-professional education for
which there is a community need. A semi-profession is here
defined as a vocation for which two years of post-high school
education are needed and are adequate.

The courses that the junior college offers in any field should
he based upon the purposes of its students and upon community
needs. They may he limited considerably by the character of
the high school preparation presented by entrants and by inacte-
quacv of community resources; and they will doubtless be af-
fected somewhat by the type of organization of the school itself.
A mere growth of enrollment alone is IRely to result in an in-

I trnpir C' /leer imirrr,a, Vol. V. p. 37. 193131 It is to he noted that the Pasa-
dena school. being of the fourvear tspe. is not representative. so that figures for
it HMS not he tspir.t1. Enrollments i t grades r3 and .1 alone are inclu in the
flotes ahme.
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creased number of vocational preparatory curricula, sonic of
which may in turn call for the development of somewhat spe--
cialized courses in mathematics *and other basic subjects.

153

PRESENT JUNIOR COLLEGE MATIIENIATICS

Mathematics courses in the junior college have generally beew
patterned after the lower-division courses in the universities.°
An examination of 352 junior college bulletins and mathe-
matics textbooks in use in junior colleges in 1939 revealed the
typical offering ..to be: intermediate algebra (offered by 1.16
junior colleges); college algebra (2.18); trigonometry (295); and
calculus (176). There were 143,c1mbined courses for freshmen.
Elementary algebra, plane geometry,, solid geometry, solid amt-

., lytic geometry, differential equations, functions of a complex
variable, and .ombinations of these with other,subjects were
offered, each by a few junior colleges. NIathetnatic,s of
was offered by 69 institutions. Few semi-professional .courses
were found.°

In many junior colleges the courses offered cover approxi-
mately 3 to 3 semester hours of college algebra, 2 to .1 hours of

oigoilometry, .1 to 6 hours of analytic geometry, and 6 to to
hours of differential and integral calculus. In some junior col-
leges the courses are not organized under these ithtnes but.are
designated as Mathematics L Mathematics II, Mathematics III,
and the like. Such courses attempt to avoid arbitrary di\ishms
that have seemed to many college teachers both at tificial and
undesirable. However, a careful *examination of these "unified-
courses is likely to show that the student who takes from 15 to
23 semester hours of Illatht matics in "unified- courses will have
studied much tl same set of topics and to appoxitnartly the

8 1U Us. Justin E. "lurn"r College MatilcmaticC SChm,/ Science and .(lathe
mattes, XX. pp. riSn S14), 1929.

9 Hannells. Robett J. The Mathematirc Program ilk/ thr junior College. Un.
published Dot rot's dissertation. nistsity of olotado. 10.0). See also Cal\ in

e! at. 1?,1")11 f the er/17111/.,, r,f altbonto Junior
Cullege MIno.ch:1;t1,11111 mate:H.1k. (..11.fionia %Lite Depaitinvm
Education, Bei kles.
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same extent as he would have if he had taken that number of
semester hours in the usual courses in algebra, trigonlketry,
analytic geometry, and calculus. No implication is here in-
tended as to which arrangement of material is to be preferred,
nor is it implied that a completely satisfactory unification could
not produce materially different results.

DIFFERENT MATHEMATIC:AI. PROGRAMS NEEDED

Since the mathematical courses now offered by the junior col-
lege are in the main patterned after university courses pre-
scribed for pre-professional training, they presumably meet the
needs of specialist students. Any question as to modifications
that might be advantageous for the pre-professional group falls
within the field of university rather than secondary education,
and is thus outside the scope of this Report. Specific mathemati-
cal requirements for advanCed college work, particularly In
scientific and engineering courses, must be fulfilled if the Drug- -

,.. ---
ress of the student is not to be interrupted. 'To the extent to
which a junior college serves a pre-professional clientele, it may
properly include the existing type of course among its offerings.

As already noted, however, a large majority of junior college
students are of the terminal type. Moreover, a large proportion
of the minority who constitute the preparatory group have a
general or arts interest. Thus only a very small part of
all junior college students are of a pre-professional type.

In setting uk.a mathematical curriculum suitable for special-
ists, it seems to ve been assumed tacitly that student. of the
terminal type, as well -as those intending tc, proceed with more
advanced work in such subjects as languages and I; terature,
journalism, and social studies, had already received sufficient
mathematical instruction in the high school. Or, it may have
been taken for granted that all students who studied mathe-
matics should be given the same material, although naturally
some of them would proceeri further than others in the estab-
lished sequence of mathematical courses.
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The validity of these assumptions is open to serious question.

Any person intelligent enough to graduate from a junior college'
presumably should be able to carry successfully a course that is
planned to give both an insight into the nature of mathematics
and an appreciation of its wide and growing importance in mod-
ern life. If he does not take such a course, there is a stronk likeli-
hood that he Will bar himself permanently from understanding
some of the most significant and distinctive phases of our present
civilization and culture.

4,

Moreover, -different groups of college studentss.with different
purposes, have different types of mathematical needs. Non..

ipecialists, particularly those having a general or liberal arts
interest, need very little command of the higher. techniques;
but they do need the sort of insight and appreciation just mery-
tionedin short, familiarity with the cultural significance of
mathematics. Students looking toward a semi-profession or
other vocation may also need special mathematical courses dif-
ferent from those designed for pre-professional hvaping. In
discussing different types of needs it will be convenietitto clas-
sify all students outside the pre-professional group as either
Semi - professional, including vocational, or Academic.

COURSES FOR SEMI.PROFESSIONAL GROUPS

Semiprokssional curricula are feasible o V in _large munici-
pal junior colleges or in those small inior colleges of the
district-and.union-olistric is types that are situated in areas in
which one or more common semi-professions are practiced, e.g.,
in rich agricultural or mining regions. Such curricula, not all
of which involve courses in mathematics, are in operation in a
number of special fields, mostly connected with business or en-
gineering. For semi professions relating to business, appropriate
mathematical work includes computational methods, commerce-
algebra, mathematics of finance, and statistics. More detailed
suggestions will now be given relating to commercial and voca-
tional gm nips. followed by a remark on cultural interests.
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V Commercial Group. The students of the junior college in
this group should have an opportunity to continue their work in

commercial mathematics.
The work should be somewhat broader than high school

commercial or business arithmetic, though it must fit the stu-
dent's preparation. Some students probably will be deficient in
algebra, and since this subject is fundamental to financial math-
ematics, attention must be given to it early in the course. After

a foundation in algebra has been laid, questions involving
simple and compound interest, true discount and present value,

annuities, sinking funds, and amortization, and related prob-
lems can be studied intelligently. Detailed recommendations
with regard to the course do not seem necesFry; standard text-
books are available and teachers should bable to develop
materials suitable for special situations. The use of logarithms
and the slide rule, as well as computing machines, is recom-

mended.
Vocational Group. Students in this group, many of whom

may be graduates of vocational high schools, are likely to have
their objectives rather fully developed. They will represent
many fields of specialization, and in the same class there may he
'found future carpenters, electricians, plumbers, printers, ma-
sons, and mechanics. In fact, unless the junior college in ques-
tion is so large as to allow separation into more homogeneous

groups, such students must receive common instruction.
There can be no question that the vocational group can profit

from the study of mathematics and its applications in their pro-
posed vocations. Decision as to the mathematics best suited for
the purpose must be reached as the result of a careful analysis of

the vocations in question. With the growth of the junior college
movement the field will become one of the most fertile for the

experimentally-minded teacher. Elementary mathematics of
engineering, including the strength of materials, might consti-

tute one approach. The study of stress and strain, force, friction,
beamed structures, and so on has direct applications in all of the
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vocations, with the exception of printing. The printers consti-
ttite a somewhat special group. They are more concerned with
questions of symmetry, layout, and so on, than with problems
that occur in construction work.

Although the vocational group or others in the semi-profes-
sional group may express a primary interest in things that are
practical, we can hardly assume that only a few members of
either group may be appealed to by other phases of mathematics.
Matters that are strictly "practical" are likely to interest a person
only if they lie in his,own field of activity, while ideas and re-
sults not so narrowly restricted may stimulate- the intellectual
curiosity or satisfy the aesthetic sense of an alert mind, irre-
spective of vocation. So long as we see men in vocations desiring
to have homes that have taste and charm as well as homes that
are comfortable, we should not doubt that a group of vocational
students can be appealed to by the aesthetic nature of mathe-
matics. The subject can be distinctly cultural for them, and it is
one Of the primary responsibilities of the mathematics teacher of
such a group to correct any false impression the students may

_La\ e that the subject exists simply because it is useful in a narrow
1 bread-and-butter sense. In short, many vocational and other

semi professional students may develop an interest in the sort
of course now to be suggested as appropriate for liberal arts
students.

MATHEMATICS FOR THE ACADEMIC GROUP

The academic group of students constitutes one of the most
perplexing problems of the junior college, ill so far as mathe-
matics is ColIMIMI. It will be heterogeneous with respect to
background; most of the members of the guilt!) will have had
no mote than the equivalent of a year of algebra and 4 year of
plane geonleitv, %chile there will be some %silo have had mathe-
matics through grade twelve. The students whose mathematical
study has lapsed should he gi en an oppoi minty to take «noses
different hum those of the last cwo years of high school, Ivhich
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they already have declined. On the other hand students who

had mathematics throughout the high school obviously should
be offered something w:th a new flavor. By no means should
the work offered the academic group of terminal students be
merely customary high school mathematics slightly glorified.
Great care should be used in so planning a course that it will

give the appreciations and understandings of the nature of
mathematics'and its accomplishments that may form an impor-
tant part of the cultural outlook of the well-educated layman.

An important consideration arises at this point. Few students
who take mathematics in the four-year college go beyond the
calcutto of the second year, and the majority who take mathe-
matics stop with one year of the subject. The upper year courses
are composed largely of mathematics majors, and of other stu-
dents who require advanced work. It follows that junior college
courses suitable for the academic group of terminal students
should also he suitable for the majority of pi eparatory students.
Cp to the pi es,:nt time, however, colleges and universities have
given a very restricted type of mathematics offering for the first
two years, though there is a tendency now to design survey
courses for the general student. This trend makes it appear
likely that the pt Alen) of transfer t ing credits from the junior to
the senior college in the field of mathematics may be liberalized.

The Commission belies es that four year colleges should give
iecognition to strong survey courses in junior college, whether
or not thew theinselves offer such work in their first two years.
If this pia( live is 'followed, many preparatory students of a
junior college ma\ be well set yeti by mathen atics courses set up
eye( Lilly for the academic terminal students of the school.

The Commission does not wish to Cl doi se only one type of
oto se. Two alternative t)pes will be outlined, with the under-

standing that others ale feasible.
Basic General Course. The first type is designed for a five-

hour wurse throughout a veal for an able group of terminal-
pe students whose high school mathematical -preparation
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includes but one year of algebra and one year of geometry, or
the equivalent. For a class of medium ability and preparation,
some topics Would need to be shortened or eliminated; for a
group of yet lower ability enough material is here suggested for
a two-year course. Flexibility is a matter of primary importance,
since one of the problems of the junior college is the adaptation
of a course to students with different high school preparation.

GENI.RAL NIATIIEMATICS, TYPE

(/) Mcrasurement and computation:, comparing distances; ac-
curacy of measurement; significant figures; rounding off numbers;
use of exponents; laws of exponents; logarithms; computation by
logarithms.

(2) Elementary trigononietry: historical development of linear
measurements; shadow-reckoning used to determine heights; right
triangles; similar right triangles; ratios of sides of triangle as func-
tions of the angles; construction of tables for sine, cosine, and
tangent; height and distance problems; laws of sines, cosines, and
tangents; solutions of oblique triangles; applications.

(3) Graphs and equations: graphs of straight lines and circles;
graphs of quadratic functions; solutions of quadratic equations;
graphical solution of simultaneous line and circle ecluations; al-
gebraic solutions.

(4) Conic sections: definitions of parabola, ellipse-, and hyper-
bola; equations in standard forms; graphical and algebraic solu-
tions of pairs of conics that are easily solved by quadratics; applica-
tions of parabola and ellipse.

(s) S'atistical representation: illustrations of statistical investiga-
tions; measures of central tendency; statistical graphs; scatter dia-
grams; simple correlation; applications.

(6) Normal distribution: simple illustrations of chance distribu-
tions; curve of normal distribution; applications.

(7) Elementary mathematics of finance: installment buying and
selling: present worth of deferred payments; building and loan ac-
counts; annuities.

(8) Series: arithmetic: and geometric series; sum of first n terms
of se; its: infinite descending geometric series; idea of a limit and
the meaning of the sum of an infinite geometric series.

r"--(q) Det isatiA es: slope of a straight line; idea of d, rivative as slope
at a point; idea of detivatise as velocity of falling body; derivatives
of poknomials; maxima and minima; applications.

true) tntegi at ion: the integral as the limit of a sum; application to
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areas; integratip as inverse -of differentiation; uses of integration.

A similar selection of material, but with more emphasis upon
its significance in the social studies, was recommended several

years ago by a committee of the Social Science Research Council.
The list-of general topics there suggesteddetails of which, with'

a statement of the reasons for the choice of the material, can be
foUnd in the published report"is as follows:

"(1) Logarithms, with applications to investment.
(2) Graphs, as a tool in the study of tabulated data.
(3) Interpolation by various methods.
(4) Equations and forms of curves.
(5) Probability and frequency distributions.
(6) Elements of differential and integral calculus, including par-

tial differentiation.
(7) Cunt: fitting and least squares."

In' order to equip students to understand these topics ade-
quately, six to nine semester hours were estimated to be needed.

Higher Orientation Course. The other .course that is sug-
gested resembles the survey courses that have recently appeared
in some universities, and. that have caused the Commission to
recommend a liberalization in the policy of transferring credits.

The aim of the course is not so much to prepare students to
work with mathematics as to give them a broad familiarity with
the nature of various parts of the subject.

GENFRAI. MAllIENIATICS, TYPE II

(1) The genesis and development of mathematics; origin in
problems of mankind: relation to advances of civilization; impor-
tant role of intellectual curiosits: vast modern extensions through
free creative invention of new fields.

(2) Euclidean guometry, somewhat critically viewed; its signifi-
cance as a logical system; postulates and undefined elements.

(n tort - Euclidean geometries; liolyai-Lobatchevsky geometry;
Riemannian geometry.

(/) Number: successive gencralliations; symbolic treatment; nu-
nitric al computation: simple illustrations of number theory.

(5) The group concept; elemental v illustrations of finite groups.

V.4mrriran .1fathematiral Mmthh, XXXIX. pp. 51;9-577. 1932.
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(6) Classes: correspondence; types of order, transfinite number;
mathematical induction.

(7) Functions: varieties; use in studying scientific laws; periodical
.phenotnena; some ideas and techniques of coordinate geometry.

(8) Limits: occurrence in familiar concepts; derivatives; integrals.
(9) Statistical concepts: elementary ideas; probability, and the

distribution of errors; illustrations from biology, medicine, the
social studies, psychology and .education, technology an other
fields.

(io) Further mathematical aspects of the.physical sciences: Ise of
differential equations in studying phenomena; relativity, and her
modern physical theories.

(ii) The nature of mathematics; rival views; nature of t
foundations; significance as a system of thought; relations to phi-

y, aesthetics, and the sciences.

The outlines above are meant to give only a first suggestion
of the kind of courses that should he worked out in the interest

the terminal type of junior college student.
In earlier chapters, in connection with the work of grades g

o 12, the importance of instruction in the history. of mathe-
matics was pointed out. The courses outlined above will be-
come more interesting, and may take on new significance, if
they are so presented that students gain a clear impression of
mathematics as a constantly growing sul;ject.. If historical mate-
rial is properly presented, mathematics gives a student a look at
the centuries as well as helps him to understand contemporai y
life.



CHAPTER IX

EVALUATION OF THE PROGRESS tO1 PUPILS

`.
. . and whether he stood fortieth or ninetieth must

have been an accident or the personal favor of the profes-
sor. Here his education failed lamentably. At best he
could never have been a mathematician; at worst. he
would never have cared to be one; but he needed to real.
mathematics, and he never reached the alphabet."

HENRY ADAMS, 1111:. I.:DM/MON OF HENRY ADAMS

A GENERATION ago the testing movement as we know it today

was in its infancy. Although teachers thought of testing as a
part of their work, their purposes and the methods they used
may now be regarded as rather inadequate. Almost all teachers
believed that the chief purpose of giving tests was to furnish a

basis for assigning grades. In framing test questions and direc-
tions characteristic wotds were who, what, when, where, define,

describe, and discuss. The most important qualities which a
pupil needed in order to respond successfully were a good mem-

ory and conscientiousness in studying the lessons that were
assigned. The chief concern of teacher and pupil alike was
mastery of the suly:crmatter of the course. while the school as

a whole made little systematic effort to determine the extent to
which different studies and other school activities contributed
toward a general and broad development of the pupil as an indi-

% idual oil the one hand and as a valuable citiien on the other.

As rime has gone on a transformation has been under way.

Many teachers have broadened their conception of the purposes

of testing. and gNiduallv the emphasis is shifting to a different

set of characteristic words. The cue is now mere often OM
how, explain, i?Iterprrt. There is more concern that the pupil

162
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understand as well as remember what he has learned. Probably,
however, the most striking development has been the large num-
ber of so called objective tests that have been published and
ased. Unfortunately -it often seems that the.authdrs have been
so interested in making. use-of new testing techniques that they
have neglected basic questions relative to the validity of the
tests. In spite of this, however, the tests have revealed many sig-
nificant facts about achievement, and have stimulated the lead-
ers of the movement to re-examine certain assumptions hitherto
uncritically accepted` Finally the ssepe of testing has been
greatly extended, and an ever larger group of teachers has be-
come concerned with the evaluation of more than subject matter
achievement. They recognize that mastery of various bodies of
subject content is but one aspect of education; and they are at-
tempting to evaluate the development of interests, apprecia-
tions, and other characteristics of personality to which the
schools are increasingly directing their attention. In this con-
nection it is important to note that evaluation means more than
the giving of tests or examinations: the term is used to refer to
any method of obtaining and interpreting evidence about the
development of pupils. In the process, the discovery of relk
tionships among data heating on different aspects of develop-
ment is very important.

The purpose of this chapter is to call attention to some of the
p1Ol,le'IiiS in the field of testing and to encourage investigations
that will contribute to their solution. It 15 obviously impossible
to give within the confines of a single chapter more than a brief
summary of recent developments. The Commission has there-
fore chosen to consider only a few basic topics. It Kill discuss:
the purposes of evalnat ion, some limitations Of the types of tc_ts
now commonly used, mune advances that have been made in re-
cent yea' s, and some suggestions for improving this phase of
instt uct lona] activity. Mulch of the diseussion.4Will he quite gen-
eral and Will apply not only to the tem hing of mathematics hut
to teaching- in other fields as Nvell.
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THE PURPOSES OF EVALUATION
-

Primary Purposes. Many teachers would assert that the chief
purpose of testing is to provide a basis for assigning marks; per-

,

haps a deeper analysis is not to be expected from those who
stagger under a teaching load of five or six large classes a day.
But tests are given for many other purposes, among which are
the following: to maintain standards, to select and reject pupils,
to discover strengths and weaknesses of individual pupils or
of the class as a whole, to provide a powerful incentive to study,
to furnish a convenient method of instruction, to stimulate or
even enforce improvement of teaching, to afford a basis for the
appraisal of teachers and departments, to serve as a basis for ac-
crediting schools and colleges, to furnish data for educational
guidance, to accumulate materials for research.'

Some of the purposes noted are formulated from an adminis-
trative point of view. It is the administrators, for example, who
are most interested in using tests as a means of evaluating the
effectiveness of teaching. The use of tests to disciwer the diffi-
culties of individual pupils seems to spring from a different
type of purpose -it focuses more directly upon the learning
situation and the pupils. Thus it is possible to distinguish:at
least two types of purposes which differ in point of view. The
first is primarily concerned with evaluation of the educational
status and progress of individual pupils; the second is primarily
concerned with evaluation of the school as an institution. Both
types are important, but it is quite obvious that evaluation of
the second type depends upon evidence obtained from evalua-
t ton of the first type. Under the emerging concept of evaluation,
attention is focused pi imat ilv upon the pupil, the fundamental
purpose being- to obtain a comprehensive characterization of
him as an individual and to discover the effects of school ex-
pet iences upon him.

ht.,. It f . Lindquist. F 1. mid M.ffin. C. R. (yds) Thr l:mrstrurtion out
liwri'mf ?It Evarnivati:n% filmi4111on Co.. 1936) See Chap. IX,

t .111k1 .11).h( s mcointi.
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Evaluation, when approached from the point of view just
stated, is analogous to the procedure of the biologisex'amining
the internal of a minute plant or animal. Thin cross-
sectional slices are viewed wider the microscope. By studying
the striation in structural relations from slice to slice, the biolo-
gist is able to reconstruci the organism mentally and to perceive
the interreitions of various parts. Similarly, teachers give a
variety of tests and also use other means of arriving at judg-

ments about specific aspects of learning and personality growth.
The real task of evaluation, and the real purpose of testing. is to
piece together the data of varied types and from nrmy sources
into a composite picture. of the individual.

When evaluation is viewed in this general way some of the
weaknesses of many current practices become mnce ar.pat cut.
Thus the types of rests ordinarily given are seen to be seriously
inadequate in -An erp.1 respects. One recognin,s the need for
mine I (Imp ehensiye and reliable. testing programs in order to
axoid giving a distorted picttire of the few nu.
?Neil( ai or letter "grades,- rep! esenting often little ..tore than
ability to recall information about school subje( hardly

sufficient to serve as a basis for knowing what a person really
like. or what effect the school, or even a particular study like
mathematics. has had upon him. The necessity of careful inter-
pretation of test ic sults beconics ve-.y clear, and one begins to
illiderstand why it is imnottant that results on a particular test,
Or in a pal titular subject matter field, should not be viewed in
isolation but in relation to results from many other tests and
evidence . bon, a numkr of different aspects of School ex
perience.

The act eptan«, of the fundamental purpose Of evAnation
stated above carries with it a 1111011;er of other put poses oroj-

larks. 'Thus it includes the discovery of the stretigths and
weaknesses of individual pupilsit implies that the testing pro-
g-ram should be diagnnctic in nature. If an evaluation program
is in fact diagnostic, and if it is granted that the school should
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attempt to develop the talents and qemove the weaknesses of
pupils, then at least an elementaty hit of educational guid-
ance is indicated. This Commission, of course, cannot tn-1.4`-
take to desci ibe how a guidance program may function, but it
can endorse the proposition that guiclance should be based upon
data obtained hum reliable tests. If,-for example, one obtains
alicl evidence that a pupil has talent and interest in mathe7

manes., the sug, stion that he should take further work in the
subject may be justified. On the other hand it may be discovered
that...',e does poorly in mathematical workin fact, he may lack .

sortie of the fundamental mathematical understandings and
skills that are vitally important for successful home living or
competence in many occupations. In such cases it does not /

follow tit he should be advised or permitted to avoid manic -'
mints. 'it ,coins rather that steps should be taken to provide
insnuction of a tpe designed to remove the weaknesses and fit,
hint for competent citizenship. Such considerations strengthen
the belief that the basic purpose of testing is.the construction of

comprehensive desniption of the individual. We shall have
mote to sav about these matters in later sections of the chapter.
Sin( r, li()%vcrer. many other pm poses of testing have been men-
tioned by difIct cm writers, some discussion of them may be
wit 'anted at t pc dot.

Comments on Other Put /Jo ec. Time is one purpose of test-
ing that looms Loge in the thinking of many teachers. Tests ate
said to lie net essa: v tot the maintenance of ilanda rds .Accord-
111,4 to one writer, this "seems to mean either one o bnth of two
things: the imposition and enfon einem of a pIvc;1 curricu-
lum: or the enhncement of some minimum degree of attain-
ment." In pat-tic e, it IlleallS that schools, state departments of
education, or ((ilk4es ting thomgh an xamining; agency
such as the College Elm ati« Fxamination Boat d. tcyuitc pupils
to set me a et lain minimum s«ac on one or more examina-
jolts in oic:er to achice some desit cd educational status pro
motion to another grade. a diploma, cot! tli(r to college, and so
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on. 'rime arc certain types of situations in wine h the pr -ction
of society makes such examinations a desirable and justifiable
tun dle for the candidate to sutinount.2 The licensing examina-
tions for entrance to the legal, medical, and teachi.. professions
are cases in point. This also applies to examinations for admis-
sion, promotion, and graduation set by professional schools;
but there is some question as to how far such a justification may
he extended. What position is to be taken on the maintenance
of standards in the secondary school now ministering to the
adolescent population as a whole? In seeking an answer to this
question it is helpful to examine some of the assumptions upon
chi( h the notion of standardsenforcement is based.

The most obvious assumption is that for any given field there
exists both a well-defined body of subject matter and a standard
of attainment that pupils 'nay reasonably be expected to meet.
It happens. however, that testing prow ants based on this assump-
tion have themselves provided eidence throwing doubt on its
liclicv. They have, for example, revealed the wide range of
diffetcnces ill achie% ement that exist between individuals,
( lasses. and school systems.3 When the same test is given in

fret ent schools it is not uncommon to find that the lowest
st ( n e 1 et mled in one school may exceed the highest score made
by any pupil in another. In a recent state testing. piogram it
was found that of two Sc pools semi ing the same t:pe of «nrunu-
nity and 'itttated only a few miles vat t. one stood at the top
and the other at the bottom in the distribution of mean scores.
Anothersour(, mnfusion is the lack (if compatability be-
tween tests given in Si ( cessive veal s; tat elv is thrie anv
that a :Olen score on one test represents the same achie% einem
as the sante score on another test in the subject giken the follow-
ing Near. Under these itc tunstan( es the inset tion Of a few items
th,u ditrci from those on pi e% ions tests may Ming

2 II.11%1..e., t !n(1011,i.t. \tinn rrt 1-,2 11

keit. Ruth -ke.thTii itt 11:411vg 1 4111l.ilifill I ,;;1 Rro.rd, Vol.
\I\ I"1- 1018.
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about a change in the 'standard. It has also been found upon
analysis that, on the average, pupils do well on material that has

appeared in a number of previgus examinations, although it was

not °included in the course of study, 'mid that they do poorly
with material listed in the course of skudy but not included in
previous tests. Stu h findings seem to make untenable the as-
sumption that unifmni stanch] ds subject matter content and
attainment exist in practice.

A -second major assumption often made in connection with
testing that purports to foster maintenance of standards is that

the tests used ieid 1 (liable measures of achievement. This also.
is often i)ighly questionable. Enforcement of standards in the
sense here used depends upon the establishment of some critical

or minimum store. Passing over the point that this is usually
clone quite al biti attention is to he called to the fact that
while the tests used 111;IV satisfac torily determine both high and
low ac hievemet it. they may lack _sufficient precision and relia-

bility to plac e.boi der-line cases ac match.. Yet in order to main-
tain standards in the strict sense this acculacy is essential.

At in esent it is lint 'uncontincn, for a teacht to i.isne the arbi-
nary die tum: -YOU 1111iNt get a maik of soand.so per CCM Oil

this test, (n- else . . The altemative may be to receive a
"failme" in the (-muse, to lepeat the course, to chop out of
Nchool, or any of a number of other possibilities. This sort of
neatment may be regaided as a litst tough approximation to 'a
method of maintaininc; s:audards. When one of the alternatives
bec owes an actuality it so floineutiv results in psychological
mdadjustment that some educatcns are supporting a policy
under which pupil, are achancd into the next glade or course

fespective of past at h lex ement. I here...,ne many obsei vefs of

the edm acion:11 sc enc %dm asset I that sm h ;t policy incanti a ( otn-

l)icto bleakdnwn of tilt, (nm of mid Ic.ids to cdut

hAns.
Rcmi..;nitinn of Ow dubious xalicluN of assumptions like those

mentioned ahoxe and of the difficulties into which they lead is
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resulting in modifications. of the ways in which test results are
used in maintaining scandal ds.4 There is a growing tendency to
believe that escape ft om the difficulties lies in the direction of
devising not only better methods of measuring but also better
methods of analyzing, iccording, and reporting achievement.
Arbitrary decisions. such as those t)pified by the phrases, "All
who get less than tio'7(, will fail" of "Iiencetotth there will be
110.1;111(11es ill this' sChou1,- ilitIst be supplanted by carefully
formulated judgments «nu el ning what is best hir each pupil.
IC ispai tic ithilly important that the wellate of able students be

looked be( ause of picot( upation tvith those who are
hating 'kWh( Ult. 'Pests should he 1egaidecf as mote than a
method of "sepatating the sheep from the goats." They are to
he used as a means of (fist ()vet ing what each pupil needs most
in order to gain the full benefit Of 5(1100)1 experiences. When s'
legal ded, the notion of how tests may he used to maintain stand-
ards is extended. A( ltieement of the highest possible quality. is
to be sought for all. "Fests carefully consti ucted and used pi-
mat ily for diagnosis are a means to this end.

It was noted :ho% e that hum the administrative point of view
exaltation is impoi tam in older to judge the effe( tieness of the
s( hoof as an institution. The emphasis in this case is not upon
the development of the individual pupil, but lather upon
whether the tea hei s ate pi (during the kind and amount of
growth that might 1 easonablv he expc(tcd of the pupils as a
group. 1 his is a justifiable putposc. but in following it great
are must be :al.:cn to be sure that the judgmcnts :tic valid. All

that .las been said about evaluation of the gtowth of pupils
applies with additional «nupli( ations to the ealuation Of the
toot k cif tea( het s. f lete also. a c omptehensk e pi( tut e is needed.
To con( hule that a gi% en teat her or school sstein is ineffective
on the b.isis of th icstiIts on a single subj0 t MAUI' test may be
as etioncons 111: idC,1 (MC 1111111(1 (t of a alit los( opic mganism

4 ',rt. i I4 Nis ifft t f-, lid f.f .k«teflirm_f, sf.fonfl.u% sihoffic

1. "T \ ?It t t.. stipi' tit t 1.
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from the examination of a single cross section. Tt.e teacher may

in fact be doing superior work in developing many objectives

that the test does not measure,
In this connection it may be well to call attention to ,vrtain

points often overlooked in testing programs. When the same

test is given to a number of different classes (as in state-wide
testing programs), it is customary to compute an average for the

group as a whole and to compare the average achievement of a
given class with the average of the group. When this is done,
teachers or classes that fall markedly below the group average
are often subjected to censure.- As a result, steps are taken to
insure that in the future higher class-averages will result. In
general this is desirable, since it fends to raise the level of
the achievement of the group as a whole. But it is some-
times overlooked that the average is a statistical measure, and
that tik'abilities communly measured are, rptighly speaking,

normally distributed. It thus appears that if the pupils in a
given class are below normal in other respectsof low intelli-
gence, for example, or the product of poor teaching in earlier
workthen one cannot expect the class average to exceed that
of the total group. No amount of pressure upon teachers and
pupils to raise the averages will bring about a situation in which
the average score of every class exceeds the average of the group
of pupils as a whole. here again the only safe basis for judg-

ment of success or faihne of teachers is data on many factots that
must he studied to disr(rvcr possible relations existing among
them. The (titer ion of success should be phrased in terms of
the growth actually produced in relation to the characteristics
of the particular group, rather than in mins of scores made on a

patticular test ar.:1 their relation to avetages based on scores
flour huge h-t.logencous groups.

Sum mai \. Con.i(lchnions Of the kind mentioned aboe and
whets th.lt U.11111ut ltd (his( IlssCd here ate h1111,1111,4 aigHlt I1C

()1 the p11tiv1sc tcstint.;. The ttsc of tests to main-
tain hil),11% ...1,11)(1,1),1,, ;11)(1 to appraise Hie rife( tkene,..., of
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teachers is entangled in many difficulties and subject to abuse.
Teachers are becoming more conscious of the fact that the

. . major utility of examinations is educational guidance.
That the developing doctrine of guidance demands, first, diversi-
fication of stiodards and courses and schools, and, second, the
general Introduction of the methods now available for the study
of individuals . . in examining for guidance we need all
known kinds of tests, many of them, preferably comparable tests,
and preferably tests used explicitly for this purpose.-5

The Commission wishes to emphasize in addition that ex-
aminations should aim to reveal the effects of all the educational
forces acting upon the mental, physical, and personality charac-
teristics of individual pupils.

SOME FATIONS OF CURREN.I"FESTING PRACTICES

Scope of Mr (Air( tive.s Commonly Testrd. I 1(11% well do the

tc s now commonly used sei ve to tes cal the effects of school
life upon the development of individual pupils% The discussion
thus far has implied that no .single test is adequate for this pur-
pose. But what ate the (-rite! is for adequacy? To answer this
question in detail would lead to tec hni( al discussion beyond the
se p( of this Reign t. But we may observe that the answer de-
pends fundamentally upon the statements of the objectives that
the schools hope die pupils it ill a( hide. Father chapters of this
Repot t Lase discussed (Cl lain educational objectives at some
liw,th. The teal cluestion. then, is this: \\*hat vitt (if evidence
do i.s.e now obtain about the ac hies einem of these or similar 01)-
jectives? The titst c tin-lion for the ;1(1c:climes of a testing pro-
to.,nn inns( be es, plesscri in let ins to.. the extent to h the tests

sield es ',knee coll( Cl n i n, the achievement of all t1 oft
jec tics that ate consideled to he important.

Ve must lecogniie at int' nut t hat until recently fees'
te.icheis have been «iiim tied ith mote than subject matter
at hie%ement. The tests liven hs mailiemAtics teachers have not

%}1.1,1ses. 1an0a]ni.t. and Mann, nfi (It , 1). rg.
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1volt-delput to measure more than achievement with respect
to the subject matter of specific courses. The same remark ap-
plies to tests prepared.for state-wide testing programs and for
entrance to college. This situation exists in spite of the fact
that the objectives stated for these courses often emphasize
general abilitiesfor example-, the ability to interpret data; the
ability to generalize, and the ability to reason logically. These
objectives, and others like them, are also considered important
by teachers of other subjects. The study of mathematics can
connibute to the growth of these abilities, but it is not unique
in this respect. In stating the and similar objectives the as-
sumption is commonly made that they are general abilities to
be applied on any appropriate occasion. But types of tests in
common use do not take cognizance of this assumption, and
restrict the field of measurement by sampling only the applica-
tion of the abilities in situations ordinarily or exclusively mathe-
matical. In order to satisfy the criterion given above we must
either plan to extend the scope of our sampling of pupil reac-
tions to include many other types .of situations, or we must
suitably rest! ict the statement of the objectives so that they
apply only to situations that are definitely mathematical. The
latter altrnatke is one that few teachers are ready to accept per-
manently: !Int we nuist admit that at ptesetit our tests give us
little direct evidence «nic truing ae Inclement of many of the
important genet al objectives of instruction in mathematics.

A careful analysis of both the te:As given by classroom teachers
and those prepared hy CXtlainin al examining boards reveals that
they ate restricted in another.way- they measure achievement of
()illy a few of the objectives that ;ne specifically mathematical.
The ordinary test places too much emphasis upon the measure-
ment of tee }mica] facility and atbilits to rc.c.all specific facts and
prim ipics. In the held of 1)1a, fur example, a considerable
number of test items is de\ to measurement of the ability
to perform ()pet ations with al4tim t smbols. Skill in adding
err multiply ing mnomials, solving equations, and evaluating
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formulas is an important objective of instruction in mathe-
matics, but not the only one. The well:trained mathematics
teacher should also be interested in discovering the extent to
which the pupil understands the significance of what he is
doing. The measurement of this understanding calls for ques-
tions. that require interpretative answersstatements that ex-
plain why one proceeds as he does, that describe the values
achieved by performing the process, or that show in what sense
the formula or equation involved is a powerful tool of thought.
Questions of this. type are sadly lacking in most tests, and their
absence is the basis for asserting that present-day tests measure
only restricted types of objectives even .within the field of
mathematics.

One reason for the existence of this situation grows out of
c.ertain theories of test construction. Farly work in the field re-
vealed that the scoring of test papers was often a highly subjec-
tive processthe same paper when min keel by diffeicnr teachers
was assigned a wide range of scores. Following this discovery,
test experts began to seek techniques of scoring that would re-
sult in a given paper receiving the same scoie when marked by
several competent teachers. This led to the modern objective
type of test and the widespread use of short-answer techniques,
such as the "true- false'' and "completion" type of test item. The
desire for objectivity stimulated a «in( (In for techniques that
tended to obscure more basic questions of validit. The methods
used proved effectke in the measin einem of skills, the ability to
ecall facts, and similai objectives: but they appeared to he

unsuited for the measurement of undei standings, appreciations,
and other objectives often called "intanible." The assumption
that objectivity requires the use of the better known techniques
has prevented some examiners limn Milcelltrating on the ability
to be measured and (ICS king a technique to suit. This has
tended to stifle meastnelnent of ae hieetnent of many important
object i% es. .1 he .1.11114, :cm cd to abu c is not, however,
an essenti,d one, and iemgnition of this t opens the door to
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investigations in which the determination of suitable short-
answer techniques becomes subsidiary to other more basic

i- e stions.
s

There are, of course, other reasons for the failure to attempt
to measure certain complex abilities, understandings, and appre-
ciations. Perhaps one of these reasons is the assumption that if a
pupil shows satisfactory achievement with/respect to certain
rather specific abilities he has achieved the more general objec-
tives. No one doubts that in order to think cleat ly and succeed
in mathematical k a student tequit es c ci tain essential faCts
and skills. If these abilities ate highly unrelated with achieve-
ment of the nun e general objectives, it would be unnecessary to
test directly for the latter. But to settle this question it is neces-
sai y to de% ise valid ine ins ctf ineasui ing the more complex
tics, understandings. and appeciations, and this has rat ely been
done. I f(Avever, a similar assumption with respect to the ob-
jectives of a number of different tollge murse.s has been tested
and it has been found that the assumption is not emit ely valid.'
Similar fimhogs in the field of secondat y mathematics tend to
confirm the observations of teachers that pupils who apparently
know the facts and can pet foi in the opeiations me( lianically
may lack real understanding and comprehension of the signifi-
cance of the pi messes.'

Testing in mathematics must find w ays of measuring achieve-
ment of many objectives in addition to those dealing primarily
with recall of information and operational skills. Many excel-
lent tests exist for the meastn einem of these abilities, and for
(et tain other objectives of t ustricted types. Study of test exer-
cise; indicates that in some cases successful responses suggest
the inference that the pupils undeistand what they ai e doing
and why they are doing it. But ordinarily direct evidence of this

n See !odd, C. H.. et al. Education as Clittiatirin of the Higher MeFitat Prnr
e,ses, (.1i.tpter 11 Hie Relation between Recall and Higher Mental Ptocessos."

R. W. -1%1(.0. The Mastnillan Cts., New York, 193fi.
Ch.spirts IV .tii V 1" I he wisher Sstern and S,nilinlis hinkinig."

Algchia. a ,estrum of , I) Prore%ses." Is% E. R. Biesli(10.
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understanding is not obtained. Here, then, is a promising field
for investigations relating to instruction in mathematics,

C071.511ers vs. Produceis. of Mathematics. There is one aspect
of the usual type of mathematics test that is so important it de-
serves special hiention. An analysis disCloses that tests seem to
be designed pt inhuily to mea-stne abilities requited by those
who use mathematics from a somewhat advanced standpoint.
The number-of such persons, however, is relatively small. A far
greater number of citizens are, on occasion, consumers of mathe-
matics: they read newspapers and magazines, and they study
semi-technical or technical hooks in which mathematics is used
to obtain or explain the findings of investigators in many fields.
In such cases, the abilities requited ate piilmiarily interpretative
rather than manipulative.

Nlathematical instruction has hitlterto oeeded on the as-
sumption that operational abilities are essential to interpreta-
tive undet standing, or that the latter is a concomitant of the
former. This assumption should he tested, and fur this purpose
tests are needed which mildinize technique and concentrate
upon interpretation. If it should he found that interpretative
abilities can be developed by attacking them (lit ectly rather than
tin ()ugh the inteitnediat) steps of calculation, then some reor-
ganization of mathematic s «an ses cvould.appear to he in order.
The .titem ptetati% ts of tn.nhemat ics mange nom very sim-
ple arithmetical notions to t elan% elv kontplex concepts associ-
ated with salt tiles and Nt t hi (:( /MI n clamimi Of the magni-
tude of lat 12,e numbers. !,.tic it ;ts the site of the national debt, is
one simple il 1 ust t at ion:" the inter })t clam if in of tahuhr and graph-
ical data is another. Matters of this kind le( ci%e insufficient at-
tent icm in most mathem hits te.ts.

Era/wain,/ ref GP,/,'7,// ObirOires. Mention has been made
aim % e rif ( tain .!eneral (Ode( ti\ cs at pt esent inipc i fcctiv tested.
The illusttations LON en Wel e 1 Chted to the de% ClOpInent of

See 1:1.1,1 11. M.ithematics." The Afathe
her. Vnt. \ \1I, Hi Is; 19;, 19.29.
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various aspects of clear thinkingfor example, the ability to in-
terpret data and the ability to reason logically. But there are
many other general objectives of education. They may be classi-
fied under various heads, the following being It pical: Interests,
Appreciations, Attitudes, Effective Work Habits and Study
Skills, and Emotional Maturity. The well-trained mathematics
teacher can contribute to the development of many specific as-
pects under these general headings. but growth with respect to
desirable goals of these tapes is raiely measured, It is true, of
course, that teachet 5 in other fields have 'also tended to neglect
the measurement of these so-called "intangible" or "ultimate"
objectives, in spite of the fact that in certain fieldsnotably the
arts (including music) and Englishobjectives relating to inter-
ests and appreciations are of paramount importance. Similarly,
many teachers of the social studies are deeply concerned about
the soo ial attitudes of their pupils. During recent years much
work has been done toward the de\ elopment of techniques for
etaluation with iespeCt to objectives of the types mentioned. As
the die( ti \Tiles.; of these techniques increases ay the value of
the tesulting interpretations becomes better known, we tray
(Ape( t similar techniques to be applied bv mathematics t..achers
in order to measure the effectiveness of their instruction with
respeo t to such objectives and to Piot isle a basis fot sound educa-
tional ,..),uidam e. Tlw construe lion of tests that tneastne growth
unsaid -intangible- objectives and that hate special reference
to) mathematical instiuo tion tvaits j,titn.oily upon the tecogni-
tion nf need fen them and of the %Ales that would accrue from
their

s()NIF .\DV.\NLI.s 01. Itl-CFNI YEARS

The (:<)iiiiiiissif fit hits disc ussed the limitations of present tests
at ui (1( co dile( tim:. in which improve-
ment 111.1% he Ninight. It init2ht dppeat loon the discussion that
little improtetnent h.IS beet) made in testing during the past fell.,
yea's. impiession would be ei ioneous, lot the last decade
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has witnessed a number of significant developments. A brief
discussion of several of these may not be out of place here.

The Report of the National Committee, to which reference

was made in earlier chapters, included as an appendix an article
by Professor C. B. Upton on "The Testing Movement in Mathe-
matics." That article summarized the status of the testing
movement in 1923. In this chapter comments will be made only

upon some of the developments since that time.°
Among the promising developments since 1923, the following

may be noted: the extent to which knowledge of testing methods
has increased among teachers in general; the publication of im-
proved tests of various types; the growth in use not only of im-

proved achievement tests but more particularly of testsJor other.

purposes, such as diagnostic and instructional tests. the latter
development has been facilitated by the appearance of various
workbooks that are designed primarily with particular ilurposes
in mind. This movement, already under way in 1923, vas dis-

cussed and its growth predicted by Professor Upton in the Re-
port of the National Committee on Mathematics Requirements.

In spite of growing recognition that modern methods of teach-

9 It is not possible to. discuss particular tests and techniques in any detail, but
the following references are given:

flildreth. Gertrude. .9 Bibliography of Mental Tests and Rating Sca to. The
Psythological Corporation, New York, 1933,

Bums. Oscar K. Educational, Psychological, and Personality Tests of 1913 and
so?.1, Rutgers University Press, 1935. (Also.extended to period 1933.1936, 1936.)

Ilawkes. Lindquist. and Mann, op. cit.
Stalnaker John M. "Rdport on the Mathematics Attainment Test of June,

1936." Research Bulletin No. 7 of the College Entrance Examination Board.

Breslich, F.. R. The Technique of Teaching Secondary School Mathematics,
Chapter VII, Univers:ty of Chicago Press, 93}.

Smith. D. E. and Reeve, W. D. Teaching of junior High School Mathematics.
Ginn and Co., Roston, 1927,

Every Pupil Tests, Mothers:at:cc. Supplementary Bulletin. University of loiva,
NCW Series, No. 716.

Announcements of Tests. The Cooperative Test Service. 500 West t 16111

New York.
Ruch. G. M. The Objective or Neu, Ttpe F:xamin4tion. Scott, Foresman and

Co . Chicago. 1929.
Buros, Ostar K. (editor). Mental Mea,arement Yeatho,,k, )93R. Rutgers Univer-

sity Press. (Includes reviews of tests and of books on measurement.)



L

178 Fifteenth Yearbdo7
lug involve more comprehensive evaluation programs, -the
greatest emphasis has been and probalily will continue to, be'
upon the measurement of achievement We slifall now discuss
some c the developments in tliis particular type of testing.

- We havealready mentioned the growth in popularity of. the
%%Jot khook. This device has made testing materials available to
teachers i11 .a cheap and easily administered form. For the most
part thi! responses of the pupils may be quickly and objectively
scored. This development has probably been an influential. fac-
tor in making teachers acquainted with modern ...short-answer'''.
techniques. ()11 the other hand, workbooks have in some cases
contributed to formalism. Teachers have sometimes allowed
pupils to "fill in the blanks as a means of disposing of the class
period with a minimum of exei lion, both mental and physical.
The Name for such abuses should, however, rest not upon the
instynent, but upon the persons Who misuse it. Many of the
criticisms' of tests in .genes al ale applit able to Workbooks, but
the weaknesses ale not 11C( l'Stia 1 ily itilicient in the devices, and
may be eliminated by e\pi imntation and study.

A sc(1)11(1 snoiiii( ant (Icyclnimicilt ()I Icccilt ()light is the (:o
opetative I'est Seivic This sci it e publishes annually a large
number Of (Wit:lent tests. In the held of mathematics alone the
foll(ming ate available: Gnetal Mathematics. Elementary Al.
giln a thiotth Quatliat;i's, Intel inedime Algebra, Plane Gonn-
tt v, Solid :t.,..eonieti v. ,ind It i....,ottonicti v. The annual foints ate
apploximatek equi Arm. ii diilicult v. and norms ate so cotii-
potii dim ( onipat These tests aic ob
i(., tic. ss(kjt.ti of the 1,e11..kno!, shot t answi
and .tie caiefulk (:onsttut ted Ividelv accepted tech-
nical pi }H., ale ieloccelit.itke (II the best model n
achievement tests (.4(11,9-ally .1%.1iLible.

Another 11111 11 1.1111 (1('Cl()I)111C111- of 1 c( cult tears 11,ts 1)en t he

spread Of state %vide testing pro2,1ains. Lhev span.
,s()1 unr:Aer40-Lie,. state depaittnms of C(11.1( a

t ic )11, ;111(1 1)1()% Idt'd ii()I IIC-q41;(;()1N ()I the ill(11% 4111,11 State. ail('
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others interested, on a non - commercial basis. The decision to
use them or not usua ly rests upon the individual school or
teachers Carefully c Ul (and often experimentally vali-
dated before publicat n) by outstanding teachers or committees
in cooperation. with experts at the universities, they are a dis-
tinct improvement over the average test prepared by classtoom ;
teachers. Norms are computed that afford teachers of the state
a basis for comparison of their work with that of others in .so
far as the tests, pupils, and objectives are similar, and to the
ex,pent that the tests measure the achievement of these objectives.
The programs and tests of. the states of Iowa, Wisconsin, and
Ohio are representative of thisanoyement.

For a generation the College Entrance Examination Board
has been a' dominant factor in secondary education. The com-
mon criticism that extramiiral examinations encourage the
*tendency of teachers and pupils to regard passing the examina-
tion*asT the chief aim of the course, and the tendency of the ex-
amination to retard curriculum reform, has often been stated
with added force in connection with the College Board examina-
tions.' As a result the Board from time to time has changed its
requirements. A noteworthy revision in the field of mathematics
was adopted in 1935. Beginning, in 1936 the Board instituted
`three new comprehensive examinations designated Alpha, Beta,
and Gamma. They attempt "I . to combine ("he advantages
of the longer essay-type, multiple-step question with those of the
single-step question. . . ."

The following quotation from the report of the Commission
which formulated the revision will indicate the spirit of the
recommendations.

-----Iti-tornmlating its recommendations, the Commission has been
Strongly influenced by the wish to leave teachers of mathematics in
secondary schools free to guide the developments of theinpupils in
such WaN-s zs seem to them most desirable.

It has been the aim of the Ctitmnission not to indicate the content
of the mathematics courses which lead up to the examinatiops, in
such detail as to hamper the work of the teacher,. but to btsuffi-



I

, ,

\
i8o Fifteenth Yearbook
ciently definite in specifying the scope of the examinations to avoid
uncertainty on the part of. the teacherto

The new examinations are superior in several respects to the
former type used by the Board. In the first place, they are much
more readily scored in an objective manner; second, they are.
more general in nature and do not emphasize the traditional
divisions into algebra and geometry in fact,' the solutions of
some problems require an effective integration ofthese branches.
Finally, there have been indications that the examinations would
include items- that aim to . investigate the. candidate's under-

/
standing of the nature of logical.. reasoning.' As yet, however,
they have not gone very far in this direction.

The above discussion of some of the recent evelopments in
the field of edutational measurements as applied to mathematics.
should make clear that continuous improvement is taking place.
By way of summary we may note that aside from the points
mentioned previously the changes have been chiefly in the di-
rection of increased objectivity through the use of short-pswer
techni.ques, increased availability of carefully constructed tests,
and possibly reduction of the influence that extramural examin-

e.
"ing bodies have exerted upon the curriculum.

In connection with the last' point, it may be .noted that man,y
educators have expressed the view that the testing prograths
mentioned above tend to obstruct desirable curriculum changes.
There is little doubt that this fear is %yell founded; but it may
well be that the tests also prevent some teachers from making
unwise revisions and eliminations, and.frOm undertaking experi-
mental programs which are unsound In theory and execution.
On the other hand, the evil effects are within the control of
those who make"the tests and administer the programs and who
can use the tests to bring about gradual improvements in meth-
ods and materials that would otherwise,be deferred for some
time. Thus these programs are a potential source of strength,par-

t,

10 Report of the Omitisiion on Examinations in Mathematics. College En.
trance Examination Board, New Yotk.

./
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titularly in that they provide data on which to base conclusions
and revisions. Real progress is slow when it depends, upon ran-
dom experimenting on the part of individual teachers, but much
can be done through concerted action based on reliable evidence.

A PROGRAM FOR THE FUTURE

The preceding sections of this chapter have indicated some--
of the developments of the last fifteen years, and have pointed
out some of limitations that are recognized to still exist.
The olm;ious program for the next few years involves work
toward the removal of the weaknesses of current evaluation prac-
tices and the levelopment of new or improved: methods. The
following discussion will summarize the mat8Noints on which
attention may well be centered.

Evaluation. The development of means of evaluating achieve-
ment of important objectives not now measured is the first essen-.
tial of the emerging program. This will include a preliminary
clarification of the meaning of the objectives, for in many car
they are only vaguely formulated and few descriptions of the
specific behaviors involved exi'st. It will also include th o
lectiOn of numerous,. illustrations of situations in which the
pupils should exhitlit one or more of the specific behaviors in
terms of which a particular objective is defined. In many cases
these illustrations should be actual concrete life situations rather
than relatively abstract "problem" exercises. The preceding
steps are in reality a part of curriculum making. Evaluation
proper begins when the pupils are faced with the situations and
a record is obtained of their behaviorwhat they do or how they
think. Further steps in the process involve the interpretation. of
the behavior and she attempt to find convenient and - reliable
short-cut methods of obtaining the record. In some case's familiar
types of short-answer techniques may be found satisfactory. lint
in general we must expect more elaborate testing devices in
order to measure the complex behaviors associated with many
general objectives.
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Methods of Reporting. Revision of methods of reporting

achievement is a second essential in the program for the future.
In the past we usually have attempted to describe achievement
in terms of a single numerical score or letter grade. This ai-
sum\erithat the abilities involved a"e distributed, on a single
linear scale. If the abilities measured by the ter' are quite
homogeneous this is a justifiable and convenient practice; but
there is little basis for assuming that all of the varied abilities
included in the objectives of mathematics are' homogeneous.
The attempt to lump the different aspects of achievement into a
single score often conceals More than it rev,eals. ,

In the future we should seek to express achievement verbally
inoterms of the stated objectives of. instruction. For this pur-
pose we shall need the results from evaluation devices or tests
that measure separately growth toward each important objec-
tive, In many casesit will be possible to compLze average scores
or normal behavior with respect to achievement of the different
objectives. We can thenslescribe the status of the individual in
terms of a number of different factors, This permits the re-
placenient of a single score by a comprehensive verbal descrip-
tion of an individual. The lahter may, of course, include men-
tion of the various scores that are included in the ttAal mass of
evidence.

It may be well to clarify these points somewhat. Suppose a
pupil has taken tests 'thatineasure different objectives. The
teacher of geometry might thus have available the scores on tests
that reveal:

Ability to recall geometric facts'and principles.
Understanding of geometric concepts.
Ability to prove "original" geometric exercises.
Understanding of the role of definitions and assumptions in
. an argument.

Ability to recognize'and use certian principles of logic in life
situations.

Social and econotnic attitudes or beliefs.

. oe

.
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Work habits and study skills,. including reading 'compre-
hension.

Scope and depth of interests.
This ,list is. only a sample of the different types of objectives on
which data may be obtained. The last three items are objectives
of concern to teachers in other fields, ana in some schools the
tests for them are given on a school-wide basis. In such cases the
teacher of geometry would be responsible primarily for the first
five objectives only.

With scores from these tests available, what report might a
teacher make about a given pupil? In the first place, it would"be
possiblejo report or comment on work habits and study skills,
including reading comprehension, and on scope and depth of
interests' These obviously have a bearing on achievement in
most subjects, and particularly in geometry. In the second place,
it is possible. to comment briefly on achievement with respect
to the objectives relating more specifically to mathematical in-

,,..struction. One pupil may be superior in solving exercises.
Anoiher may do well with purely geometric material, but may
have difficulty in applying principles of logic in life situations.
He may, for example, allow his social and economic attitudes
or beliefs to supersede logical principles in arriving at con chi=
sionA in these fields. Data relative to the sixth item above would
serve to support or perhaps to weaken a teacher's judgment on
this point, Still another pupil may understand the role of
definitions and assumptions in an argument, but show rather
poor understanding of geometric concepts.

Written reports, sometimes in the form of a letter to the par-
ents with a copy vetained for the school files, are rtow being used
in a number of schools. The labor of preparing such reports is
of course greater than that involved in assigning .a numerical
or letter grade. For this reason reports are prepared less fre-
quently, say three or four times a year instead of six, but they
are more thorerrfgh and more revealing. Moreover, the task of
accumulating the evidence and preparing the reports may be

'1 ,

7 .!
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distributed over a considerable period of time. When achieve-
ment of general objectives is being evaluated, it is not necessary
t1-.) wait until the end of a marking period to administer tests and
prep-re reports. Wken tests measure principally recall of in-
formation and skills, a few days or a week or two of instruction
may produce appreciable increments to a test score, but im-
provement. is mtkh 'less likely in a short time in the case of
objectives less specific.

If data on the different-abilities are obtdined at intervals, it
is r4sible to describe growth and retention; if in addition data
are available on borne and community backgrOund, previous
training, and similar factors, still more significant interpreta-
tions may be made. The relation of growth made to initial
status may be more significant than the pupil's final status. Thus
a pupil who originally ranked very low in several abilities may
succeed in reaching the median. If his background and a num,
ber of personality traits are taken into consideration, this de-
velopment may merit high praise, and may represent greater
achievement than that made by a pupil originally well above
the median who succeeds in maintaining his position but shows
relatively little growth. Nuinerous new methods of recording
and reporting pupil progress are being devised and tried.
every case the aim is to furnish to pupils, parents, guidance
officers, future employers, and college entrance officials data
more revealing than data provided in the usual records and
repc.rts.

We may summarize this section by saying that a forward-
looking program of evaluation involves the development of new
methods of judging. recording. and reporting the achievement
of pupils. These methods should emphasite growth toward the
objectives of the educational program and the darticular course.
an4 interpretations should take into account ecidence concern-
ing many relevant factors that influence achievement.

Administrative Problems. The task of evaluation as here
outlined mAy appear to he so great that the practicality of the

4
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proposals is open toquestion. This is a pertinent issue, and can-
not be taken lightly. The following observations may help to
allay anxiety on this point.

In.the first place,' when general objectives becOme dominant
in an educational prpgram.many teachers.can contribute to their
development and to evaluation of achievement. The teacher
of a particular subject, such as mathematics, need not be solely
responsible for obtaining all the evidence. A cooperative. or
school-wide program of testing becomes possible, and the time
and work necessary to efKct it may be shared by many teachers.

In the second place, the testing does not need to be carfilea on
in a continuous block of time, say at the end of the year, leading
to the complete exhaustion of both teachers and pupils. Ideally,
it will be distributed tliftiughout the school year, and the keep-
ing of cumulative records will make possible the interpretative
comparisons that should be made. 'The total testing period need
not absorb an undue proportion of school time. Some of *he
time now spent ir relatively ineffective but extensive testing of
a few objectives may be expended on testing for other 'objec-
tives, and the results of the test' if properly used should lead to
more effective teaching which would compensate for the extra
time required. The American schools now spend hundreds of
millions of dollars each year on education and the pupils spend
hundreds of hours in school. It is no too much to expect that
ten or fifteen per cent of this expenditure may well be devoted
to the determination of the effectiveness of the remaining
portion.

The administrative problems associated with a comprehensive
testing program are gradually being solved. One striking exam-
ple is afforded by the recently invented electrical test scoring
machine. With the aid of this complex machine hundreds of
test papers may be scored in an hour by clerical help, and wi,th
an accuracy exceeding that ofttailled by hand storing. This de-
vice mai ultimately relieve teachers of most of the drudgery of
scoring test papers, and !rave them freer to devote their talents

t-
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to interpretation cf the results and the planning of more effective

work.

CONCLUSION

Teachers of mathematics have 'not been accustomed to con-
sider the problems of testing from a broad point of view. Yet '-
professional maturity, the welfare of the pupils, and the future
of mathematic:. in the secondary schools all demand an ever
deeper and broa,ier study of instructional problems. In such
study evaluation plays a fundamental role. Curriculum revision,
guidance of pupils, and improvement of instructional methods
all 'depend upon careful evaluation. It it is superficial and nar-
row, the development of the place of mathematics n education
is retarded. If it is thoroughly and comprehensi y done, therce

is much hope for the future.

1'

4
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CHAPTER X

THE EDUCATION OF TEACHERS

"When 1 sly I'll learn a man . . / mean it. And you
can depend upon it. l'll-learn him or kill him?!

-MARK TWAIN, LIFE ON THE MISSISSIPPI RIVER

GENERAL CONSIDERATIONS

IN A consideration of general educational problems it is neces-
sary to give prominence to the preparation of teachers. The part
of the teacher is so important that other considerations, even
very essential ones, are secondary by comparison. For instance,
any insistence that is plaCed upon good objectives and good
programs of study only emphasizes the importance of the
teacher. Not until we turf' our thought to the persons who are
to carry on instruction, do we reach the crux of the matter; for
then it is that we pass beyond mere plans on pap.:r to the per-
sonalities who will bring either success or failure to them.

There are two important postulates that underlie our efforts
at mass education and that are related to the teathet. First, it is
assumed that teachers can be secured in the large numbers re-
quired, and second, it is assumed that the necessary training
will be given to them.

There is no reason to believe that the de.nand for teachers
cannot be met numerically. It is true that the 'teacher's salary
is often so sinall that it lias been justly denounced as inadequate
when .ccount is taken of the social importance of his work. Yet
it is sufficiently Attractive for persons to seek it. There has been
a relative stability to the teacher's pay, even in periods of depres-
sion, for economies that will make education suffer are likely to
be applied with some moderation. The possibility that a posi-

187
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don may be permanent is certain to be regarded as something of

a balance for the smallness of its wage. Herein, however, there

lurks a real danger, for we should not be content to know that

we can obtain teachers. We need good teachers, and men and

women who are truly able will be attracted into the profession

in sufficient numbers only if there is adequacy as well as relative

security of compensation.
There are five major qualities that are to be considered in the

mathematics teacher: (z) social and civic attribtites, (2) general,

culture, (3) familiarity with educational problems and theories,

(4) skill in instruction, (5) knowledge of and interest in mathe-
matics. It would be rather difficult to list the five attributes in
their' exact order of relative importance,, but the Commision
regards the last quality mentioned as distinctly the most im-

portant of all, after making an assumption, presently to be
mentioned. In the discussion that follows, (3) and (4) will be
grouped under the general heading of professional education, a,

designation now very common.

SOCIAL AND CIVIC ATTOBUTES

Since it is undeniable that the person lity and character of a
teacher have much influence upon his uccess, an explanation

is needed to justify considering knowle ge of the subject taught

as of more importance. It is taken fo- gdanted that in the matter
of personality and character the teacher is satisfactory. Persons

who are clearly unsuited for teaching, because Of poor personal-

ity, very poor health, or lack of sympathy for young people,
should he eliminated early and they should not be allowed in
practice teaching courses. Although it is possible to overcome

many perenal handicaps through instruction and the exercise
of vigilance, the instruction required may he of so individual a

nature that universities and colleges cannot provide it. No

greater responsibility rests upon officials and instructors who

are connected with teacher education than that of preventing
persons 'from entering the profession when they are obviously
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unsuited kir it. The courr. in practice teaching, which is npw
.generally required, is especially adapted to serve as a safeguard-,
ing harrier..

One naturally expects that teachers will.show civic interest,
for the, chools have a purpose beyond spreading the knoWledge
that is 'found in books_ aid--iinparting the understanding that
may be gained in the laboratory. Since an objective of the
schools is to inculcate civic attitudes and ideals, a teacher should
feel the responsibiiity of exemplifying some of the attitudes that
the school says are important. Public problems should interest,
him, and lie should be willing to bear a share of those burdens.
that are necessary for the common good. But neither civic nor
non-curricular school activities should be expected or encour-
aged at the expense of good classroom work. The primary duty
of the teacher is to instruct, and it is only a short-sighted policy
that will put upon teachers demands that pr'event a growth in
scholarly attainment or general professional ompetence. It is
to be expected that some teachers will have very discriminating
tastes in ,the matter of using their leisure time. The great-
est-asset to any school system will always be those teachers whose
time outside the classroom is ,spent in activities that are con-
genial to a person of intelligence and culture. In ways that may
not be perceived by an undiscriminating observer they reach
those boys and girls upon whom must rest the real hope of raising

.,the standard and tone of American life. Such teachers should
not be visited with official displeasure merely because they have
no inclination toward certain popular activities.

GENERAL CULTURE

The complaint is frequently made that knowledge is too often
artificially divided into compartments. Of course such a situa-
tion is exists is to a large extent inevitable, being a consequence
of the growth of civilization and a result of the progress that has
been made in the arts, the sciences, and technology. Each major
field of learning has become so vast hat it daunts even the most
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inductrious student, and if the education of the secondary ,
school teacher of mathematics is to betade9uate, a laige part of

his cql!ege work must be devoted to mathematics and allied
subjects. But this fact. is 'riot an excuse for departing too much

from the expectation that the teacher of high school mathe-
matics should be a person with varied tastes and one e-Who has

interests outside of mathematics. Especially is emphasis to bg

placed upon, knowledge of English-and correctness in its use,

both spoken and written:', One cannot expect to have good
teaching of matherafttics unless there is accuracy of expression,

correct use of words,.and a' watchfulness of shades of meanings

and the implications of sentences. The teacher of mathtmatics

should be as careful in his speech and writing as the teacher of

English, and he should help English instructors by the standards

he requires in his own classes.

PROFESSIONAk EDUCATION.

Professional education is older than is often realized: By
1840 normal schools in Atnerica provided practice teaching, and

in the early 1850's some Universities did the same. In the X874

catalogue of an academy one finds the statement: "Teaching is

no longer an occupation, it is a profession; a profession/which

demands for its successful accomplishment as studied a prepara-

tion as that required for medicine, law, or the ministry." In the
general program/that was' outlinelfwe find "a course of pro-
fessional inst ctiohl in which the science and art of Pedagogics

will be prese ted with a discussion of all the minutiae of the
school room work." The modern teachei\pray not be kindly
diiposed to and the word pedagogics, but it Must be admitted
that it hag a candid-directness. The Commission believes that
-professional training :s an important part of the preparation cf
the teacher. We require far more teaches than can be obtained
by selecting the "natural born teachers.`' Probably such indi-

1 Thesprecent Commission endorses the statements made with regard to English

Jay the National Committee of 1923. See its report, The Reorganization of Mathe..

mules in Secondary Education, p. 84.
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viduali exist, but most, successful teachers will admit that they
have learned a great deal by experience. this is so, it certainly
should be possible to give valuable instr tion and training to
the future teacher while he is still a studen The Commission
believes, however, 'that in America, tie time spent in proles.
sional training.has been carried in some cases beyond all reason,
and it e,.xpresss the hope that members of education. faculties
wh'o are.consciOus of this danger: will. take the lead in maintain--
ng a sane'lialance.

The most important element. in professional training is stu-
dent practice teaching, Carried out under the most competent
sdpervisron that can be procured. The Commission considers
this work so important.that it urges that even greater attention

*be paid to it in the futdre than in the past. ,Work in practice
teaching should be preceded, by a good course in methods; and
in this course tspecial stress should be put 'upon the topics that
are most intimately connected *WI the ideas, ihe concepts, and
the basic processes of mathematics., Sonie phases of the work of
the methods teacher should be carefully correlated with-instruc
tion that students receive in mathematics.

Our public school teachers should certainly be. acquainted
with the history of American education; they should understand
its philosophy, the problems that beset it, and the ideals it strives
for. Incidentally, by way of broadening the'viewpoint and giv-
ing the basis for a significant appraisal, they should know some-
thing. about the schools of other countries. Stith topics make
up the content of the familiar course in secondary education.
It would appear to be more in conformity with sound educa-
tional practice if a person were allowed to demonstrate his
knowledge of them by an examination, without registered at-
tendance at lectures in the subject. Not a great many prospective
teachers would avail themselves of such a privilege, so that
courses in secondary education would not dwindle away. But as
the content of such courses is very simple, with little material
that is in need of the exposition of a teacher, encouragement

A
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should be given to the anititi?eus and industrious student who
desires to follow a route other than the customary one.

The science of psychology has achieved an established place in
teacher education. Sincethe teacher is dealing with human
beings and is seel.ing to stimulate and arouse them to activity,
he should know low to establish sympathetic connection with
them. An understanding of other persons comes to some people
quite naturally, and there are masters of the art of instruction
who never sat in a class in psychology. But other teachers fail
badly through ignorance of principles that they might readily
have been taught. A course in psychology of moderate duration,
devoted largely to its educational aspects and to the learning
process, is an important general requireMent. Teachers are
generous in their/ praise of such a course, especially if they have
had the good fortune to take it from an instructor who was him-,
self a good teacher, and who by his own example could give

conviction of the effectiveness of the principles that he set forth.
The fact that this Report devotes an extensive chapter to the

subject of testing is itself evidence of the importance that the
Commission attaches to the problem. Systematic study should
be devoted to it in the preparation of the teacher. Study of edu-
cational measurement inevitably brings in statistical considera-
tions, for which the prospective mathematics teacher should be
well prepared by courses in his major department. It is not too
much to expect that mathematics teachers in general should
be helpful to colleagues in ti :e subject of educational measure-

ment and statistics.
Professiothal preparation should not be terminated with the

initial education of the teacher. In fact, one can doubt if a per
son can appreciate the importance of some aspects of such Prepa-
ration without a year or more of active teaching experience.
Formal courses, :luring gratilfhte,stiicly in. a university, may not
he necessary, though they are valuable when real substance is
put into them. The teacher can grow professionally a great deal
in the environment of his own school and through contact with
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other teachers. Unless a school is so large that there are several
teachers of a single subject, the only bond between them may be
common educational problems. The only,study that they can

k undertake together is study of general educational problems,
and when this is well dotiducted by a good schooladministrator
it may be as profitable as an additional educationaltcourse. The
professional in-service growth df his teachers is certainly one of
the major concerns of the principal and the superintendent.

TRAINING IN MATHEMATICS

The amount of study of mathematics that is required in order
to obtain a license to teach the subject in a high school is far too .
low in most of the states. In some of them the prospective
teacher need not have studied mathematics in college at all; so
(%s regulations are concerned, he is not obliged to have ad-
van ed beyond those subjects that he may be expected to teach.
Even in states where there is a requirement of college study, the
regulation can often be fulfilled by a year, or a little more than
a year, of work. All of this indicates that however much we
profess a devotion to education, and however zealous we are
in providing buildings, equipping 'gymnasiums, transporting
children to schools in rural communities, and doing other like
things, we have not in any determined manner faced the essen-.
tial problem of education, namely the competence of the
teacher. By instituting certain professional requirements we
have perhaps guarded against initial ineptitude in an instructor,
and we have encouraged teachers to think about school prob-
lems; but in spite of that, we are content with themost modest
attainments in the subjects they teach, at least so far as official
requirements go. The situation suggests that although we desire
something in this country definitely superior to bare literacy,
we are not greatly annoyed by mediocrity. Excellence or su,
periority does not stir us so deeply that we choose them as our
watchwords and insist upon them in a grimly uncompromising
manner. We desire that our boys and girls should be instructed
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by teachers with social attitudes and community interests, bit.
4e do not demand that they have contact with teachers who are
so well informed as to inspire, and who, having awakened inter-
est, can assist their pupils toward superior attainment.

It iseven argued at times that a scholarly teacher is likely to.

"talk over the heads" ofhis pupils, as if it is to be feared that a
teacher may be too well informed. A teacher, especially an in-
experienCed- one, sometimes does attempt too much and breaks
connection with even the abler ptypils, through forgetfulness of
the needs orbeginners. The danger may be particularly, real in
the case of mathematics, Where understanding rather than mere
memory is constantly invoWed. But a teacher who offends in
Such a way might still perform poorly if his knowledge of Mathe-
matics were even' more limited. It is not to by forgotten that
the verdict, "Ile knows his subject, but Cannot present it," is
often passed on teachers who really have only a modest knowl-
edge when judged by a sufficient standard. The evil that is
being considered is one that should be lessened by the practice
teaching ccurse, and experience in the classroom aids in its
eradication. Administrators and supervisors should be only too
glad to help correct such a defect when they are so fortunate as
to have teachers Who need help in bringing their daily class-
room work down to the necessary level. It is far cagier to make a
correction of that sort in the case of a promising teacher than it
is to bring the instruction of a teacher inadequately prepared
in his subject up to the level. to 'which the able pupils in his
classes are entitled.

It is fortunately true that in many localities the preparation
of teachers is distinctli, above the minimum set in the regula-
tions. A large prop lion of teachers of mathematics in the
larger schools today Lave !tad in college an undergraduate major
in the subject. or at least a minor.' But so long as defectively low
regulations reflect education\practices, a teacher prepared for
some other subject may he found wealily and diffidently presid-
ing over a class in algebra or nonchalansly listening to the dem-

L
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onsfration of theorem in,geometry. Pupils realize the im-
propriety of suc occurrences, and we shall never create the
respect for competence and knowledge until such instances
become very rare. It is, of colirse, an excellem thing to have

,our practice actuallrebetter thanour regulations, but the latter
should be sufficiently high to command respect.

If mathematics were simply a tool subject, if still would be
necessary to insist that teachers study branches of it that extend
beyond the relatiVely,-smal) field. to which the secondary school
is restricted. It is true that a person may ,acquire a seeming
proficiency with high school algebra by thorough study of a
number of high school textbooks, and that he can gain a certain
corppetence in geOrnetriC demonstration by painstaking perusal

, of.the better anti more exhaustive introductory books But such-
narrowness of preparation" is contrary to. modern ideas of what
education means. There is no Margin of safety, no large surplus
of knowledge and competence, always there to be relied upon.

( A teacher should not resemble an unhappy banker who, with
reserves in a poor condition, nervously watches tilt door for the
examiner: At any time the bright boy or the able and insatiably
curious girl may cause considerable embarrassment. Nothing
but study beyond the bare elements of a subject can make the
elements seem simple and natural; nothing else can show their
full significance.

A still stronger reason for requiring broad and thorough
training on the part of the teacher grows from the cultural at-
tributes of mathematics. The teacher's responsibility is not con-
fined to the details of the lesson of the day, for he should seek
to inspire and interest pupils in things superior to the contents
of the book and the day by day discussion of the class. To pupils
lie should appear as a person with experience, knowledge, and
capacity that far exceed the' requirements of the moment. It
should be manifest that he is interested in thinking, that he is
a citizen of the world of ideas. of concepts, of mental enter-
prises, as Ivell as a citizen of a political community with its vari-
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ous social problems. Contacts with personalities of such a type
should be among the life situations that schools give to boys and
girls if we are to hold schools in esteem-and not be forced either
tip smile or weep over their shortcomings. Of course a large
number of boys and girls, absorbed in adolescent impulses or
en`yrossed in fancied responsibilities, as well as the exhilarating
I luck Finns, will not be at all impressed by such teachers. BLit-
this Litt in no way affects\ the obligation of providing teachers
with thekharacteristics described. .

A detailed consideration of the contents orthe college course
of study is not necessary. In algebra and geometry, which are
the bisic subjects of the high school program, the study of the
pr spective teacher should carry. him into fields that are4defi-
nite wider than he will need in his day by day teaching. His
study of trigonometry should make; him something of a master
of that subject, so that the parts of it that find their way into
the +ver high ,school years will seem as simple as they truly
are, while the parts that are taught in later years will present no
ditficul to him. His contact with the calculus should be_suffi.
ciently prolonged and exacting to give a grasp of the. prin-
ciples and basic concepts that is so clear that. it will last, and a
grip of simpler techniques so firm as to be durable. The calculus
being in a way The beginning of modern mathematics, this
Commission believes that it is as bad for a high schobl teacher
of mathematics not to have some clear conception of it two
hundred and fifty years after its beginning as it would be for
him not to knoiv where London and Paris are, or to be unable
to tell something of the story of Benjamin Franklin. The
teacher should certainly be able to giVe an intelligent answer
to the curious boy or girl who may ask a serious question as to
the naktre of the subjects studied in the calculus. It is to be
recalled. furthermore, that parts of elementary differential
calculus have 'been suggested in earlier chapters of this Report
as topics for the last year of the high school. A study.of mathe-
matical statistics and of the mathematical theory of finance is
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also imporiant in addition to the study of the traditional
subjects.

The Commission believes that it should stress one subject,
namely the history of mathematics. If the study of secondary'
mathematics is to reveal mathematicq as one of the fundamental
enterprises of man, which, though 'looted in daily need, is an
exkession of deep, irrepressible, and idealistic impulses, then
the teaching of it should constantly be associated with its history.
One recalls the statement of GlaShier, "I am sure that no subject
loses more than mathematics by any attempt to dissociate it from

I\its history. "2 The history of mat ematics, however, is too often
treated by our universities and co, leges as a stepchild. Though
courses in it are provided, the Commission fears that too often,
they are dry and sterile, and it believes that they will remain so
until the subject is properly appreciated and step are taken to
develop more scholars who are ardent in the cultivation of the
history of mathematics and enthusiastic in its teaching.

Attention has already been called to the increasing number of
, ..- t.

isubjects that are becoming mathematical in nature. The mathe-
matics teacher may have acquaintance with this genthl fact,
and know a little as to tl'e nature of the, applications, without
having carried on systematic study of the related subjects, -It is,
however, quite desirable for him to have halo good college
course in physics, or chemistry, or astronomy; of such a nature
that the employment of some mathematics was needed. As a
high school teaching subject to he tombined with mathematics,

. physics continues, as it has long been, a very natural related
subject for many teachers of mathematics.

But another consideration should be touched upon, even
if slightly. There are many mathematics teachers who have pre-
ferred foreign language, frequently Latin, as a minor, and others
who have been drawn toward English, or toward hiltory. The

2 Glashier, J. W. L., "Mathematics and Physics." Presidential address before the
British Association for the Advancement of Science, Section A, ifigo Nature, Vol.

p. 466.
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Commission regards such combinations as having much merit,
and wotild not discourage them. However correct may be the
assertion that language study does not employ mailematics; the
question involved is not disposed of by so obvious an assertion.

any investigations have shown a sirikirig correlation between
grades in mathematics and grades in foreign language. Both
studies are definitely intellectual, with a good firm texture
unalloyed by the trivial and the commonplace; and it is not
strange that some persons should desire to teach two subjects
that spring from congenial itnptilses. Mapy strong students of
rm- thematics are not attracted4to the laboratory with all its
'paraphernalia, and it is doubt .1 if there is a gain wheri, for a
second teaching subject, we force.them away from., a natural
inclination into a study. that has unattractive aspects, just be-
ioause the latter uses formulas and employs equations. ;.It is also

be recalled that, if our schools'are to exemplify culture in a
road sense, it is a wholesome thing to have some teachers cut

across traditional lines and reveal an interest in subjects that on
the surface seem unrelated. The teacher of mathematics who is
competent to teach Latin and joys doing so, should not feel
obligated to explain why he do s not prefer meter sticks and
galvanometers to am o, auras, am' I

It should be clear that the of 'English may well be
congenial to some teachers o atics, both on account of
the part that deals with gra mar a d the part that deals with
.literature. In fact, if the gre ortance of English training
to the mathematics "teacher is stressed, we are quite certain to
find ourselves producing some teachers competent in the two
fields. As to the teaching of history,.let the following remarks
suffice. There is. a tendency to have history deal more with the
development of culture and less with political and military
matters. The opportunity for the teacher of mathematics is
obvious, especially if he has glv'n thorough study to the history
of science.

Although th f traditional "major work" of the university or
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college department of mathematics has been for the most part
quite well conceived so far as content is concerned, its actual
bearing on secondary education has too often been left for the
student to infer. Moreover, university and college teachers have
not always kept in touch with the problems of secondary educa-
tion, even when a large number of their More advanced students
were preparing for high school positions. Every mathematics
departffient of any size should have some member, well ,trained
in mathematics, whose dominant concern is the teaching of
mathematics in the high school. In addition to an awareness
of the difficulties of the problems of secondary education, such a
person should 'reveal a strong devotion to the subjeCt that he
teaches. Though he may not be engaged in technical research,

, there are plenty of, ways in which' he can show an extensive
knowledge, activity, and enterprise.

There is an increasing number of teachers of mathematics
who take graduate study, and in inkiy: of the larger high schools
teachers are expected, if not required to hold the Master's. degree.
Though some states nibw require that. all' high school teachers
-hold the degree, it is to be Observed that such a prescription

.
may riot be accompanied by a comparable.increase in training in
the subjects that the teacher teaches, strange as this may seem
to many persons. It is also to be observe that it the output of
persons receiving a Doctor's degree should exceed the demand
of colleges and universitiesa situation that seems likely to
arisemany of the recipients of such degrees will naturally find

.' positions in junior colleges and the larger high schools.
Several very important questions arise in connection with

graduate work' in mathematics for high school teachers. Al-

though the traditional training has been quite suitable for those
teachers who are strongest mathetbatically, it can be doubted
whether it is best suited for many others. Certainly there is a
great wealth of good mathematical material from which courses
could be built that would he appropriate for different types of
high school teachers, although a too diversified list of offerings

ti

cb.
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is not to be .expected; and the graduate } rograms of universities
should not be devised solely for-`those. persons who expect to
take the traditional degrees in the expectation of teaching in a

4
university or a college, A commission of the Mathematical As-
sociation of America has recently published3 a Report on the

,Training of Teachers of Mathematics," which consider; various
aspects of the problems here briefly 'alluded.to.

SPECIFIC PROGRAMS'

There is given below an outline of the training for mathe-
matics teachers thatithe present commission recommends, the
recommendations being in essential agreement with those of the
commission of the Mathematical Associatis to which reference
has just been made.'

\
HIGH SCHOOL TEACHERS OF MATHEMATICS AND A

SECOND SUBJECT

A large number of teachets are employed in high schools in
which they must teach more than one subject, and in some
states where certification in specific Subjects is required, a .can-`
didate must qualify in. two subjects. A -committee of the North
Central Association of Colleges and Secondary Schools has re-
cently -recommended5 that learned societies, "in order to -pro
tect their own immediate interests as well as to improve the
American high school . . . should undertake the task of de-
fining the make-up of the broad fields within which their own
Subjects should he included." It further states: "It is clear, for
example, that physics and Mathematics are inseparably related

3 American Mathematical Monthly, Vol. XLII, pp. 263.277, 1935.
4 In its tabulated recommendations the former commissftm listed the study of

English. Although this subject is not mentioned in the tabulation of the present
report. enough has been said already to show that the present commission en-
dorses ftrtil the statement of the former commission with regard to English. as
well as its statements about language, literature, and other cultural studies.

5 See the report -Inadequacies in the Subject Matter Preparation of Secondary
School Teachers and Suggestions for Their Corrections." North Central Associa
tion Quarterly, Vol. XII. pp. 439-339, 1938.
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and together might be regarded as a sufficiently broad field."
There is no questioh at all as to the great breadth of the field of
learning composed of the physics ar-d the mathematics of today,
but it is to be noted that there is a non reciprocal character in
the relation of the pyo subjects that gives.rise ea grave question
if one seeks to make a permanent union of them. Mathematics
is necessary for most parts of ehysics, unless the latter is made
purely descriptive, but physic?' is not fundamentally essential
for most. of mathematics. The present Commission has already
called attention to the fact that many good students of mathe-
matics, finding no special appeal in laboratory m,anipulation,
would prefer a second teaching subject outside the broad field
recommended above. Especially in the case of women there is
likely to be an attraction toward a foreign language, toward
.English, or toward history; and the Commission does not be-
lieve that the necessity of preparing a, teacher for two subjects
prevents a non-mathematical subject from being joined success-
fully with mathematics. The teacher will presumably have
taken a major in one of the subjects he teaches, and a minor in
the other, though in some current teacher training programs,
relatively equal weight is given to each of two teaching subjects.
As a rule, a teacher of mathematics and a second subject will
not be giving the more advanced courses in mathematics, such as
were outlined for the twelfth year in earlier chapters of this
Report. Consequently a somewhat more restricted training in
mathematics might be accepted than in the case of a teacher-in a
school where more advanced courses are offered.

The teacher's training should include:

(z) In mathematics.
(a) Courses including complete treatments of college algebra,

analytic geometry (including a little solid analytics), and
six semester-hours of calculus.

(b) A course that examines somewhat critically Euclidean
geometry, and gives brief introductions to projective
geometry and non-Euclidean geometry, using synthetic
methods (three semester-hours).
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(c) Advanced algebra, including work in theory of equations,

mathematics of finance, and statistics (six. semester-hours).
This course should give some carciul attention to the basic
laws of algebra, to the nature of irrational and comple
numbers, and operations with them. It should be through
out somewhat critical and not purely manipulative.

(d) Either directed reading or a formal course in the .history
of mathematics and its concepts.

(2) In related fields.
An introductory course in physics, astronomy, or chemistry
that makes use of some mathematics.

0) In professional preparation.'
(a) A course in methods (two or three semester-hours). This

work should be given by a person who has had a good
mathematical education and also experience in high
school teaching.

(b) A course in secondary educaticin (three semester-hours).
Some consideration of educational philosophy and of the
history of educition can be given in this course.

(c) A course in psyc1i logy, with emphasis on its educational
bearing and on tie problem of learning (three semester-
hours).

(d) A course in educational tests and measurements that
employs some statistical material (two semester-hours).

(e) Practice teaching. It is not usually possible for a student
to have practice teaching in two fields. If mathematics is
his major he should have practice teaching in that subject.

HIGH SCHOOL TEACHERS OF MATHEMATICS ALONE

A teacher whose full time is devoted to mathematics and who
is in a school that provides courses in more advanced secondary
mathematics should have, in addition to the training previously
described, as much as possible of the following work.

(t) Advanced calculus and differential equations or mechanics
(six semester-hours).

(2) Additional work in geometry, such as projective geometry,
descriptive geometry, etc. (three semester-hours),

^ The relate ubject i3 not regarded here as a teaching subject.
Thai co sec mentioned are likely to be included in state, regulations, and it is

taken fo granted that a prospective teacher actually prepares to meet the pro-
fess:n al requirements of the state in which he wishes to teach.
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0) Additional work in algebra, including some modern algebra

(three semester-hours).
(4) At least one more of the three sciences of physics, chemistry,

and astronomy.

JUNIOR COLLEGE TEACHERS

The teacher of mathematics in a junior college should have
at least the Master's degree in mathematiCs, and should pref-
erably have some graduate work beyond that normally included
in preparation for that degree. Irrespective of whether a legal
requirement exists as to professional preparation, he should
have given attention to this question. He should be a close
s-.:Ient of educational problems, especially those that affect the
junior college, so that he can assist in directing this new enter-
prise in American education along sound lines. He should be
able to institute and carry on successfully instruction for the
commercial and Vocational groups mentioned in Chapter VIII
as well as for the academic group.

O
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IN

*ANALYSIS OF MATHEMATICAL NEEDS

"The faculty '97-truth is recognized as a power of dislin-.
guishing.and fixing delicate and fugitive detail."

-- WALTER PATER, COLERIDGE

THERE will be given here an analysis of the mathematical equip-
ment needed for the activities and experiences of life. In discussing
this question, the word need will be understood to denotenot only
such knowledge or capacities a may be indispensable, but also at-
tainments that may profitably be used in either a utilitarian or a
cultural manner. In a very real sense such knowledge and capacities
-are actual needs, to be 'provided for by the sehools. For it must be
remembered, as has been said before, that the school has an obliga-
tion to Create capacities of one kind or another, and should explain
to pupils the advantages which may result from them, though it
recognizes that in many cases the capacities will. not all be employed.
For reasons that seem obvious, the needs will be discussed under
three headings: "For ordinary life"; "For leadership and higher cul-
ture"; "For specialized use as a vocational tool."

, FOR ORDINARY LIFE
r:.

Arithmetic. The paramount' mathematical need of the average
citizen is for a greater knowledge of arithmetic than is now common.
By arithmetic is meant more than computational facility and under-

. ,standing of principles. There is needed also familiarity with appli-
cations to a wide variety of' problems of situations that confront
people, and ability to understand certain m tliematical ideas and
procedures that may be encountered in ordinary reading.

From among the many ,activities of ordinary life which requirce.-------
some use of arithmetic, a few typical examples are listed here:'

(i) The home:
(a) Budgeting income, keeping accounts, checking bills.
(b) Quantity and installment buying.
(r) Estimating depreciation on home or car.
(d) Buying or settling fire or burglary insurance.

.. 0,40/..,,,....1



208 Appendix I
(2) Personal finances:

(a) Handling funds: depositing, checking, remitting.
(b) Borrowing; paying loans and interest.
(c) Saving and investing; choosing securities.
(d) Buying life and disability insurance, and annuities.
(e) Paying taxes; contributing to charities.

(3) Recreational activities:
(a) Buying season tickets for sports, plays, lectures, music.
(b) Planning tripsexpenses, time schedules.
(c) Arranging social functions.
(d) Helping with neighborhood entertainments.

AnIong the numerous iten. often encountered in general reading
matter, the ccgnprehension of which ..quires a considerable knowl-
edge of arithmetic, may be mentioned some relating to:

(r) Civic and social
(a) Taxesproperty, income, inheritance, sales, imports.
(b) Use of public fundsfor roads, defense, social se-

curity, health, interest- on debt.
(c) Social statisticspopulation, vital statistics, distribution of

wealth, dependency.
(2) Economic conditions:

(a) Industrial activity, volume of output, dividends.
(b) Agricultural acreage, crops, prices.
(c) Labor conditions, wage levels, unemployment.
(d) Price indices, real wages, living standards.
(e) Financial conditions, interest rates, public debt, monetary

standards.
(f) Exports, imports, international exchange.

(3) General information:
(a) Scientific and technical advances, involving use of very

large or very small numbers; e.g., relating to stellar dis-
tances, infra-inolecular physics, engineering feats, number
theory.

(b) Statistical data involving averagesmean daily tempei a-
ttire, or average annual rainfall; average crop per acre;
average speeds.

(c) Further data involving ratio, proportion, or percentage,
dietetic and budgetary matters, probability of death or
illness, "expectation" in games of chance, cost of essential
elements in materials coltaining large portions of waste.

(d) Diagrams, records, puzzles in reading material for recrea-
tions, and. in accounts of sports.

Graphic Representation. To understand numerous mathematical
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ideas which are commonly encountered in general reading, one
should be able to interpret graphs such as the following:

(z) Line graphs:
As used for marker quotations, growth of population, progress
of a campaign, course of a fever temperature.

(2) Bar graphs:
Showing the distribution of telephones, radios, automobiles.

(3) Circle graphs: _

Portraying the percentages of land given to cultivation, graz-
ing, forest, waste; or the distribution of the national income.

(4) Scale drawings:
As used in surveying, or to find forces or velocities.

'Algebra. -Although the average citizen rarely or never uses formal
algebra as an instrument of calculation,. it could so be used cptca-
siorially to advantage if its possibilities were understood. For in-
stance, itr studying investments, installment buying, statistical as-
pects of one's business, solving mixture problems, or indeed in
dealing most effectively with various matters listed under arithmetic
above, one needs some command of formal algebra. For the average
citizen, however, the chief need is for such algebraic knowledge as
will give him insight into and appreciation of mathematics aspects
of the modern world, scientific achievements, economic questions,
and the like. In particular he needs to be familiar with:

(z) Positive and negative numbers:
Their frequent use in describing such opposites as assets and
liabilities, forces or motions in opposite directions, tempera-
tures above and below zero, rates of increase and decrease.

(2) Formulas and the function idea:
Such related variables as the age and value of a house, amount
of use and annual cost of a car, ,driving speed and distance re-
quired for stopping, length and period of a pendulum.

0) Equations:
Their constant employment in technical and scientific work,
as a general way of finding unknown quantities.

(4) Coordinates:
Their more common use in plotting curves, mapping, and as a
basis for engineering projects.

(5) Indirect measurement:
Finding elevations of inaccessible peaks, or constructing a long
tunnel from both ends, understandable on the basis of nu-
merical trigonometry using simple algebraic equations.

(6) Modern methods of calculation:
The power of generalized exponents as logarithms.
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(7) Permutations and combinations:

Their frequent application in devising distinctive labels, etc.
Informal Geometry. Some gempetric knowledge is occasionally

employed as a working tool about the home, in such activities as:
(r) Making metrurational calculations. -
(2) Usi ig a protractor and other instruments.
But, as in the case of algebra, the most important uses that the

ordinary citizen can make of geometry are those by which he may
achieve insight. For instance, a good foundation in geometry will
contribute materially toward an informed appreciation of matters
relating to:

(4) Architecture and decorative art:
F ecognition of the skillful use of geometric relations in pat-
terns, arches, vaults, cOlumni, buttresses, apses, windows.

(2) Eggineering and manufacture:
Realization of the 4portance of triangles for rigidity of struc-

.tures; of angles in surveying, geography, and navigation; of
circles'in maeliinery.and appliances; of polygons in furniture,
jewelry, diamonds.

(I) Natural forms:
Awareness of geometric figures in natural objects, terrestrial,
and celestial, eclipse phenomena, stellar configurcations, hexag-
onal cells, crystals.

By way of summary it is to tie said that the important uses of
mathematics for the ordinary citizen are infrlarge measure cultural.
Mathematics provides an outlook, and a means of understanding.
There arc important aspects of the world that only mathematics can
interpret to the citizen. Mathematics furnishes v. mode of thinking
about many aspects of life, and a very general kind of language. A
liberal view of education regards such matters as genuine needs of
even the ordinary citizen. It rejects the thought of a person being
satisfied with such a minimum working equipment as would enable
him to exist as nothing more than a "hewer of wood and drawer of
water."

FOR LEADERSHIP AND HIGHER CULTURE

Next will be considered the further mathematical equipment
which is important for most persons who are to occupy positions of
responsibility and leadership, or who seek through higher education
to attain a broad culture marked by a catholicity of,interest.

Public Service and Leadership. Individuals who exercise large in-
fluence on either organizations or..communities should understand
public affairs thoroughly. Some mathematical aspects of such a
many-sided competence are thei::: abilities:
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(z) To judge' the significance of cymplicated*numerical rata:
Here one needs a knowledge of statistical analysis,. involving
considerable mathematics.

(2) To follow quantitative studies of social phenomena where
necessary:
Studies of cyclic changes commonly employ trigonometric
analysis; those dealing with population growth and other
trends often involve calculus.

0) To recognize fallacious conclusions:
(a) By checking against known facts.
(b) By scrutinizing critically the authority for each step in the

argument and the cogency of each implication.
(c) By realizing that the validity of conclusions depends not

only on correct steps of deduction but also on the basic
assumptions or presuppositions.

Cultural Satisfaction. The more highly educated grouil.of Rersons
who wish to be familiar with the most significant modern theories,
the central problems, and the principal methods of investigation, in
various fieldi, can make good use of mathematical knowledge far be-
yone the elementary field:

(1) To tiiide:rstand quantitative procedures:
'Through some familiarity with calculus and with group con-
cepts.

(2) To follow philosophical discussions:
(a) As to the nature of space: using ideas of non-Euclidean

geometry.
(b) As to the nature of number: complex numbers, series,

theory of classes.
(c) As to the problem of knowledge: foundations of mathe-.

matics.
(d) As to the nature of scientific law: functions of a real vari-

able, and of many variables; point sets.
OlAiously laymen can scarcely devote to mathematics all the time

needed for high achievement along all the lines mentioned; but, to
the extent to which the indicated equipment is lacking, in so far are
an individual's potentialities circumscribed.

FOR SI"ECIALIZED USE

The mathematical needs of those who are to use this subject as a
working tool in their vocations or professions differ greatly, accord-
ing to the field.

The Physical Scirnres. Here the needs are especially extensive.
There is scarcely any limit to the amount or variety of mathematics

a
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Lalp can profitably be employed in some branches of physics or in

men laboratory researches. Although laboratory work in chemis-
try is not particularly mathematical, it is impossible to follow work
in.physical chemistry or chemical theory without a substantial knowl-
edge of higher mathematics. The following equipment is in very
common use:

(1) By physicists:
Advanced cala lus, probability, theory of functions, differen-
tial equations, Bessel functions, Fourier and related series,
calculus of variations, differential geometry, vector analysis,
tensor analysis, matrices, groat) theory, and soon. 1

(2) Byhemists: ,

1

Calculus, including advanced topics, differential equations,
group concepts.

(3) By pharmacists:
.

Percentage, proportion, formulation and solution of simul-
taneous linear equations relating to mixtures.

Engineering and Related Activitiei. Handbooks and shop rules
embody results of mathematical work, and render unnecessary the
direct use of calculus and higher subjects in routine work. To meet
situations which are new, engineers must have a knowledge of the

0
mathematical principles involved, and must souptNes formulate
and solve differential equations. The mathematkial requirements of
engineering schools are doubtless reliable indications of a suitable
equipmehr in this field:

(r) For engineers:
At least calculus and differential equations, Tbesides analytical
geometry and descriptive geometry.,

(:) For engineering employees:
As a minimum, facility in handling algebraic formulas and
graphs, and mechanical drawing; a good knowledge of geome-
try; some familiarity with trigonometric functions and the
solution of triangles. Larger equipment is very helpful.

(3) For skilled \mechanics:
Ability to apply arithmetic principles, to compute without
making mistakes, to determine the degree of precision re-
quired in instruments, and to keep calculations correspond -
ingly accurate; facility in dealing with formulas and graphs
that involve positive, and negative numbers, square roots,
quadratic and simuMneous equations, sines, logarithms, very
large and very small numbers, occasional interpolation to sec-
onds; knowledge of many geometric facts needed in working
with triangles, and experience in analysis; an extensive mathe-

7
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matical vocabulary ind ability to read technical books and
articles.

The Earth Sciences. In physiography, meteorology, geology, as:
tronomy, and such related fields as cartography, geodetic surveying,
navigation, and aeronatitics, the situation as to mathematical needs
resembles that in chemistry. Many branches of the work are not par-
ticularly mathematical; others are highly so. Essential equipment is
somewhat as follows:

(1) PhysiogrOhy and, cartography:
A good Astmand of trigonoinetry; some analytic geometry
and calculus.

(2) Afeteorology:
Elementary mathematics through integral calculus.
_

(3) Geology: .

(a) Locating oil deposits: graphic, algebraic, and geometric
techniques.

(h) Stratigraphic work: trigonometry.
(c) Seismology: elementary mathematics through integral cal-

culus.
(4) Navigation (marine or aerial):

Trigonometry at least.
(5) Ballistics: ,

Analytic geometry, calculus, differential equations.
(6) Practical astronomy:

Elementary mathematics including spherical trigonometry.
The Life Sciences. Most of the work here is not mathematical; but

there are divisions in which certain algebiaic, geometric, trigono-
metric, or statistic.. techniques are employed, and some requiring
calculus and differential equations. In listing the following typical
examples of mathematical aspects of biology and related fields, ele-
mentary algebraic, graphic, and statistical methods will not be ex-
plicitly mentioned since they occur so generally:

(1) Biochemistry:
Production of lactic acid by bacteria.
Coagulation of blood by adrenalin.
Kate of digestion as related to the amount of pepsin present
this study involving a differential equation.

(2) Other metabolic studies:
Healing of woundsthe celebrated work of Can cl and Du
Nouy.
Pathology of bones arid other parts of the body.
Production of red blood corpuFcles.
Respiration and nutrition.
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Metabolic rate as a function of body weight in mammals. (All
these studies use involved irrational algebraic, functions, and
some employ nomographic charts.)

(3). Light biology:
Depth of penetration of tissues by. light of-various intensities.
X-ray therapy (use of semi-logarithmic charts).
Formation of chemical products\in the retina for different in-
tensities of light. \
Fluctuations of luminous intensity in, certain organisms.

(4) Heat and energy problems:
Daily expenditure of energy at various ages.
Effects of different types of clOthing.
Mechanical efficiency of muscles during work.
Circulation of the blood (use of hydrodynamic principles).

(5) Growth and senescence:
Growth curves studied by T. B. Robertson and others, using
differential equations.
Growth and formstudied by D'Arcy Thompson and Julian
Huxley.
Tissue culture; regeneration of tadpole's.tail; etc.
Effects of diet and light upon growth.
Senescence of various typesstudied byjames Gray and others.

(6) Population problems:
Ctnsus Bureau studies, using multiple integrals.
Human and insect populationsstudied by Raymond Pearl,
using differential equations.
Colonies of bacteria, studied by using calculus.
Actuarial problems, requiring probability, calculus, and
higher analysis.

(7) Gen et
Mendelian and other questions of heredityusing algebra and
probability.
Genetic theories of natural selection (R. A. Fisher); mathe-
matical theories of evolution (G. U. Yule).

(8) Forest?), and agricultural experimentation:
Using sampling theory and other mathematical analysis.

(9) Biometry and anatomy:
Studies of arterial form involving trigonometry.
Studies of measurements and ratios (some used in medicine),
involving frequency curves and correlation..
Relation body area to weight, involving nomographic
charts and Du Bois' formulas.

(to) Neifrology:
Electromotive force generated by stimulating a nerve.
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Current strength needed to excite nerves of different lengths.
Changes in velocity of propagatibn of 'a nerve impulse.
Reaction times in plants and animals for varying stimuli.
Effects of narcotics. .

Psychology and Education. Besides the extensive use of statistical
Methods in psychology and education, and the use of matrices in
some of the newer studies, such as those of L. L. Thurstone in his

,,,Vectors of Mind, the following mathematical sections of the field
,:may be mentioned.

(r) Threshold stimuli and the Weber-Fechner law:
Some use is made of calculus.

(2) Problems of vision: "v" .
Campimetry, using trigonometry and' polar coordinates.
Helmholtz's studies, using integral calculus..
Psychometricswith its phi gamma curves, and differential
equations,

The Social Sciences. In the social sciences, economics makes the
largest demands upon mathematics, though political science and so-
ciology make considerable use of statistical methods, and employ
growth curves,in connection with cultural change and the develop-
ment of institutions. Subdivisions of economics which utilize mathe-..
matics beyond arithmetic, including calculus in some cases, are in
part the following:)

(1) Synthetic economics (including statistical laws of demand and
supply).

(2) Economic trends and cycles.
0) Index numbers (and the purchasing power of money).
(4) General economic theory (including equilibrium, monopoly,

effects of taxation, and related matters).
(5) Mathematics of finance and accounting.
Industry and Commerce. Here the mathematical tools most fre-

quently 'needed are statistical in character: analyses for the informa-
tion of directors; and sampling theory for the control of output. The
mathematics of finance is also highly important here.

Philosophy. What was said on page 2 1 1 as to1he needs of the edu-
cated layman who wishes to follow philosophical discussions applies
here with even greater force to the professional philosopher, for
whom a knowledge of symbolic logic isltho becoming important.

'Instead of going into detail here reference is made to the report of a com-
mittee of the Social Science Research Council on "The Collegiate Mathematics
Needed in the Social Sciences," where an extended discussion may he found;
American Mathematical Monthly. December, 1932. pp. 569 576. See also H. Hotel-
ling,- "Some Little Known Applications of Mathematics," The Mathematics
Teacher, April, 1936, pp. 159-169.
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Aesthetics and the Fine Ard. A broad familiarity with the princi-

ples of geometry will be found helpful in this field. This is obvious,.
as regards architecture and some decorative arts; and is doubtless
true in reading such works as Ruskin's on "Drawing and Design."
Efforts have been made to determine a mathematical ,measure for
aesthetic qualities.

In the field of literary criticism the work of W. W.' Gregg, Calculus
of Variants shows what may in the future be deemed a need of some
scholars in that domain.

4
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APPENDIX II .

THE TRANSFER OF /TRAINING

"Excited as he was, he could have had no conception of
the adventures to which his mathematical calculations were
destined to lure men."

JOHN NOEL, THE STORY OF EVEREST

THE Commission does not deem it necessary or desirable to present
an elaborate study on the Transfer of Training. As the problem,
however, has had an important place in recent educitional thought,
a brief review will be given of the main contributions and sug-
gestions that have emerged from recent studies and that seem to
be especially significant for the present Report.

The importance of the attitude of teachers toward the question of
Transfer of Training can hardly be overemphasized. According to
Whipple, it has been for many years "acknowledged to be the cen-
tral problem of educational psychology."

The doctrine of "formal discipline" as a theory of learning, held
many years ago, furnished a valid reason for the inclusion of mathe-
matics in the educational program. This theory was questioned by
many psychologists and as a result of investigation was given up as a
theory of learning. A new theory, known as Transfer of Training,
emerged. Transfer of Training as defined by Orata is "that process
of using or applying previously acquired information, habit, skill,
attitude; or ideals in dealing with a relatively new or novel situa-
tion."1 This theory has been the subject of scores of investigations,
and even now is central in the study of the educational process. A
large out of the experimental investigation was claimed to invali
date the theory, and as a result, mathematics rapidly lost its strong
position as a required subject in the high schools.

The Commission feels that it is desirable to point out that most
of this experimental approach was in no sense scientific, and never
should have been treated as such. Prior. to igi6, out of twenty.five
important studies the subjects of investigation in eighteen cases were
graduate students and instructors of psychology. Very important

Orata, P. T. "Transfer of Training and Reconstruction of Experience.- The
Mathematics Teacher, Vol. XXX. pp. gg-tog,

I 7
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conclusions were reached even though no one claims that the learn-
ing processes of children are the same as those of adults. In the fa-
mous Thorndike-Woodworth experiment of 1901 a single group of
adults was used. In many experiments fewer than seven subjects
were used.

Many psychologists and educators have protested against the non-
scientific investigations that were made the basis for far-reaching
changes.' Hollingworth's criticism is typical of that leveled against
this type of study. Referring to the controversy of transfer he says,
"It is a long and pitiful story of the blind leading the blind. . . . In
clue time the experimental method was applied, and a long series of
studies appeared, for the most part inadequately planned and often
erroneously interpreted."2 Bagley speaks even more directly, "As a
matter of plain fact, the was (quite without deliberate
intent) actually distorted. Some of the professog of education who
followed carefully the published reports of the 'transfer' experiments
as they appeared recognized this and protested against it. Many
professors of education, however, took their evidence, not from the
primary sources, but from interpretations of the evidence from the
point of view of a narrowly mechanistic psychology."3

In the famous Thorndike experiment of 1924, in which an effort
was made to distover the disciplinary values of the high school
studies, its was reported by Thorndike: "The expectation of any
large differences.in general . mprovement of the mir.d from one study
rather than another seems doomed to disappointment." It was re-
vealed that one might as well study sewing as mathematics so far as
any development of the thinking habits were concerned. However,
near the close of the report one reads, "A repetition of this experi-
ment with i6,000 or 18,000 more cases is needed before final conclu-
sions should be stated." Most educators who were planning for the
great mass of incoming student's probably never read that far in the
report,

Most of the early experiments on transfer dealt with the race}}.
anist ic or specific habit types of learning, The idea underlying these
investigations was that "the mind is not a collection of general
powers or functions, such as observation, attention, memory, rea-
soning, and the like but that it is the sum total of countless particu-
lar capacities."5 A fundamental weakness of this philosophy is that,

2 Itollin*.olth. it. L. Educational Psychology, pp. 40.1, 406. D. Appleton
Century Co., New York. io:33.

3 Itaglps. W. C. Education and Emergent Man, p. 87. T. Nelson & Sons, New
`fink. io37.

4-11initillikv. E. I.. "Nf en tat Disripline in High School Studies." Journal of
Fdurdr,nal Vnl. XV. pp. 97 98. tg21.

5 ()rata. P. T. Theory of Identical Elements, p. 5. Ohio State IThisersity Press,
Columbus. 1828.
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from processes involving rote learning, mechaniCal hab;ts,and drill,
which have little to do with real learning, no transfer would ever be
expected to result. If the teaching and experiments had been
planned so that large concepts and broad generalizations had been
taught and tested, the results would have been different, as indeed
they were in later, better conceived efforts. The following clear state-
ment as to confusing lower levels of learning with higher under-
standing has been made by Dewey:e

"In some educational dogmas and practices, the very idea of train-
ing mind seems to be hopelessly confused with that of drill which
hardly touches mind at allor touches it for the worsesince
it is wholly taken up with training skill in external execution. This
method reduces the 'training' of human beings to the level of
animal training. Practical skill, modes of effective technique, can
be intelligently, non-mechanically used, only when intelligence has
played a part in their acquisition."

In the 1922 Thorndike study, ninety-seven graduate students
were asked to square y. There was an error of 6% of the results.
Then the group was asked to square al a2, ,with.a resulting error
of 28% of the results. According to the specific habit psychology
here are two distinct learning situations. 'There was no transfer. Any
teacher of mathematics knows that there is one learning situation
here that is a generalization applicable to the squaring of all' bino-
mials. It is very doubtful if any real learning situation had been
developed and hence there could be no transfer.

Another school of psychology interprets learnirg as a result of a
generalization of experfehfes. This demands understanding, a
development of concepts, a conscious generalization of many specific
related experiences. Thus, if the processes of arithmetic are learned,
algebra, except for the notation involved, offers far less difficulty
than when it is considered as distinct from arithmetic.

Professor Judd, who has for many years advocated the importance
of training in generalizing as a way of promoting transfer, has given
considerable attention to the case of transfer in mathematics. Here
much depends upon how the subject is handled, and Judd says,
"The most promising subject in the curriculum can be turned into
a formal and intellectually stagnant drill if it is presented by a
teacher who has no breadth of outlook and no desire to teach
pupils how to generalize expedience. On the other hand, a teacher
who has the ability to train pupils to look beyond particular facts
and to see their relations and their broader meanings can stimulate
thinking with any material of instruction that comes to his
hands.'l

e Dewey, John. How We Think, p. 52. D. C. Heath and Co., 1933.
Y Judd, C. H. Psychology of Secondary Education, p. 42z. Ginn and Co., 1927.
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In recent years many experiments have been conducted in which

conscious attempts have been made to produce transfer. Along
with these experiments others have 'been ,set up with no effort
being, made to secure transfer. In one of the best studies in transfer,
:"The Theory of Identical Elements," by Orata, a summary of these
experiments is given. In the first group of experiments, transfer was
very evident. Orata makes this observation:

"It is evident from this experiment that the automatic transfer of.
training froin.Latin to English is comparatively small; and that it
can be increased three-fold or four-fold by proper selection and or-
ganization of subject-matter and proper methods of teaching."8

The Commission ,could offer much supporting evidence to the
thesis th4t if we. sVish to transfer we must teach for it. It is the old
saying in different \kanguage, "Wereaponly what we sow." A very
helpful tiugges'tion ci?ines from another representative of the field of
educatiOn, Dr. Freerrian:fi

"Whiither education improves the intelligence will depend, largely
on whether the education is of a narrow specific sort or of the 6roader
sort which encourages the development of ideas and generalizstiorK
The kind of education we give the child furthermore will depend
upon whether we believe in the possibility of the broader outcomes
of education. This being toe case it seems wise to give the child the
benefit of the doubt and to provide for hint the type of education
which will develop his intelligence to the highest..point of which
he seems capable."

The education of young people must be a cooperative.effort. No
, subject will transfer automatically. Very early in the experimenta-

tion on transfer an effort was made to find out if a habit, such as
neatness. would carry over to fields not includedAn the experiment.
The teacher of arithmetic was to use all efforts possible to secure.
neatness in the class in arithmetic. The improvement in arithmetic
was very noticeable, but the same pupils showed not the slightest im-
provement in language and spelling papers. In a later experiment
neatness not only as a habit but as an ideal was held up in not only
a particular class, but in dress, appearance, business, in fact every-
where except in other classes. Three months were required for the
experiment, which included pupils of grade seven in three cities.
W. C. Ruediger who conducted the experiment reported: "Evidently
neatness made conscious as an ideal or aim in connection with only
one school function does function in other subjects."10

Orata. P T., op. cit., p. 139.
a Freeman, F. N. "The Effect of Environmen, on Intelligence.- School and

Society, t'ol. XXXI. pp. 623.62, 1930.
10 Ruediger, W. C. "Impimement of Mental Functions through Ideals:* Eduia

tional, Review, 'ol. XXXVI. pp. 36.137t. 19o8.
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In an article by W. 0. Brownell, giving a summary of transfer ,
studies recently made, one reads: "The possibility and the desira-
bility of transfer cannot be questioned. The problem thus becomes
one of so organizing the materials and methods of instruction to
guarantee the largest amount of ,positive transfer."Il

Transfer, when detached from the efforts of the lea! r, is a prob-
lem that can be solved only by the joint efforts of all teachers and
by properly uniting variou's forces that contribute to the develop-
ment of children. If the teaching of the larger outcomes of learning
is not secured, no positive transfer can be expected. Quoting again
frbm Orata in the recent article:

"The various subjects of the curriculum, most of all mathematics,
cannot be expected to result hi automatic transfer to the social situa-
tion that confronts the child, unless by proper instruction and or-
ganization of the school, these subjects can-be made a 'way of life'
and be so regarded and used by the child himself. This is what we
mean by 'humanizing education in the concrete.' It ,is,the kind of
teaching that will promote intelligent .nd functional learning.' '12.

The question 'raised by the quotation from Orata is that of-trans-
fer of the results of mathematical study to social situations and to
specific probletns that confront persons throughout life. Such a
transfer is certainly an important concern, and a course of mathe-
matical study should be planned so as to make it. possible,. and
teachers should teach in such -a way as to achieve that goal. The
thought that the transfer that is so earnestly desired may not be
automatic is one to be kept constantly in mind.

But there is another aspect of the broad question of transfer,.
that extends it quite beyond its purely social phases. It is described
as follows by Judd:

"At the higher'levels transfer is typical, not exceptional. Indeed,
the function of the higher mental processes is to release the mind
from particulars and to create a world of general ideas. Thus, when
the intellectual efforts of the race evolved a number system, it be-
came possible to deal readily with every situation in which quantity
is involved; when languages were developed, men found themYelves
in possession of means of communicating on every conceivable topic.
The psychology which concludes that transfer is uncommon or of
slight degree-is the psychology of animal-consciousness, the psychol-
ogy of particular/experiences. The psychology of the higher mental
processes teaches that the end and goal of all education is the de-
velopment of systems of-ideas which can be carried over from the

11 Brownell, W. A. "Theoretical Aspects of Learninteand Transfer of Training."
Review of Educational Research, Vol. VI, pp. 281-29o, 1936.

12 Orata, P. T., op. cit.
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situations in which they were acquired to other situations. Systems
of general ideas' illuminate and clarify human experiences by rais-
ing them to the level of abstract, generalized, conceptual under-
standing."13

This statement should give the teacher of mathematics a firm
conviction that the mathematics of the secondary school, especially
that of the later years, can be of the greatest possible use in achisv-

ing the highest aim of education. But again, it is the teacher's ()Eli-

gation to teach so as to assist the pupil in forming those general
ideas and attaining the conceptual understanding alluded to in
the quotation above.
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'TERMS, SYMBOLS, AND ABBREVIATIONS
IN ELEMENTARY MATHEMATICS'

". . . disclosing the fourth important fact, that the ratio
of the diameter and circumference is as five fourths to four.".

HOUSE BILL 246, INDIANA, 1897. (FAILED)

VOCABULARY

A PART at least of the difficulty that pupils find in mathematics arises
from the abstractness of. some of its cmceptio:s. In 'past years an
exaggerated emphasis upon techniques And skills often failed to
reveal the vagueness that enveloped the fundamental concepts of the
subject in the minds of individual pupils. If understanding and
power are to be explicit 'aims in mathematical education, then it
is essential to emphasize the meaning of all basic 'terms. Mere
verbal `metnorizing of definitions may become a formalistic rote
devoid of value in enlarging the piipil's intellectual horizon.

The Commission urges that time and effort be devoted' directly to
the problem of clarifying the pupil's understanding and increasing
his power to use appropriately the technical vocabulary of the sub-
ject. The teacher should take special precaution to see that mere
imitative usage does not pass far real understanding. It recom-
mends further that enlargement of vocabulary be a gradual and
continued process, with effective evaluation tests from time to time.
Each new term should be made the object of study rather than be
allowed to enter casually into the working vocabulary of the student.

Terms may be appropriately divided into two categories with
respect to the nature of the pupil's desirable mastery over them. A
large number of the technical terms belong in the category of terms
to be recognized. Such recognition involves, first, that the pupil

I learn which term among several terms offered is the one appropriate
in a given situation. Second, after this first stage is mastered, it re-
quires that the pupil become proficient in illust,-.Ling terms as they
are mentioned; for instance, he should be able to sketch figures, or

1 An extension and revixion of the recomtnendations found in the Report of the
National Committee of 1933.

223
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give examples. For the nurnerous terms in this first category, formal
definitions may eventually, be presented but need not be made the
object of memorization. Formal definitions, despite their logical
priority, must be recognized as psychologically furnishing the sum-
mary or final synthesis of the process of understanding. Explana-

.tions, with simple illustrations, with comparisons and contrasts, serve
to carry the pupil over the first difficult stage of acquiring a new
concept and placing it in proper relation to his previously acquired
system of concepts.

A second category, much more limited than that just considered,
comprises terms of so clearly derivative a nature as to admit of defi-
ninon in terms natural to the pupil. Fpr this smaller category the
pupils may reasonably be ext)ected to engage in the problem of de-
vising adequate definitions. This end,avor should be a task for the
group, proposals and criticisms being made by all. After a class has
reached a workable definition, a srandaid official definition may be
offered by the.teacher as an example of what others have done. For
all terms in this second category the pupils should feel that they
have the power to frame apprvpriate definitions and pick out serious
flaws in defective proposals.

The question whether a, term belongs in the first category or in
the second cannot be settled offhand or permanently and simul-
taneously for all classes. The decision must depend upon the intel-
lectual maturity of the pupils, the time available, the extensiveness
of the course, and so on.: Although some thousand technical words
are likely to be met in elementary mathematical instruction, a large
part of them arise in the field of application.

The Commission urges that teachers recognize in their teaching
die futility of pretending to define all terms. That mathematics
must be based on certain undefined terms is of course readily seen by
those who examine the nature of postulational systems. This logical
impossibility can be recognised in part at least by school pupils. It
is distinguishable from the psychological complication of defining
complex and diffictilt not hms. At an elementary level the logical
game of attempting to reduce the list of undefined terms to a mini-
mum or of basing mathematics upon general logical rudiments need
not be discussed. It is entirely fitting that a rather extended list of
terms be accepted without attempt at definition, either initially or
later. Among such terms are space, point, straight line, distance, and
others listed later.

The teacher should be versed in certain points of view with re-
gard to the nature of niatheinatics, not for the purpose of training
the pupil 1 pointing our logical, pschological, and metaphysical
distinctions but rather that the teacher himself may avoid making
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wrong statements or even adopting dogmatic attitudes. The distinc-
tion between the view of classical antiquity as to the nature of pos-
tulates and axioms and the modern conception should be clear to
him. For Euclid and his followers through centuries there seemed
to be truths so self-evident and basic that one who could not or
would not acknowledm their truth would be intellectually or psyi-,
chologically unfitted to pursue the study of mathematics. The fun-
damental terms, while undefined or at most partially described, were
regarded as having clear and, unambiguous meaning. For modern
postulational treatment some basic undefined terms are to be
thought of as essentially undefined logical parameters capable of
interpretations and exemplifications different for each student of the
subject. Where consistency is the only requirement, broad general-
ity is available and a system of logical inference becomes at once
applicable to realms not anticipated in the original formulation.
The pupil may be spared all this sort of discussion. But the teacher
at least should realize that to ask whether a "point" is a spot located
in the physico-spatial reap , or a triad of numerical coordinates, is
to ask a non-pertinent question. Relationships among points rather
than the nature of points constitute the concern of formal deductive
geometry. For informal geometry one intends to think about the
physical space of common sense and daily perception, a space illus-
trating only approximately the idealized, generalized, and abstract
space of pure deductive reasoning. Hence in informal space study it
is appropriate to explain, as clearly as possible by comparison, con-
trast, analogy, and illustrative instance, what is meant by such terms
as point and straight line even though actual realization is foreign
to the conduct of deductive proof.

In a limited measure the pupils will readily sense an element of
arbitrary convention in dealing with basic terms and assumptions.
They are playing a ,,ame with po'nts, lines, 'etc., according to. rules
which usually at first seem vague 6r tacit, but which the teacher
seems to regard as important and directive. They have played other
games, learning the rules in most cases incidentally in the process of
active and vigorous participation. Most school work is a mildly ex-
citing (or depressing) game, in which the teacher seems to make the
rules and act as judge. Language, penmanship, spelling. and arith-
metic become collective ventures in which basic principles, if any,
may be unsuspected but in which teachers hope to maintain certain
standards of accuracy, clarity, neatness, speed, etc. In outdoor sports
and games, also, the individual player is not expected to dictate his
own rules. The first exercises in formal demonstration offer for most
pupils an experience of helplessness in an entirely novel direction.
It might be well to emphasize more than has usually been the prac
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tice that the rules of geometry are the result of a consensus of opin-
ion inv9lving trIny wise and skillful, players and developed without
essential change in plan over manrecnturies, and accepted in all

countries. But obviously, other games. perhaps closely similar are
possible.

The Commission believes that,it is unnecessary to furnish any-
thing like an "Authorized List" of fundamental terms, since such a
list might be in danger of interpretation as both prescriptive and re-
strictive The sets of terms that appear in current textbooks are in
large part neither too extensive nor too narrow for pedagogical
purposes.

It is to be rioted that many words of a geometric or a quantita-
tive significance occur in school subjects other than mathematics, or
are found in general reacting and conversation. In some cases the
words are explicitly taught in mathematical works, instances being
cone, convex, spiral: In other cases the words are related to mathe-
matical terms, instances being tube, oval, orbit, which can be dis-.
cussed in connection with cylinder, ellipse, circle. On the other hand
there are many words that have a quantitative significance, Though
not technically mathematical, instances being the words few and
several. The mathematics teacher should not only be familiar with
the precise vocabulary of the subject, but also be able to use the less
technical quantitative NVOI (Is Or daily life in th c way best approved.

There are a few terms which are of such freq ent use and funda-
mental character, and which at the same time present such wide
divergence in usage, according to the tastes a c traditions of indi-
vidual authors, that some special corn ems em to be called for.
The list of terms selected for these dotal c recommendations is to
be considered typical rather pan exhaustive. A general comment
may be made with respect to terms in elementary geometry. The
powers and also the limitations of algebraic language in describing
space figures have motivated a profound change in the fundamental
concepts of elementary geometry, a change hardly suggested by the
vocabulary it,lf. Coordinate geometry is well adapted to handle
algebraic curves, but relatively poorly adapted to represent many of
the figures studied since classical antiquity. With little changein
terinim)log,v and but minor verbal modifications in the formulation
of theorems, the geometry of the Greeks is being transformed into a
geometry adapted to algebraic treatment. In general. portions of a
complete algebraic locus have lost the spotlight in favor of alge-
braically complete loci. Specialised restrictions. expressible by in-
equalities. have been waived, with the result of including rather
than excluding specialiied cases. There is a groiing tendency to
recognise dire( ted quantities in geometry. a tendem y favored by the
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conventions in trigonometry. The Commission approves of the ill-
creasing use nut only of negative angles, but also of negative areas,
particularly when this permits a single formulation to cover cases
.otlierwise treated as quite distinct. Snell a change in point of view
is in no sense a judgment of scientific error on the part of the
founders of the subject. It is merely an acknowledgment of the
broader pdints of view made possible by the discoverieS and inven-
tions of Fermat, Descartes, and their illustrious. successors. (These
comments are not intended as any reflection upon the permanent
beauty, conciseness, and suggestiveness of a neat synthetic proof,
when one can be found. Analytic methods are often almost imprac-
ticable because of tedious complexities. But a terminology adapted
to analytic methods offers rich advantages with no corresponding'
difficulties beyond a possible break with the past.)

For the sake of unify ing mathematics, and avoiding artificial dis-
tinction requiring the nie of specialized terminology that may seem
to the average pupil to be unnecessary or somewhat stilted, good
psychological practice tends to carry over into geometrical discussion
available algebraic notions rather than to pre4erve a separate 'system
of terms derived from the Greeks whOse knowledge of algebra was
at best quite meager. For example, the special terms once common
in discussing proportion, such as antecedent, consequent, and sym-
bols such as :: and the sign : for ratio seem inappropriate for present-
day elementary instruction.

There are also trends of current style whose origin may not lie
wholly in logic but whiih the teacher would do well to respect, and
symbols used in other classes or outside of school contacts may some-
times he employed. Some special recommendations foll.m.

Geometry

'ntiefined Terms. Thc (:ommission recommends that no attempt
be made to define formally terms of logic and geometry, such as
angle, correspondence, iki-re( lion, dntanre, figure, inagnitude, num-
ber, plane. relation, solid, spare, straight line, surface, variab/e, al
though the significance of such terms should be made clear by
informal explanations and discussions.

Definite Usage Recommended. It is the opinion of the Commis-
sion that the following general usage is desirable:

r. Line should mean compiete stnodtt low. It has no finite length.
2. Circle should be considered as the curve.
3. Puiygo71 (including triangle, squalr. parallelogram, and the

like) should he considered, by analogy to a c itch', as a closed broken
line. Similarly, segment at a (irrle should be defined as the figure
consisting of a t hard and either of its arcs.
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4. Area of a circle should be defined as the area (expressed in units

of area) of the portion of the plane enclosed by the circle. Area of a
polygon should be treated in the same way.

5. The usage recommended above with respect to plane figures is
also recommended with respect to three-dimensional figures. For
example, a sphere should be regarded a., a,surface, its volume should
be defined in a manner analogous to the area of a circle. A similaz
usage should be followed with respect. to such terms as polyhedron,
cone, and cylinder.

6. Circumference should be considered not as a set of points, but
as thwlength (expressed in units of length) of the circle (line). Simi-
larly, perimeter should be defined as the length of the broken line
which forms a polygon; that is, as the sum of the lengths of the sides.

7. Obtuse angle should be defined as an angle greater than a right
angle and less than a straight angle and therefore should not be de-
fined merely as an angle greater than a right angle.

8. Convex (as opposed to concave), because of its wide application
in sciem e and the arts, may well be used and illustrated.

9. The tern' right triangle should be preferred to "right angled
triangle," this usage being now so well standardized in this country
that it may properly be continued in spite of the fact that it is not
international. Similarly for acute triangle, obtuse triangle, and
oblique triangle.

ro. Such English plurals as formulas and polyhedrons should be
used in place of the Latin and Greek plurals.

rr. It is not necessary or desirable to distinguish between axiom
and postulate. The cord assumption can be used in place of these
words and may have more meaning to the pupil.

Terms ;trade General. It is the recommendation of the Commis-
sion that the modern tendency of having terms made as general as
possible should be followed, although the special cases may continue
to suggest separate discussion. For example:

r. Isosceles triangle should be defined as a triangle having IW3
equal sides. There should be no limitation of two and only two
equal sides.

2. Rectangle should he considered as including a square as a spe-
cial caw, although the notions of a square may be discussed first.

3. Parallelogram should be considered as including a rectangle,
and hence a square, as a special case.

4. Trapezoid seems to be most frequently defined in textbooks as
a quad' ilateral with two and only two sides parallel; but in some
cases the "only two" restriction is omitted (which causes a parallelo-
gram to be a special case of a trape7oic1). Consistently with the first
definition. a tiaprzium is defined as a quadrilateral of which no two
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sides are parallel\ Some American dictionaries agree with such defi-
nitions, preserving the "only two" restriction in the trapezoid; but
other dictionaries iNerchange the two definitions. The Commission
recommends that tra'pezoid be defined as first .mentioned, and that
the word trapezium be dropped as unnecessary.

5. Segment (in contrast to line) should be used to designate the
part of a straight line included between two of its points (as well as
the figure formed by an arc of a circle and its chord), this being the

. usage generally recognized by modern writers. (One obtains the
length of a segment, never of a line, since a straight line extends
indefinitely in each of two opposite difections.)

Terms to Be Abandoned. It is the opinion of the Commission that
the following terms are not of enough usefulness in elementary
mathematics at the present time to make their recognition desirable
in examinations, and that they serve chiefly to increase the technical
vocabulary to the point of being burdensome and unnecessary.

.r. Antecedent and consequent.
2. Equivalent. This is an unnecessary substitute for the more

precise expressions "equal in area" and "equal in volume," or (where
no confusion is likely tc arise) for the single word "equal."

3. Trapezium.
4. Scholium, oblong, scalene triangle, sect perignn, rhomboid (the

term oblique parallelogram being sufficient), and reflex angle (in
elementary geometry).

5. Subtend (it, certain connections). Probably pupils have been
confused by the statement that an arc subtends a chord or an angle.
In such connections the word has can be used. There seems, how-
ever, to be no adequate simple substitute for the word in such a
statement as "A flagpole on top of a building subtends an angle of
to° at a point, etc."

6. Intercept. Since this term has special meaning in higher mathe-
matics, it seems advisable to avoid it in elementary work.

Algebra

With respect to equations, the Commission calls attention to
the fact that the classification according to degree is comparatively
recent and that this probably accounts for the fact that the termi-
nctogy is so unsettled. The Anglo-American custom of designating
an equation of the first degree as a simple equation has never been
satisfactory, because the term has no real significance. The most
nearly international terms are equation of thr first degree (or first
degree equation) and linear equation. The frequent use of both
phrases will enlarge the pupil's understanding, though it is to be
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noted that the apt ropriateness of the name linar equation is not
seen until the graph of such an equation is consid red.

2. The term quadratic equation is well establishe 1. There should
be, however, a.clear understanding of the somewhat confusing ety-
mology involved, and the use of the description secon' degree equa-
tion should be neither prescribed nor banned. The terms pure
quadratic, affected _quadratic, complete quadratic, and romp/te
quadratic are fortunately dis'appjaring.

3. As to other special terms, the Commission recommends hat the
us...! of the following be avoided in elementary instruction: cm Winn
as a general description for finding roots; involution for fit ing
powers; extract for finding a root; multiply an equation, den of
fractions, cancel anItrampose, at least until the significance of t :

-terms is emirely clear; aliquot part (except in commercial work).
4. The Commission also advises the use of either system of equa-

tions or set if equations rather than. the phrase "simultaneous

5. The term simp/ify should not. he used in cases where there is
possibility of misumkerstanding. Fur purposes of computation, for
example, the form N/8 111.1V be simpler than the form 2 \,./2., and in
sonic eases it may be better to (Apes; V3'1 as N/0-7,:i instea, of as

N/3. In such cases it is better to give more explicit instructc...:s
than to use the misle: ling term "simplify."

6. The Commisiion iggests that the word surd not he used
fur the expression in.( nitotbr. It re«)gniies the difficulty
Avner:illy met by youn pupils in distinguishing between corflicient
and exponent. in eels that it is undesirable to attempt to change
these terms w tic t have come to have a standardized meaning and
which are reasonably simple. Considerations of a similar nature
%yin probably lead In the letention of 111( II terms as rationalize and
rxtrancouv root.

7. sin( th wont plus is associated wit11 addition ;111(1 minus with
subtraction, the Commission feels that "positive' and "negative"
numbers areto he lac:furred to ''lulus" and "minus" numbers. The
fact that "plus" and ")hint)," also to charactei;10 results of
rounding oil appinxinntte numbers as to 17.2 L. and 3..1 militates
against the use (II "plus numbei' for "positive number."

Arithmetic

i. NVitile it is rim It wise to attempt to ahaminn suddenly the use
of %ont; that are \eil established in our langmn,r, 'the (:onnission
feels call1 upon to .xpress regret that.Nry Noting pupils, Often in
the primary gradck, are still .required to use 5114 11 terms as suh-
tr(iliend. arith.it el, mintivild, and 77tulti phrand. Teachers seem rarely
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to understand the real significance of these words, nor do they recog-
nize that Ire comparatively modern additions to what used to
be a much simpler vocabulary in arithmetic. The Commission rec-
ommends that such terms of theoretical arithmetic be used, if at all,
only after the sixth grade.

2. Owing to the uncertainty attached to such expressions as "to
three decimal places," "to thousandths," "correct to three places,"
"correct to the nearest thousandth," usage of the following kind is
recommended: "To three decimal places" and "to thousandths"
should be regarded as identical and as referring to a result carried
only to thousandths without considering the figure of ten-thou-
sandths. "Correct to three decimal plilces" and "correct to the near-
est thousandth" should be regarded as identical and as referring to
.a result which has been or might have been carried to ten-thou-
sandths and then rounded off to show the nearest thousandth. It
may be well to use "exact" in connection with the number of correct
decimal places, using "precise" as described below.

3. Because of the appearance in many textbook of careless defini-
tions of "significant figures," the Commission suggests the following
convention: When every figure in a number except the last is exactly
correct and the error in the last is less than one-half unit, all the fig-
ures have actual meaning and are called significant figures. Zeros
are significant when they come within this definition. When they
are used simply to give placevalue to other digits, zeros me not sig-
nificant. It may be well to use "precise" in connection with the
number of correct significant figures. For example, a measurement
may be precise to one part in ten thotisanch

1. The Commission recommends the use of the expression "num-
bers in standard farm." By this is meant a numeral with the decimal
point located after the first digit and this numeral multiplied, if
necessary, by a power of ten to compensate for the change of position
of the decimal point, such as 97000 9.7 X to', .00097 9.7 X to-',
974 = 7.8 ions, 1:987 = 1.013 X to 3.

- SYMBOLS

Mathematics is characteristically symbolic. The importance of the
general question of symbolism is well recognizedwords are them-
selves symbols. For this section, howeer, we are into ted in
nonverbal symbols only. Many questions arise concerning e re-
sponsibility of those who would originate new symbols. Mat emati-
clans at advanced levels vary greatly in their readiness to propose and
use novel symbols. There are involved questions of typographical
availability as well as questions of intelligibility and good taste.
There can be Ito doubt that new symbols arc being continually in-
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traduced. Many of them attain favor with the specialists or general
mathematical public; more are eventually dismissed as personal idio-
syncrasies. At the secondary school level, caution is usually to be
preferred to unrestrained originality. One should hesitate"to assume
that new notation is called for extensively in the traditional branches
of elementary mathematics. (Symbolism that is misleading or merely
unintelligible defeats its own purposes, and reasonable uniformity
is demanded for maximum. service. Consequently the Commission
makes ccl\ain deviled suggestions regarding individual symbols and
even goes so far as to propose a ttserfror which teachers may Select
such as seem appropriate. Pupils may IA encouraged to discuss their
need for new symbols and devise as exercise.material several symbols
to be used in class. But they should evspitetp in mind that symbols
are not merely for the convenience of the writer. Unless the reader
can be expected to be familiar with them, they fail to serve the first
objective of coinmuniCation. For habitual use in examinations or
elsewhere, it is wise to be conservative and to use symbols familiar
and acceptable to the public generally. From time to time mathe-
matics teacl ers may be expected to extend approval to new symbols
tried and accepted by experimental classes.

Pupils sho.tld not be allowed to form the habit of using unusual
combinations of symbols and abbreviations. A teacher may well
hesitate to approve such writing as the following: "2 boys bt. 2 doz.
eggs 6; .150/dor. and 3" ..170Aloz." However, on tests in which
speed is being tested one may permit symbols andabbreviations as
a sort of shorthand, provided that no ambiguity results.

Elementary mathematical symbols fall roughly into four types:
Ceueral literary or typographical symbols, such as . ? " : ; (2) those

,.,ed throughout mathematics generally. such as the Arabic numerals,
( ), v. x. and the decimal point; (3) those used extensively

in special parts of the theory but chiefly in informal classroom work;
(.f) stand-int commercial symbols that the student of mathematics en-
counters only in applications to commercial probrems, such as $,

(for pound or for number).

Grumpily

r. The symbols A and 0 for triangle and circle are international,
although used more extensively in the United States than in other
countries. Their use, with appropriate plurals, is recommended.

2. The symbol i , represt ming the term perpendicular or the
phrase is perpendicular to, is fairly international and the meaning is
apparent. Its use is therefore recommended.

3. The symbol ll for parallel or is parallel to is fairly international
and is recommended.
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4. the symbol for similar or is similar to is international and

is recommended.
5. The symbols ca,. and E --- for congruent or is congruent to have--

considerable use in this country. The Commission feels alai the
former, which is fairly international, is to be preferred (in geometry)
because it is the more distinctive and suggestive, particularly since

has been widely wed for identity.
.6. Thf: symbol L for angle is coming to be generally preferred to

any other because of its simplicity, and is therefore reconimended.
Mathematical writers have not developed any symbols that

have general acceptance for the following words, and there seems to
'be no necessity for making the attempt: square, rectangle, parallelo-
gram, trapezoid, quadrilateral, semicircle. (Certain obvious'sym is
suitable in print, would produce confusion if written carelessly.

8.'The symbol AB for arc All cannot be called internation 1.
While the value of the symbol in place of the short word arc is
doubtful, the Commission sees no objection to its use except possible
difficulty in typesetting' or publication.

9.. The symbol for therefore has a value that is widely recog-
nized, but the symbol for since is used so selde:-.1 that it should be
abandoned.

. 10. With respect to-the lettering of figures. the Commission calls
attention, for purposes of general information, to a convenient
method, found in certain European and in some American text-
books, of lettering triangles thus: Capitals represent the vertices,
corresponding small letters represent opposite sides, corresponding
small Greek letters represent angles, and the primed letters repre-

. sent the corresponding parts of a congruent or similar triangle.
There is much merit in the plan, and the Commission is prepared
to recommend it, with optional use of the Greek letters.

II. In general; it is recommended that a single letter be used to
) designate any geometric magnitude, whenever there is no dangerof

ambiguity. The use of numbers alone to designate non-nturierical
magnitudes should be avoided by the use of subscripts or accents,2
as in A,, a', b".

12. With respect the symbolism for limits, the Commission
calls attention. to the fact that the symbol * (for "tends to") is both
international and expressive and.hasconstantly grown in favor in
recent sears. Although the subject of limits is not generally treated
scientifically in the secondary school, the idea is often mentioned in
geometry and a sy inbol may occasionally be needed.

2 Elementary mathematical notation is relatively simple, and superscripts.
which can be easily confused with exponents, are hardly needed. There is not the
same danger in primed letters.

"

-t
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13. The Commission MS no objection to the Use of tier 1011oi,ving
abbreviations- alter the pupil has acquired facility_ in stating the
theorems:

sss for "three sides,"
ass for "two sides and an angle adjacent to one of them,"
sas.for "two sides and the included angle," and
dsa for "two angles and the included side."
The words coplanar, collinear, and Concurrent have now acquired

wide use and should he retained. Concerning the terms ray and
half-line the Commission wishes to be non-committal.

Algebra

sNinbc)ls in elementary algebra are now so well standardized
as to reQuire but few comments in a report of this kind. The Com-
mission believes that it is desirable, however, to call attention to the
following points.

/. Owing to the frequent use of the letter x, it is preferable in
most cases to use the center clot (a raised period) for multiplication
in the few cases in which any symbol is necessary. For example, in a
case like 1 2 3 (x " 1) x, the center dot is preferable to the
syMbol X; while in cases like 2a(x a) no symbol is necessary. The
connnissio, c.coguizes that the period (as in a . b) is more nearly
ineernatiot- than the center clot (as in a lb); but since the period
will continue to be used in this country as a decimal poitit, it is
likely to cause confusion, to elmentaiv pupils at least, to attempt to
use it also as a symbol for multiplication. As noted earlier one writes
(in standard form) 978 = 7.8 X to), to avoid possible confusion.

2. In recent years the "decimal" point has acquired new uses. For
example, banks quote 95,17 for a Liberty Bond, meaning 95 17/32,
and educational psychologists stateya pupil's mental age as 12.3,
meaning twelve years and three reonths, The Commission looks
with disfavor upon such practices but admits' their convenience. IL
is necessary to inform pupils of these practices.

3. With respect to division, the symbol is purely Anglo-Ameri-
can, the symbol : serving in most countries for dis ision' as well as
ratio. Since neither symbol plays, any large part in business life, it
seems proper to consider only the needs of algebra, and to make
more use of the fractional form and (where the meaning is clear) of
the symbol and to drop the symbol in writing algebraic expres-
sions. In the case of unusually long expressions for-numerator and

,lenominator, one may write, ".4..'B where A, 13. ." or
otherwke make clear the occurrence of division.

.. With respec t to the distinction between the use of -4- and as
symbols of operation and as symbols to distinguish positive and nega-
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live numbers, the Commission sees no reason for attempting to use
smaller signs for the latter purpose, stitch an attempt never having
received internationll recognition, and there is not sufficient need
of two sets of symbols to warrant violating international usage and
placing an additional burden on the pupil.

S. In connection with signs it is well. to refer to the pedagogical
question of explaining the rule of signs in products, One cannot
explain, for instance, that a positive number multiplied by a nega-
tive number gives a negative number, by saying that subtraction is
involved. A correct explanation based upon the distributive law is
simple, and throwS much light upon the nature of algebra. The
proof reveals that algebra resembles a game with the distributive
law prescribed, and shows that important consequences can be de-
rived from the law. Special cases can be used to advantage; for ex-
ample, by applying the distributive law to the product 5(9 -1-- (-3) ),
which is known to be 30, it is readily found that 5(,3) must be
It is better not to attempt to prove the lain/ of signs than to use
fallacious reasoning that proves nothing and either confuses or mis-
leads the pupil.3

6. With respect to the distinction between the symbols = and =
as representing respectively ideality and requality, the Commission
calls attention to the fact that, while the distinction is generally
recognized, the consistent use of the symbols is rarely seen in- prac-
tice. The Commission recommends that the symbol E-2.- be not em-
ployed in examinations for the purpose of indicating identity: The
teacher, however, should use both symbols if desired.

7. The Commission calls attention to and approves the use of the
symbol = for approximately equal to, the symbol having been intro-
duced first by the engineering societies and having found wide use.

600For example: 63 q X 47 X 5o = 1,1)00.
32 30

8. With respect to the root sign -V, the Commission recognizes
that convenience of writing assures its continued use in many cases
instead of the fractional exponent. It is recommended, however,
that in algebraic work involving complicated cases the fractional
exponent be used. It should he emphasized that .62- (where a is a

3 For somewhat more advanced pupils it is a good exercise not to use the plus
and minus signs to distinguish positie and negative numbers, but to use colors,
writing. for example. positive numbers in blue and negative numbers ih red. A
brief additioh table should then be made out (in rectangular form). resit; ted
to integets, in which numbers of both colors occur. Then a multiplication table
should be started. Here the entries for the product of a blue number by a blue
numbe are easily inserted. and the table can he completed by using the dig.
tributive law and the addition table. A pupil will understand that it makei no
sense to say that a blue number multiplied by a red number means subtraction.
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positive number) means only the positive root. To have ambiguity
in such a symbol would be confusing, and good usage is clearly es-,
tablished. If the root sign itself indicated two numbers, it would not
be necessary to use the sign of ambiguity, ±, in the familiar formula
for the quadratic equation, but that sign is always printed. Thus.

= 2, and it is not good usage to write Vi 2. Similarly/the
two square roots of 3 arc Vi and Ari. Analogous remarks can be

made about al12, ,/(2, a", etc.
When imaginaries are used, the symbol i should be employed in-

stead of except possibly in the first presentation of the subject.
The reason for writing -\/=-72 (where a is positive) in the form iVa
becomes apparent upon considering multiplication. The product of
(i /C) = A/30, which value might not be ob-
tained if the numbers are left in the form ,/-1.71; and respec-
tively. Finally it is to be noted that neither i nor should be
referred to as positive; "positive" implies "real."

9. As to the factorial symbols such as in 51 and La to represent
5 4 3 2 1, the tendency is very general to abandon the second
one. probably on account of the difficulty of printing it. In such
abandonment the Commission concurs. (This question is not, how-
ever,of great importance in the general courses in the high school.)

in. With respect to symbols for an unknown number there has
been a noteworthy change within ...cent years. While the Cartesian
use of x and v will doubtless continue for two general unknowns,
the tee ( )gllitinn that the formula is, in the broad Ise of the term, a
central feature of algebra has led in the extended use of the initial
letters of words to represent quantities. This is simply illustrated
1)% the formula A the custom referred to is now interna-
tional and should be fully te«)gnired in the schools.

II. Unfortunately, it is still necessary to advise abandoning the
double colon in plop)) lion, and tl ss mho' x, in variation, al-.

though both of these symbols are practically obsolete _in mathematics
except in terbooks.

VERBAL ABBREVIATIONS

Thcre is much difTerer.i7e of taste as to how extensively verbal
abbreviations should he used and how long a list of abbreviations.
should he allowed. The Oupil should he curbed in any tendency to-
ward the slosenk writing that tel on wholesale use of abbrevia-
tions for words when they occ or in complete sentences. Abbreviated
word-svmhols arc acceptable only in so far as they are easily under-
sowd and are called for in the interest of compactness and economy
of time.
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It may be well for a class to discuss from time to time the words

for which abbrev'ations would be most welcome, and to vote ap-
proval, for blackboard work, or upon tests during which a student
is pressed for time, of the use of simple abbreviations;. but it should
he insisted that abbreviations be the same for all users and that no
unauthorized abbreviations be allowed. For example, if "hyp" be
used for "hypothesis" and "hypn"for "hypotenuse," then to write
"hyp" for hypotenuse should be trearc,da,sa breach of accepted cus-
tom. It is to be hoped that eventually teachers from various schools
and from various parts of the country may come to some common
official understanding as to what abbreviations seem appropriate, so
that students taking examinations in schools other than those in
which they were first trained may be free to use appropriate abbre-
viations without fear Of ambiguity. No such widespread agreements
have.been reached as yet, however.

In closing this appendix it may be well to quote the following
forceful injunction from the Report of the National Committee of
1923:

"It is to be feared that many teachers encourage the use of a kind
of vulgar mathematical slang when they allow such words as 'tan'
and 'cos,' for tangent. and cosine, and habitually call their subject
by the title 'math.' "
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APPENDIX IV

EQUIPMENT OF THE MATHEMATICS CLASSROOM

"We ought to be entirely thankful for it, and entirely
ashamed of ourselves if we make no good use of

-JOHN RUS)(IN, SESAME AND LILIES

THE appropriate furnishing and equipping of a mathetnatics class-
room is receiving more attention thanformerly, mane teachers not
being contented with four walls and a blackboard. The movement
is partly a manifestation of the general wish to remove barrenness
from schoolrooms and make them congenial places whose' good
cheer invites study and reflection. But it is also thought that proper
equipment aids instruction, if indeed it i, not an essential for the
type of teaching that has been made neceisary by the present clien-
tele of the schools.

Although the Comm`ission strongly recommends that careful at-
tention be given to equipping the mathematics classroom so as to
aid instruction and stimulate interest, it believes that a balanced
point of view should be maintained. The argument for equipment
is injured rather than helped if reasons are given that are not sound,
or if comparisons are made that are not warranted. For example,
equipment does not bear thz same relation to mathematics that it
does to a laboratory science, such as chemistry or physics. Apparatus,
sometimes very elaborate and expensive, is needed by the physicist;
but the mathematician does his work now 'as formerly, with paper
and pencilexcept when making extensive numerical computations.
For the strongest students in chemistry the most extensive equip-
ment might be needed; for the strongest students in mathematics
nothing is usually required but books and a place to work quietly
and undisturbed. Classes may, as a matter of fact, be overindulged
with even the simple basic instruments of mathematics. From a
geometry course a pupil should derive ability to make fair freehand
drawings. Both his straight lines and his circles should present a
tolerable appearance; but.they will not do so if all his drawing is
dime with ruler and compasses. He will not be able to draw well to
scale assisted only by his eve if he has worked exclusively on cross
section paper or on a blackboard divided nicely into squarcs. Since

238
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drawing instruments are not habitually carried, the ability to make
free-hand sketches of both plane and space figures should be obvious
enough. It can be said also that even the immediate availability of
instruments does -.1ot indicate:that they should unreservedly be used;
for example, although the digits on our hands lend themselves to
problems in addition, their Use for such a purpose is somewhat in
disrepute. Unless a teacher is careful, he may forbid a pupil to find
the sum of 15 and 12 by using his fingers, only to discover that he
obtains their product by using a slide rule.

The place where proper equipment has by tradition been most
recognized is in connection with teaching solid geometry and for
giving adequate and clear space per,:eption. Stereoscopic views of
figures do more than assist in understanding proofs of theorems;
they cause lines, to stand Out so clearly that a figure in a plane ac-
quires some of the charmf a graceful and well proportioned struc-
ture. More aids in the way of models and views at a moderate cost
are available than formerly, and they should be used to instruct and
to arouse interest. Certain basic figures and solids should be promi-
nent in the classroom, to which they give an atmosphere that is ap-
propriate to the subject that ;3 being taught. A knowledge of the
properties of figures and a recognition of their importance is stimu-
lated by having the figures form a part of one's habitual surround-
ings. Equipment appropriate for the physics laboratory may also be
employed in the mathematics room. For example, instruments that
explain the resolution of forces will assist in understanding some of
the applications of trigonometry.

The use of calculating machines in connection with commercial
instruction is already well established. It is obvious that pupils
should be taught methods used in the business world and that they
should be made familiar with appliances that have greatly simplified
numerical computation. An understanding of machine calculation
may increase a pupil's opportunity of finding employment. Ma-
chines also have an important place in mathematical work other
than commercial work. The time that they savo in the making of
necessary computations can be devoted to covering more ,theory or
to studying more thoroughly concepts and principles. Indirectly,
then, machines, when they are properly utilized, can aid in basic
mathematical instruction. Pupils seriously interested in mathemati-
cal study, as well as those who desire thorough commercial training,
should have the opportunity to gain some skill in machine calcula-
tion. Much can be accomplished in the way of instruction by means
of the lower priced machines designed especially for school use.

Instruments for surveying, especially a transit, have considerable
usefulness in teaching parts of geometry and trigonometry. The
interest of many pupils is increased by means of practical problems
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and an instrument makes it possible for pupils to secure their own
data for a variety of exercises. In addition, skill in the Use of instru-
ments is valuable. An accurate engineer's transit is not needed un-
less work in surveying of a high quality is attempted. Very inexpen-
sive transits designed for the use of builders and for farm surveying,
as well as special school instruments, are on the marke., and they are
suitable for demonstration purposes and for the field work that may
go with a course in trigonometry. Such instruments have made it
possible for schools to provide a serious unit of field work, thereby
giving a type of training formerly seldom available. Sextants for
school use arc also available at low prices and are instructive instru-
ments. A person familiar with the use of such an instrument may
desire one for recreational purposes, and incrvidual ownership of
inexpensive instruments is quite possible.

More varied aids than those discussed above are needed for the
rank and file of pupils if they are to understand mathematics and
appreciate its place in current life. In Chapter VII it was stated that
the slower pupils "ne.st handle, measure, cut, count, draw, make
models, draw graphs . . . ," in order to learn. Accordingly the nec-
essary equipment must be provided, and It is not expensive. The
interest of average pupils and even of some of the stronger ones may
be stimulated by gathering, organizing, and preparing posters or
other material that will show the wide and varied uses of mathe-
matics. Some attention has already been given to this subject in
Chapter X', and the possibilities open to a resourceful teacher are
very great. Displays are instructive things in themselves as well as a
means of stimulating study. Pictures and diagiams do not need to
be restricted to applications of mathematics; theorems and demon-
strations lend themselves to the purpose. The theorem of Pythagoras
with the customary proof is worthy of display in any mathematics
room; one of the simple methods of trisecting an angle by compasses
and a straight edge with mat ks upon it, would make an exhibit that
would help correct the curium misconception/about one of the most
famous of all mathematical problems.

Proper furnishing of a room is required for displaying and using
equipment. There should be cases fur books, for instruments, for
models, and %vall spat e for pictures, and posters. Storage space
should be conseniently accessible for keeping the work that ;s done
by different classes. There should he a good drawing table, properly
equipped, at which careful drawing can he done; and there should be
other work tables. In a large school with a number of rooms devoted
to mathematics instrut tion, a separate room to serve as laboratory
and museum ean.lised with very satuablc results. A projecting
lantern and ,,ercvn (ail 1w used to advantage at times, and the future
will probably see the development of more and better films having
a mathematical beating.
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Some suggested equipment is listed below.1 While it is to be ex-

pected that an appropriate amount of the school budget will be
allotted for the purchase of equipment and supplies for the mathe-
matics 'department, it is to ,be remembered that most of the charts

o and posters, many of the models, and some of the other equipmint
can be made by the pupils.

INSTRUMENTS

Under this heading should be included not only obvious items,
such as compasses, drawing instruments, slide ?tiles, protractors,
parallel rulers, a pantograph, a vernier, and a vernier caliper, but
the more elaborate equipment, such as a surveying transit, a sextant,
and a calculating machine, whose uses and advantages have been
previously discussed.2 A spherical blackboard should also be in-
cluded, as well as cross secticn blackboard graph cliarts.2,

MODELS

Among models should be found: Prisms,4 pyramids, cylinders,
cones, spheres, 'the five regular polyhedrons. There should also be
a stereoscope and views.

SHOWCASE AND WALL DISPLAY)

An abacus, Napier's hones, sundials, pictures of ancient clocks, pic-
tures or models alicicilt surveying instruments, various models
made by pupils, drawings and proofs of important thecrems, pictures
of general mathematical interest, posters, etc., may be among the
showcase and wall displays.

SUPPLIES

Supplies should include: Graph paper: rectangular (several dif-
ferent units), logarithmic, sentilogarithmic, nolar. Mimeograph ma-

I See also Woodring and Sanford, Enriched Teaching of Mathematics in the
junior and Senior High School, pp. ro4112.

:See Woodring and Sanford, loc. cit., for dealers in instruments. Adverti&
ments of mathematical supplies and equipment will also he found in The Mathe
matics Teacher an School Sciencr .rid Mathematics. Well known mail-order
houses handle low prictd iiansits. Among the better known calculating machines
are the Monroe, the Marchai.'. the Frieden, the Mathematon, and the Mercedes.

Different sins of such charts (-,n slated cloth are available. Since they are
movable they present certain advantages over a pertoanent wall board that is
ruled.

There should be prisms with different numbers of faces, also oblique prisms
and truncated prisms. There should he a corresponding variety of pyramids, and
cones cut to show the different conic sections.
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terial. fieneral suppliespaper, colored chalk, Bristol board, paste-
boar'd, tracing material.

TEACHER'S FILE

In the teacher's file should be: Instructional materials, including
applications. Test materials. Bibliographies.

MATHEMATICAL BOOKS AND PERIODICALS FOR THE
HIGH SCHOOL LIBRARY

Texts. The library should contain a good selection of standard
texts covering elementary algebra, geometry, trigonometry, high
.school general mathematics, college algebra, analytic geometry,
mathematics of finance, elementary statistics, calculus,5 and unified
college mathematics. There should also be an adequate number of
good mathematical tables, available in the library and at special
places that art. designed for work involving calculations. The li-
brary should also have standard works on the teaching of mathe-
matics for the use df teachers.

Reference, Boobs. The list of reference books below does not aim
at completeness, but it covers very adequately the history of mathe-
matics, and also provides for other types of supplementary reading
and instruction.

Abbott, Edwin A. Flatland. (2nd edition). Little, Brcwn and Co.,
Boston, 1 926. 155pp., $1.25

American Council on Education. Achievements of Civilization.
No. 2. The Story of Numbers. 32pp., $o.m.
No. 3. The Story of Weights and Measures. $o.io.
No. 4. The Story of Our Calendar. 32pp., $0.10.
No. 5. Telling Time Throughout the Centuries. 64pp., $0.20.
American Council on Education, 7,14 Jackson Place NW, Wash-

ington, D. C., 1933.
Andrews, F. Emerson. New Numbers. Harcourt, Mace and Co.,

New York. 621p., $o5o.
Andrews, William S. Magic Squares and Cubes. Open Court Pub-

lishing Co., Chicago, 1908. 199pp. (Out of print).
Archibald. R. C. Outline of the History of Mathematics. (3rd edi-

tion). Mathematical Association of America, Oberlin, Ohio, 1936.
62pp. $0.50.
Some (It the briefer and simpler books on calculus are to he recommended.

Cah-rduf Marie Eniv, Iry .Silvanus P. Thompson (Macmillan and Co., 2nd ed.
1919, 265 pp 1. is likely to arouse the interest of students, a fact that offsets criti
rism one onOu make of a decepti..e sutrgestion of the title and the unconvention
Mits. and lack of precision of treatment.
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Ball, W. W. R. Mathematical Recreations and Essays. (7th edition).

Macmillan Co., New York, 1920. 5o6pp., $3.50.
Bell, Eric. Men of Mathematics. Simon and Schuster, New York,

1937. 5921311, $5.00.
Bell, Eric. Queen of the Sciences. Williams and Wilkins Co., Balti-

more, 1931. 138pp. $1.vo.
Bentley, W. A. and Humphreys, W. J. Snow Crystals. McGraw -Hill

Book Company, New York, 1931. 227pp., $10.00.
Bradley, A. D. Mathematics of Map Projection and Navigation.

Lafayette Instruments, Inc., New York, 1938. io8pp. (mimeo7.
graphed), $1.75..

Breslich, Ernst R. Excursions in Mathematics. ,The Orthovis Co.,
Chicago, 1937. 47pp., $1.50.

Brodetsky, S. A First Course in Nomography. Open Court-Publish-
ing Co., Chicago, 1925. 16opp., $3.00.

Cajori, F. History of Mathematics (2nd edition). 'Macmillan Co.,
New York, 1919. 516pp.,/$4.5o.

Candy, Albert L. Construction, Classification and Census of Magic
Squares of Order Five. The Author, 1003 H Street; Lincoln, Neb.,
1938. 141pp., $1.00. -

Collins, A. F. run with Figures. Appleton Century Co:, New York,
1933. 253pp.,.$2.00.

Dantzig, Tobias. Number, the Language of Science (3rd edition).
Macmillan Co., New York, 1939.. 32opp. $3.00.

Dudeney, H. E. Amusements in Mathematics. Thomas Nelson and
Sons, New York, 1917. 258pp., $1.50.

Dudeney, H. E. Canterbury Puzzles. Thomas Nelson and Sons,
London, 1919. 255pp., $1.50.

Dudeney, H. E. Modern Puzzles and How to Solve T, hem. F. A.
Stokes and Co., New York, 1926. 19opp., $1.25.

Dudeney, H. E. Puzzles and Curious Problems. Thomas Nelson and
Sons, London, 1932. I95pp.,

Heath, R. V. Atrithemagir. Simon and Schuster, New York, 1633.
138111).. $1.75.

Hogl'..n, Lancelot. Mathematics for the Million. %V. W. Norton
Co., New York, 1937. 6.17pp., $3.75.

Hopper, V. F. Medieval Number Symboli.ori. Columbia University
Press, New York. 1938. 2.11 pp.. 52.80.

!forming, C. P. Handbook of Designs and Devices. Harper gc
Brothers, Ni.u. York, 1932. 201pp., $2.50.

Jones, S. I. Mathematical Nuts. The Author, Life and Casualty
Bldg., Nashville, Tenn., 1932. 3101)1)., $3.50.

Jones. S. I. Mathematical Wrinkles. The Auth( , Life and Casualty
Bldg., Nashville. Tenn., 1926. (3rd ecbtioti). 361pp., $3.00.
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Karpinski, L. C. The History of Arithmetic. Rand McNally and

Co., Chicago, 1935. 2oopp., 32.00
Levinson, Horace C. ..Your Chance to Win: The Laws of Chance and

Probability. Farrar and Rinehart, New York, 1939. 3.13pp., S2.50;7:
Licks, H. E. Recreations in Mathematics. D. Van Nostrand Co.,

New York, 1917. 155pp., $1.5o.
Loomis, E. S. Pythagorean Theorem. Masons, 1321 W. 111th St.,

Cleveland; Ohio, 1927, 214PP.
MacMahon, P. A. New Mathemvical Pastimes. Macmillan Co.,

New York, 1930. Lipp., $3.o0.
McKay, Herbert.. Adventures in Arithmetic. Macmillan Co., New

York, 1939. $1.50.
Merrill, Helen A. Mathcmath al Excursions. Bruce Humphries,

Inc., Boston, Mass., 1933. 1,15pp $2.00.
Sanfoid, Vera. Short Ilistory of Mathematics. Houghton Mifflin

Co., New York, 1930. atoopp., $3.25.
Shuster, C. and Bedford, F. Field Work in Mathematics. American

Book Co., New York, 1935. 168pp., $1.2o.
Smith, D. E. History of Mathematics. Ginn and Co., Boston? 1923,

25. 2V. 13211p., S5.00 each.
Smith, D. E. Mathematics, Our Debt to Greece and Rome. Marshall

Jones Co., BIPt, in. 1 751/1), $1.75.
Smith, D. E. !,e St(ir of Long Ago. Ginn and Co., Boston,

1919. 1361rp., So.6s.
Smith, D. E. and Ginsbuig. J. Numbers and Numerals. Bureau of

Publications, Teachers College, Columbia Univeisity, New York,
1937. 52pp., $o.35.

Steinhaus, Hugo. Mathematical Snapshots. G. E. Stechert and Co.,
New York, 1938. 1351'1?.. $2.50.

Weeks, Raymond. Boys' Own Arithmetic. E. P. Dutton and Co.,
New York, !cp.!. i88111r.a $2.no.

White, W. F. A Sr rapbook of Elementary Mathematics. Open Court
Publishing Co., Chicago. 1927. 2.18pp., St.5o.

Woodring, Maxie N. and Sanford, Vera. Enriched Teaching of
Mathematics in the Junior and Senior Iligh School (revised edi-
tion). Bureau of Publications. Teo( huts College, Columbia Uni-
versity, New York, 1938. 13311., $1.75.

The last book. whit h has been previously referred to in footnotes
on earlier pages, should be well known to all teachers of mathematics.
Its 133 pages give in convenient form much material and many ref-
erences brought together in no other place. Various sections in it
are especiallv uitil in «nine( lion with pages 68.71 of this Report,
and with the last three horizontal divisions of the Grade Placement
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1Chart, which kilns Appendix V. Blank pages in the book give a

ready place to supplement it by new references that may be found
in current literature.

Periodicals. Such magazines as The Scientific American and Popu-
lar Science have a certain amount of mathematical interest at times.

Periodicals of special interest in the secondary mathematics field
are: -

The Mathematics Teacher. 525 West 120th Street, New York City.
Eight copies a year. $2.00 a year.

This is a publication of the National Council of Teachers of
Mathematics. A subscription carries membership in the Council.
The magazine is devoted to the interests of mathematics in elemen-
tary and secondary schools.

School Science and Mathematics. Menasha, Wis. Nine copies a
year. $2.50 a year.

lhis is a publication of the Central Association of Science and
Ma hematics Teachers. Contains articles dealing with mathematics
and its teaching, and also a problem department.

In addition to The Mathematics Teacher, the National Council
has since 1926, published annually a Yearbook. These works have
covered a wide variety of articles and studies valuable to elementary
and secondary mathematics teachers.
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APPENDIX

GRADE PLACEMENT CHART FOR

'GRADE 7 GRADE 8 GRADE 9

ARITHMETIC
(Number and
Computation)

t. Experiences, lan-
guage, and ideas.

a. Fundamental proc-
esses with whole
numbers, fractions,
and decimals, and
related principles.

3. Significant appli-
cations.

4. (Optional) Ele-
mentary approxi-
mate computation.

1. Experiences, lan-
guage, and ideas
(continued).

2. Fundamental proc-
esses And related
principles (reviewed
and extended).

3. Significant applica-
cations.

4. (Optional) Approxi-
mate computation
(continued).

z. Review and exten-
sion of concepts
and skills.

2. Applications, pref-
erably in connec-
tion with algebra,

3. (Optional) Loga-
rithms and- the
slide rule.

G_EOMETRY
(Space Percep-

tion, Demonstra-
tion)

GRAPHIC
R EPR ESEN-

TATION

(Informal) 1
t. Experiences, lan-

guage, and ideas.
2. Drawing or con-

structing basic fig- .
ures.

3. Direct measure-I
ment (lengths an
angles)'. 1

4. Indirect measure-
(areas and

vol Imes).
5. (Optional) Appli-

cation of. elemen-
tary approximate
computation.

6. Related facts and
principles

7. Significant appli-
cations.

(Informal)
t. Experiences, lan-

guage, and ideas,
(continued).

2. Drawing or con-
structing important
figures.

3. Indirect measure-
ment.

4. (Optional) Applica-
tion of elementary
approximate com-
putation (contin-
ued).
Related facts and
principles (contin-
ued).

6. Significant applica-
tions.

5.

I. Interpretation of
simple pictograms
or statistical
graphs.

2. Graphic represen-
tation of simple sta-
tistical delta.

(Informal)
1. Review and exten-

sion of concepts,
skills, facts, and re-
lations.

2. Applications, pref-
erably in connec-
tion with algebra.

3. (Optional) Intro-
duction to demon-
strative geometry.

(In grades g and to,
algebra and geom-
etry may be closely
correlated.)

I. Interpretation of
statistical graphs.

2. Graphic representa-
tion of everyday sta-
tistical data (bar
graph, line graph,
circle graph).

3. (Optional) Tabular
and graphic repre-
sentation of relation-
ships expressed by
simple formulas.

1. Statistical graphs
(reviewed and ex-
tended).

2. Functional graphs
(formulasty-,az+b,

ax2).

. - . --. ------ -
NOTF I. The central theme or core of eat li year's technical work is indicated by means of
Non,. 2. In general. no single class should atu-nipt all the optional lines of work or types of

omitted if local conditions require such modification. This is especially true of certain of the
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PLAN OP ChAPTER V, GRADES 7-12

247

GRADE to GRADE GRADE t2

t. Review and extension,
preferably in connec-
tion with applied prob-
lems.

2. The use of irrational
numbers.

3. Approximate computa-
tion.

4. (Optional) The use of
the slide rule.

t . Review and extension.
2. Study of the number sys-

tem.
3. Approximate computation.,
4. (Optional) Study and use of

the slide rule.
5. (Optional) Use of calculat-

ing machines.

t . Review and extension.
2. The number system (com-

plex numbers).
3. Approximate computation,

including use of the deriva-
tive.

(Formal)
t. Transition to formal

geometry.
2. Acquisition of skill in

demon.itration.
3. Familiarity with facts

and pr -.positions, prop-
erly organized.

4. Development of ele-
mentary spatial insight.

:. Review and extension,
preferably in connec-
tion with the social
studies and science pro-
grams.

2. (Optional) Graphs of
simple equations.

. Review in connection with
trigonometry.

1. Basic propositions in solid
-geometry with properties
and mensuration of solids.

a. Equations of straight line
and circle systematically
studied.

3. Simple locus problems.
4. (Owional) Introduction to,

parabola and ellipse.

t. Representation of more
complicated statistical data.

2. Graphs of linear and quad-
ratic functions.

3. Graphic solutions of prob-
lems.

4. Graphs of trigonometric
functions.

2.

3.

Graphic solution of equa-
tions.
Representation of complex
numbers (either in rectan-
gular or in polar coordi-
nates).
(Optional) Use of logarith-
mic paper.

double borders. M4thematical modes of thinking, etc., should be stressed in all years.
enrichment suggested for each year. Some of the topics not marked optional can he deferred or
historical topics suggested.
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GRADE PLACEMENT

NW-

. ALGEBRA

GRADE 7

(Optional) The use
and application of
formulas as expres-
sions of simple rela-
tions and of funda-
mental rules of pro-
cedure.

TRIGONOM-.
ETRY

Nfoms
OP THINK-

ING, !wars,
ivrrrruDES,

'INPES OF
APPRECIA-

TION

(Preparatory ll'ork)
. Scale drawing (be-

gun).
2. Measurement of

lengths and angles.
3. Ratio (begun).

GRADE 8 :GRADE g

(Informal)
t. The shorthand of al-

gebra (concepts and
simple techniques).

2. The formula (evalu-
ation and construc-
tion).

3. The equation (sim-
ple cases).

4. (Optional) Signed
numbers and their
uses.

5. Sigriificant applica-
tions.

ir4

(Preparatory ll'ork)
1. Scale drawing (con-

tinued).
2. Similarity and pno-

portion.
3. Out-of-door work in

indirect measure-
ment.

4. The tiie of simple in-
struments.

(Elementary)
t. Language and

ideas (extended).
g. Fundamentaltech-

niques.
3. Fundamental prin-

ciples.
4. The fu nem:mai core

of algebra (for-
mula, table, equa
tion, graph).

5.
cations. (S text
for detaits.)

(In grades'g and to,
algebra and geom-
etry may be closely

I correlated.)

t.

2.

4.

5.

(Numerical)
Langua0 and
ideas.
Necessary skills
(drawing to stale,
using tables of
sines, cosinesoan-
gents).
Applied problems.
Appmximate comr-
putation arising
from use of tables.
(Optional) The
slide rule.

t. The development of habits of correctness in
computation, measurement, and drawing, and
in making verbal statements.

2. The development of habits of estimating and
of checking.

3. Learning to interpret and to analyze elemen-
tary problem situations.

4. Learning to prepare neatly and economically
arranged written 'solutions of suitable mathe-
matical problems.
The development of an inv-est in the study of
simple quantitative relati(. .hips with the aid
of the table, the graph, the formula, and the
equation.

6. Learning to appreciate the place of mathemat-
ics in everyday life.

1. Continuation of
the modes of think-
ing outlined for
grades 7 and 8.

2. Learning to under-
stand and to apply
relational' hinking
(the idea of de-
pendence. of func-
tional thinking) as
a key method of
.ftealing.with quan-
titative changes
arising in nature,
in business, and in
everyday life.
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GRADE to GRADE GRADE t2
.1

t. Use of algebra in con-
nection with geometric
proofs and work.

,e1

(Intermediate)
t. Review and extension of

basic concepts and tech-
niques.

2. Linear functions and equa-
tions.

3. Quadratic functions and
equations.

4. Radicals and radical equa-
tions.

5. Logarithms and the slide
rule.

6. Series (arithmetic, geomet-
ric, binotninal).

7- t (See text.)

t.

(Advanced, and Elements of
Differential Calculus)

Basic work in, the theory of
equations, including deter-
mination of real roots.

2. Permutations, combina-
tions, and simple work in
probability.

3. Differentiation of pllyno-
mials.

4. Slopes, maxima and mini
ima, rates of change, etc.'

5.-(Optional or as substituti.$)
Elements of financerstatis-
ties.

(Numerical)
t. Review and extension.
2. Functions of 3o°, 45°,

6o°.
3. Significant applied

pr.blems involving use
of natural trigonomet-
Et^ functions.

4. The slide rule.
5. (Optional) Use of loga-

rithms and slide rule.

(Formal)
1. The six trigonometric func-

tions.
2. Basic identities.
3. The addition formulas.
4. Double-angle and half-

; angle formulas.
5. Laws of sines, cosines, tan-

gents.
6. Solution of triangles.
7. Components and resultants.
8. Simple identities and equa-

tions.
Field work.9.

1. Continuation of the
modes of thinking out-
lined for grades 7, 8,
and 9.

2. Le: -ning to understand
a..yd to app:y the deduc-
tive tyde o thinking as
a method of dealing
with situat:ons involv-
ing sets of interdepend-
ent concepts and closely
related propositions.

,
t . Review
2. Radiari measure.
3. Inverse functions.
4. Identities and equations.
5. DcMoivre's Theorem.

(When desirable, topics may
be moved from grade t t to
grade 12, and some topics
above may be omitted.)

1. Continuation of the modes of thin,king suggested for grades
7 t O.

2. A more systematic application of functional and statistical
thinking, not only in mathematics, hut also in science, io the
social studies, in economics, and in related fields.

3.,The development of greater skill in using deductive reasoning
both in mathematics and in life situations.

4. Learning to appreciate more fully both the service values and
the cultural values of tomtit:nodes.
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GRADE PLACEMENT

. GRADE 7
'

GRADE 8

I

GRADE 9

HISTORY OF t. The story of num- t. The story of the deci- t. The story of alge-
MATHEMAT- bers and numerals. mal system and of braic symbolism.

ICS 2. The story of meas-u computation. 2. The story of indi-
urement. 2. Early history of

geometry. '.
.

rect measurement.
3. (Optional) History

of signed numbers
and elementary as-
pects of irrational
numbers.

CORRELATED 1. Projects (home, I. Banks and banking. s. The place of. Rth-
MATHEMATI- school, commu- 2. Incorn taxes. ernatics in then, .d-

CAL nity). , 3. Family budgets. ern world.
PROJECTS 2. The school bank. 4. Inbtallment buying. 2. The mathematics

AND 3. Simple measure- 5 Out-of-door work in of business and of
ACTIVITIES ment projects. measuring heights the shop.

4. Simple geometric and distances. 3. Graphic devices
designs in nature 6. Making geometric used in everyday
and art. designs or posters. life.

5. Making mathemat- 7. Mathematical mere- 4. Correlation with
ical source books
and posters.

ations. ,

1

science and the so-
cial studies.

6. Correlation with
- -titers of interest.

5. Elementary astron-
omy (descriptive).

7.,1%.athematical rcc-
reations.

6. Mathematical rec-
rcations



Grade Placement Chart
CHART (Continued)
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GRADE to GRADE 1 t GRADE 12

t . The development of See Note 2.
geometry in Egypt, t. Systematic development of algebra, as centering around the
Babylonia, and Greece. solution of equations; leading contributors.,

2. Great Greek mathema- 2. Beginning of the modern period, Descartes, Newton, Leibniz.
ticians. 3. Great development of analysis since 174o; leading contribu-

3. Pre-Greek mathemat- tors.
ics. 4. Mathematical physics and astronomy; leading contributors.

5. The mathematical discovery of Neptune.
6. The discovery of non-Euclidean geometry.
7. Development of mathematics in America, the influence of

Bowditch, Peirce, etc.

..

t. Using postulational _./
t. Calculating machines. t. Statistics and modern life.

thinking in life situa- 2. Making simple surveying 2. Mathematics of finance.
tions. instruments. 3. Elementary work in me-

2. The georngry of archi- 3. Surveying projects. chanics.
tecture,,of surveying, of 4.. Introduction to astronomy 4:The mathematics of the
design, and of related
fields.

(rnathemitical),:,
5. Mathematical recreations.

telescope.
5. The mathematics weeded in

3. Mathematical recrea- the leading professions.
tions (fallacies and the 6. Mathematical recreations.
like). ,

,
.
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